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The paper addresses an extended (1+41)-dimensional Sawada-Kotera (SK) equation.
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3AKOHBI COXPAHEHHUA U AHAJIN3 CHMMETPHH (1 + 1)-MEPHOTIO
YPABHEHUA CABAJJA-KOTEPA

C.P. Xessu, E. Jlamkapuan
Otnen matematuku, VpaHCKUH yHUBEpPCHTET HayKU U TeXHUKH, TerepaH, Mpan
E-mail: ra.hejazi@gmail.com, lashkarianelham@yahoo.com

B pa6ote paccmarpuBaercsi pacuupeHHoe (1 + 1)-mepHoe ypaBHeHue CaBapma-Kortepa
(CK). Ananus cummerpuu JIM NMPUBOAUT K MHOXECTBY pelLIeHHH ypaBHEHHs. YCJOBHE
HeJIMHEHHOH caMocomnpsikeHHOCTH 1718 ypaBHeHus CK, ycrtaHOB/eHHOe M BIOCJ/IENCTBUH
HCIoJ/b3yeMoe /151 MOCTPOEHHUS YIPOLIeHHBIX He3aBUCHMBIX KOHCEPBATUBHBIX BEKTOPOB.
B uyacTHOCTH, MBI TaKKe MOJyuyaeM 3aKOHbl COXPaHEHHsl yPaBHEHHS C COOTBETCTBYIOILEH
cuMmeTpHel Jlu.

Karouesvie crosa: mexanuxka scuokocmu, cummempus Jlu, ypasHenue ¢ wacmuoimu
npou3eooHbIMU, HANPANHCEHUe cO8U2A, ONMUMANLHAS CUCMeEMA, YPABHEHUE C YACMHbLMU
npoussodnoimu; ypasnenue KOD, cummempusn Jlu, 3aKorbl coxparerus
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Introduction

In this paper, we study the following equation
Ask = u — 20M2”x — 25uxttyy — 10Ul — Upgpxy = 0, (1)

which is a 5-th order PDE or a type of 5-th order KdV-equation found first by Sawada
and Kotera and then by Caunderey, Dodd and Gibbon, which describes long waves in
water of relatively shallow depth [2].

The symmetry group of a system of differential equations (DEs) transform solution of
the system to other solutions of the system. For constructing the solutions of non-linear
PDEs, Lie symmetry group theory can be regarded as one of the most powerful methods
in the theory on non-linear PDEs [8, 9, 10, 12, 18, 19].

In the study of DEs, conservation laws play signeficant roles not only in obtaining in-
depth understanding of physical properties of various systems, but also in constructing of
their exact solutions [1, 3, 4, 7, 11, 14, 15]. They described physical conserved quantities
sucha s mass, energy, momentum and angular momentum, as well as charge and other
constant of motion. They are important for investigating integribility and linearization
mapping and for stablishing exsistence and uniqeness of solutions. They are also used
in the analysis of stability and global behaviour of solutions. In addition they play
an essential role in the developement of numerical methods and provide an essential
starting point for find non-locally related systems and potential variables. Moreover, the
structure of conservation laws is coordinate-free, as a point or contact transformation
maps a conservation laws into a conservation laws. A systematic way of constructing the
conservation laws of a sytem of DEs that admits a variational principle is via Noether’s
theorem. Its application allows physicists to gain powerful insights into any general
theory in physics just by analyzing the various transformations that would make bthe
form of the laws involved invariant. For instance, the invariant of physical systems with
respect to spatial translation, rotation and time translation respectively give rise to the
well known conservation laws of linear momentum, angular momentum and energy.
Among the generalization of Noether’s theorem an Ibragimov’s theorem, based on the
self-adjontness concepy of DEs allows to find independent conservation laws for a system
of PDEs. Thus, in this paper the adjointness of the SK equation is first established, then
Lie point symmetries are applied to find non-trivial conservation laws for the equation

(1).

Adjoint equation

In accordance to [13], the formal Lagrangian of the equation (1) is given by:
L =v(u— 20021ty — 251ty — 10Uty — Urxrr) s (2)

where v in a new dependent variable. The adjoint equation for SK equation is

0.
Asg = S (3)

where

) d & d
5. =0 +S221Di1 ..-D;, —9ui1---i5’ (4)
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is the variational derivative with respect to u.
Taking into account Eq. (3) and (4) we obtain the following adjoint equation for SK
equation:

A;K = Vv — 20UV + Sty Viax + 10UV + 25u,vx + ZOMZVX — V.

This equation will be used for the derivation of non-linearity self-adjoint condition later
on.

Non-linear self-adjointness

This concept has significantly expanded the notion of adjointness with respect to
construction of canservation laws. It incorporates all the previous concepts of adjointness
and thus enables more consereved vectors for DEs to be constructed. According to the
definition of non-linearly self-adjointness the Eq. (1) is non-linear self-adjoint if the
equation obtained from the adjoint Ag, after the substituition v = @(x,z,u) is identical
with original Eq. (1) where ¢ is an arbitrary function. That is, if

A;K = g(x7t7u)ASK7 (5)
v=0(x,t,u)

for some indeterminate variable coefficient &.
Take the substituition v written together with the necessary derivatives

Vi = O+ Quuy,
Vi = O+ Quuy,
Vix = @yt Z(quux + (Puuu)zc + @y,
Virx = Qux t (3 Orxu + 2(quu ) uy+3 Orxulxx
+(quuu)zc + (Puuuui + 3%14 UylUyyx + 2§Dxu Uxxx,
Virorxr = Quoooex T (5 Orxxxu + 2(Pxxuuu ) Uy + 8(Pxxxuu 1/62;
+--+ 2(quuuxuxxxx + Z(qu Uyxxxx T 2(Pxxxuua

to Eq. (5) we conclude that v is just a constant non-zero function.

Conservation laws

In this section we use both Noether’s method and direct method to construct
canservation laws for Eq. (1).

Conservation laws constructed by symmetries

Recall thet the following general result on construction on conserved vectors associated
with Lie point symmetries of any system of DEs holds [13, 17].

Theorem. Any symmetry (Lie point symmnetry, Lie-Backlund symmetry, non-local
symmetry)

d

, 0
V= 5’(x,u,8u,...)—+¢G(x,u,8u,...)ﬁ,

oxi
12
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of a system of q—differential equations
As(x,u,du,...,0°u) =0, c=1,..q, (6)

with p—independent variables x = (x',...,xP) and q—dependent variables u= (u',...,u?)
is inherited by the adjoint system. Specifically the operator
d d

él +¢Ga O-+¢Ga(; (7)
with appropriately chosen coeffzczents 0%, is admitted by the system of equations
consisting of Eq. (6) and adjoint equation
0(v*Aq)

ouc®

Furthermore, the combined system (6) and (8) has the conservation law D,C' =0,

where
0.7 0.7 A
l G — . — —_— . e
SSe ( D’(Wf’j)*” (a ) )

o (02 0.
(-0 (25) )

—I—DjDk(QG) (;"f _...>_|_...7 (9)

z]k

=0, c=1,...q. (8)

AL (x,u,v,du,...,0°u,d%) =

with the characteristics
0% =¢s—E g,  o=1,..4q, (10)
and the formal Lagrangian
L =v*Ay(x,u,0u,...,0°u). (11)
Now the theorem can be applied as follows. Let us
v=¢'o- i +§2 +¢—, (12)
be an arbitrary symmetry of the SK, then the generator gives the conservation law
D, (C') +D;(C?)| 1y =0, (13)

with the conserved vector components

0% 0. 0% 0¥
1 2 4
(S Z+Q(8u D (8uxx)+Dx (auxx) +D (auxxxxx>>
0.
J— 3 —
<auxx auxxx) Dx (a uxxxxx) )
0¥ 0%

2 D2 3 B

+D (auxxx <auxxxxx>) +DX<Q) ( Dz (auxxxxx>)
0¥

+D4 ( aMxx)cxx > "
(15)
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where % is as given in Eq. (2) and the characteristic (10) become
Q:(P_é]ux_ézut- (16)

The explicit form for the infinitesimal (12) provide the following 3-dimensional Lie
algebra for the Eq. (1) spanned by the perators

d d x d d 2ud

=oe o T BESn Tt a T S ow

(17)

In what follows, we use each of the Lie algebra (17) and the general non-linearity self
-adjoint conditions of above theorem to find non-trivial conservation laws for the Eq.

(1).

Conservation laws through V;

For this symmetry operator the, the characteristic is

0 = —u,.
Effecting this value into the vector components (14) and (15), yields

C'=u + 100, (uy — Uy ), C? = —u,.

Conservation laws through V,

For this symmetry operator the, the characteristic is

Q = —Uy.
Effecting this value into the vector components (14) and (15) as well as above, yields

Cl = Uyxxt + UxlUyxxx + 201/‘2”,% + 15uyuy + 25u)25uxx + 10uutyy + UxUxxxxx,

Cc? = — Uy — 10U — 25Uy Uy — 20u2ux.

Conservation laws through V3
For this symmetry operator the, the characteristic is

2u X
Q = —? —tut — gux.

Effecting this value into the vector components (14) and (15), yields

C' = 81 4 612 + 2unt, + 4(1 4 1000 )Py 4 2(2x + 10000 Vst

1
+5(3t+5x+ 100tu2)uxuxx + Euxxxx 4 fllyons + (20tu2 + X) U
2
Cc? = U + —u,— 2Otu2ux — 25Uty — 10F ULy — Uy

5 5
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Conservation laws constructed by direct method

As the basic definition of conservation laws, if one of the independent variables of
the system (6) is time ¢ the conservation laws takes the form

Di®(x,u,du, ..., u) + D, W (x,u,du, ..., d'u) = 0, (18)

where W is reffered to as a density and @' is spatial fluxes of the conservation law (18).
Consider the system of differential equations defined in (6). A set of differentiable
function {Ag(x,u,du,...,d%) ?_, called local multipliers yields a divergence expression

for the PDE system (6) if the identity
A (x,u,du, ...,(ﬂu)AG = D, ®'(x,u, du, ...,3gu),

on the solutions of the system. The following theorem connects local multipliers and
conservation laws [4]. A set on non-singular local multipliers {Ag (x,u,du, ...,d%u)} yields
a conservation law for the system (6) if and only if the set of identities

i(A(,(x,u,au, -y 0'U)AG) =0, (19)

ou°®
holds for arbitrary functions u(x).
For instance for investigating the zeroth order set of multipliers of the Eq. (1),
we should take the function A(x,#,u) in the theorem which satisfies the determining
equation (19) in the form of

i(A()c,t,u)ASK) =0,

ou
for the variational derivative
) 0 0 0 , d
— =— —Dy=———Dj=——+D
ou Jdu Juy "ou, + Y 0ty
4+ 4D3 (20)
auxxxxx

Expanding the left hand side of the equation (20), yields the following determining
equation:

As + Mgy + 2007 Ay + 2A ey + - - - + 20U ity + 135Attx1t, = O. (21)

Solving the equation (21) with respect to A and its derivatives shows that A is just a
constant number. Thus, the density and the flux are

S(xr,t,u) = F(x,1),  Bletu) = —/F(x,t)dt+G(x).

Similarly, if we take the multiplier A as the first order multiplier A(x,z,u,uy,u;), we
obtain that it is just a constant number too. In this case the density and flux are:

u
B(x, 1,1, 1, 1) :F(x,t,u)ut—l—/ Fulx t,u)dw + G(x,1),

u
Wty e ) = —F (3,1, 10) ity — / Fulx,t,u)dw— / G (x,1)di +H(x).

Doing as well as the above case for zeroth, first and etc. order density and flux, we
can set the following list of conservation laws in the form of (18) in the more simple
polynomial form. Thus, the set of density and fluxes of the SK equation up to fourth
order in the polynomial form is comming in table I:
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Tabnuua 1. Fluxes and densities of the KS Eq.

Density

Flux
5.2 20,3
=X — Uypxx — 10Uty — S uy —

—Ugtrr — Uxtr — Flprr + Uprr — Xlxpyr
—UxxxUpttr — UsttUxxxt — Uxert
—UxxxUrttr — Ustt Uxxxe

—UxxUxtrr — Uxet Uxext

—Uext Unxxt — Ut — Ut = Unelxxy — Ut Uxx

2
— Uy — Phyxxt + Ut — XUyxxr — Uz — UstUpssr

—UxtUsttr — UxetUrer — Uxet

—Uxx Uttt — Uxet Urrr — UrUpree — UgtUsre
—UxUrrrr — Uxt Uy — Ulgger — UpUygy
—UxUxtrr — UxtUxrre

—UxxUxttr — Uxoct Uxet

—Ux Uyttt — UxtUxrrr — Ullyrrr — UrUxee
—utz — U — Tl — XUy

Ut Uxtt — Uxoet Uxet

—UxxUxxtt — M)%x; — Uyt — UxtUxet
—UxUxxrt — Ut Uxxt

—Uxxr — Uplhyxy — Ullyxr + UxUyy — Uplxx
Usp — XUygr — Uyt — LlUxy

—UUxxxt — UtUxxx

— Ul — MIZI — XUyxt + Uyt — Uxx — FUxxr
Ullxgrr — UxUprp ~+ UpUxrs — U Uy

Ul — Ul — UrUxpr — U Uyt

Ullyxtr — Uxlyry + Uplhyxr — u)zg

Ul — UrUxr — UrUyy

—XUpr — Up — TUsp + Uy — UxUsp — Unexr
Ullyxxt — UxUxxt + UpUxxy — UXXUy

Uyt — UxUyr — Ty — Uy — XUyr + Uy

—UUxr — UxUyr — UU — Ul
20

?M — Uyt — Uy

T”B + 10uu,, + %ui — XUy + Uy — Ugr — 241

T+ U+ Uy + Uy

Uxtrr + Ty + Xlxxrr

Uxxtr =+ XUxxxt

UxxxUxett + Urtt Unxxx

UsxxUextt 1 UsttUnexx

UxxxUxxxt = Ut U T Unxx U
FlxUxxxx

PUxxx + Xl & UgrUnprr ~ Unr Ures
UxtUnptr + U User + Usxxt

UxxUxrrr ~ UxexUree = Ul + Ung Ursy
UxUxtrr = UxxUpr = Ulkxrrr + UxUpyy
Uy + gyl

UxxUxxrr + Unexlhrt

UxUnxrr + UnxUxrr  Ullyxrr + Unllyry
Tysr + Ty

Ut Uxxxr T u)zm

UsxUxxtt + UnexUxxt + Usxt + UngUxe
UxUxxxr + UxxUnxt

Ullxxx  Ullxxxr + UxUxxt

Tyt & XUyt

Ullxxxx + UxUxxx

UrUxtr =+ UxtUpr + XU Pl
—UUxxtt + Uxx Uzt

Ulkygy + Unllyy + Uglcy + U,
—Ullxxx + UxxUxs

Uyt + UxUx + Uplhyy

U + XUy + Py — Ullyxy + UpUyy =+ Usxx
—Ullyyxx + uyzcx

TUxx + XUxx — Ulxxt + UrUyxx

Ullyy + u)% + Uty + Uylty

XUy + Uy + 12
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Similarity reduction

(1

@

(I1)

(1)

(IV)

In this section we make some discussion on the SK equation based on the symmetries

7), [5, 6, 16, 17].

Vi
For the generator V|, we have

u=q(rs), (22)
where r =x,s =t are the group-invariants. Substituting (22) in (1), one can get
q)///// + IOQD(P +25(P(P”+20(P2(P/ — O,

where @', @”, ... are derivatives of ¢ with respect to r.

n

2)
For the generator V, we get
u=@(rs), (23)

where r =t,x = s are the group-invariants. Substituting (23) in (1), we reduce it to
the following ODE

o' =0.
V3
For the generator V, we get
u=exp (—%s) o(ns), (24)
where
r:—%z—ktz7 s:—ln(\/g(\/gx—St)).

are the group-invariants. Substituting (24) in (1), we reduce it to the following so
complicated equation!

exp (s(\/_ - g)) (156250006Xp (—%) 0" + 187500000 exp (— %s(\/g - 1)) o

2 4
—25000exp (—gs(sfs - 2)r> 0" +250exp (—§S(2\/§ - 1)) @"
2 4
+---—17187500exp (—gs(Z\/g— 1)) re@" —234375000V/5 exp (§s> "
4 3 m 4 5 I
+460937500v/5 exp =5 ) 9" +9765625exp (25 ) 79" | =0.

Vi+V,
The symmetry V| 4V, yields the following invariants

r=t-—s, ,§ =X, u=@(ns).

Treating ¢ as the new dependent variable and r as new independent variable, the KS
equation transforms to

¢/////+10¢¢///+25(p¢//+<20¢2+1)(P/:O.
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Conclusion

In this paper, by using the Lie symmetry groups, we studied the symmetry properties
and similarity reduction forms of the (1+1)-dimensional SK equation. Moreover, we also
derived the non-linear self-adjonitness of Eq. (1), by virtue of this fact, some conservation
laws through Lie symmetries are given. The direct method is used to find many new
conservation laws for the Eq. (1) in the polynomial form.
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