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The paper addresses an extended (1+1)-dimensional Sawada-Kotera (SK) equation.
The Lie symmetry analysis leads to many plethora of solutions to the equation. The
non-linear self-adjointness condition for the SK equation established and subsequently
used to construct simplified independent conserved vectors. In particular, we also get
conservation laws of the equation with the corresponding Lie symmetry.
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ЗАКОНЫ СОХРАНЕНИЯ И АНАЛИЗ СИММЕТРИИ (1 + 1)-МЕРНОГО
УРАВНЕНИЯ САВАДА-КОТЕРА

С.Р. Хеязи, Е. Лашкариан
Отдел математики, Иранский университет науки и техники, Тегеран, Иран
E-mail: ra.hejazi@gmail.com, lashkarianelham@yahoo.com

В работе рассматривается расширенное (1 + 1)-мерное уравнение Савада-Котера
(СК). Анализ симметрии Ли приводит к множеству решений уравнения. Условие
нелинейной самосопряженности для уравнения СК, установленное и впоследствии
используемое для построения упрощенных независимых консервативных векторов.
В частности, мы также получаем законы сохранения уравнения с соответствующей
симметрией Ли.

Ключевые слова: механика жидкости, симметрия Ли, уравнение с частными
производными, напряжение сдвига, оптимальная система, уравнение с частными
производными; уравнение КдФ, симметрия Ли, законы сохранения
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Introduction

In this paper, we study the following equation

∆SK := ut−20u2ux−25uxuxx−10uuxxx−uxxxxx = 0, (1)

which is a 5-th order PDE or a type of 5-th order KdV-equation found first by Sawada
and Kotera and then by Caunderey, Dodd and Gibbon, which describes long waves in
water of relatively shallow depth [2].

The symmetry group of a system of differential equations (DEs) transform solution of
the system to other solutions of the system. For constructing the solutions of non-linear
PDEs, Lie symmetry group theory can be regarded as one of the most powerful methods
in the theory on non-linear PDEs [8, 9, 10, 12, 18, 19].

In the study of DEs, conservation laws play signeficant roles not only in obtaining in-
depth understanding of physical properties of various systems, but also in constructing of
their exact solutions [1, 3, 4, 7, 11, 14, 15]. They described physical conserved quantities
sucha s mass, energy, momentum and angular momentum, as well as charge and other
constant of motion. They are important for investigating integribility and linearization
mapping and for stablishing exsistence and uniqeness of solutions. They are also used
in the analysis of stability and global behaviour of solutions. In addition they play
an essential role in the developement of numerical methods and provide an essential
starting point for find non-locally related systems and potential variables. Moreover, the
structure of conservation laws is coordinate-free, as a point or contact transformation
maps a conservation laws into a conservation laws. A systematic way of constructing the
conservation laws of a sytem of DEs that admits a variational principle is via Noether’s
theorem. Its application allows physicists to gain powerful insights into any general
theory in physics just by analyzing the various transformations that would make bthe
form of the laws involved invariant. For instance, the invariant of physical systems with
respect to spatial translation, rotation and time translation respectively give rise to the
well known conservation laws of linear momentum, angular momentum and energy.
Among the generalization of Noether’s theorem an Ibragimov’s theorem, based on the
self-adjontness concepy of DEs allows to find independent conservation laws for a system
of PDEs. Thus, in this paper the adjointness of the SK equation is first established, then
Lie point symmetries are applied to find non-trivial conservation laws for the equation
(1).

Adjoint equation

In accordance to [13], the formal Lagrangian of the equation (1) is given by:

L = v(ut−20u2ux−25uxuxx−10uuxxx−uxxxxx), (2)

where v in a new dependent variable. The adjoint equation for SK equation is

∆
∗
SK =

δL

δu
, (3)

where

δ

δu
=

∂

∂u
+

∞

∑
s=1

Di1 · · ·Dis
∂

∂ui1···is
, (4)
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is the variational derivative with respect to u.
Taking into account Eq. (3) and (4) we obtain the following adjoint equation for SK

equation:

∆
∗
SK = vxxxxx−20uxxvx +5uxvxx +10uvxxx +25uxvx +20u2vx− vt .

This equation will be used for the derivation of non-linearity self-adjoint condition later
on.

Non-linear self-adjointness

This concept has significantly expanded the notion of adjointness with respect to
construction of canservation laws. It incorporates all the previous concepts of adjointness
and thus enables more consereved vectors for DEs to be constructed. According to the
definition of non-linearly self-adjointness the Eq. (1) is non-linear self-adjoint if the
equation obtained from the adjoint ∆∗SK after the substituition v = ϕ(x, t,u) is identical
with original Eq. (1) where ϕ is an arbitrary function. That is, if

∆
∗
SK

∣∣∣
v=ϕ(x,t,u)

= ζ (x, t,u)∆SK, (5)

for some indeterminate variable coefficient ζ .
Take the substituition v written together with the necessary derivatives

vx = ϕx +ϕuux,

vt = ϕt +ϕuut ,

vxx = ϕxx +2ϕxuux +ϕuuu2
x +ϕuuxx,

vxxx = ϕxxx +(3ϕxxu +2ϕxuu)ux +3ϕxuuxx

+ϕxuuu2
x +ϕuuuu3

x +3ϕuuuxuxx +2ϕxuuxxx,

vxxxxx = ϕxxxxx +(5ϕxxxxu +2ϕxxuuu)ux +8ϕxxxuuu2
x

+ · · ·+2ϕxuuuxuxxxx +2ϕxuuxxxxx +2ϕxxxuu,

to Eq. (5) we conclude that v is just a constant non-zero function.

Conservation laws

In this section we use both Noether’s method and direct method to construct
canservation laws for Eq. (1).

Conservation laws constructed by symmetries

Recall thet the following general result on construction on conserved vectors associated
with Lie point symmetries of any system of DEs holds [13, 17].

Theorem. Any symmetry (Lie point symmnetry, Lie-Backlund symmetry, non-local
symmetry)

V = ξ
i(x,u,∂u, ...)

∂

∂xi +φσ (x,u,∂u, ...)
∂

∂uσ
,
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of a system of q−differential equations

∆σ (x,u,∂u, ...,∂ su) = 0, σ = 1, ...,q, (6)

with p−independent variables x = (x1, ...,xp) and q−dependent variables u = (u1, ...,uq)
is inherited by the adjoint system. Specifically the operator

V ∗ = ξ
i ∂

∂xi +φσ

∂

∂uσ
+φ

∗
σ

∂

∂vσ
(7)

with appropriately chosen coefficients φ∗σ , is admitted by the system of equations
consisting of Eq. (6) and adjoint equation

∆
∗
σ (x,u,v,∂u, ...,∂ su,∂ sv)≡ δ (vα∆α)

δuσ
= 0, σ = 1, ...,q. (8)

Furthermore, the combined system (6) and (8) has the conservation law DiCi = 0,
where

Ci = ξ
iL +Qσ

(
∂L

∂uσ
i
−D j

(
∂L

∂uσ
i j

)
+D jDk

(
∂L

∂uσ
i jk

)
−·· ·

)

+D j(Qσ )

(
∂L

∂uσ
i j
−Dk

(
∂L

∂uσ
i jk

)
+ · · ·

)

+D jDk(Qσ )

(
∂L

∂uσ
i jk
−·· ·

)
+ · · · , (9)

with the characteristics

Qσ = φσ −ξ
kuσ

k , σ = 1, ...,q, (10)

and the formal Lagrangian

L = vα
∆α(x,u,∂u, ...,∂ su). (11)

Now the theorem can be applied as follows. Let us

V = ξ
1 ∂

∂x
+ξ

2 ∂

∂ t
+φ

∂

∂u
, (12)

be an arbitrary symmetry of the SK, then the generator gives the conservation law

Dx(C1)+Dt(C2)|(1) = 0, (13)

with the conserved vector components

C1 = ξ
1L +Q

(
∂L

∂ux
−Dx

(
∂L

∂uxx

)
+D2

x

(
∂L

∂uxx

)
+D4

x

(
∂L

∂uxxxxx

))

+Dx(Q)

(
∂L

∂uxx
−Dx

(
∂L

∂uxxx

)
−D3

x

(
∂L

∂uxxxxx

))

+D2
x(Q)

(
∂L

∂uxxx
+D2

x

(
∂L

∂uxxxxx

))
+D3

x(Q)

(
−Dx

(
∂L

∂uxxxxx

))
+D4

x

(
∂L

∂uxxxxx

)
, (14)

C2 = ξ
2L +Q

∂L

∂ut
, (15)
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where L is as given in Eq. (2) and the characteristic (10) become

Q = φ −ξ
1ux−ξ

2ut . (16)

The explicit form for the infinitesimal (12) provide the following 3-dimensional Lie
algebra for the Eq. (1) spanned by the perators

V1 =
∂

∂x
, V2 =

∂

∂ t
, V3 =

x
5

∂

∂x
+ t

∂

∂ t
− 2u

5
∂

∂u
. (17)

In what follows, we use each of the Lie algebra (17) and the general non-linearity self
-adjoint conditions of above theorem to find non-trivial conservation laws for the Eq.
(1).

Conservation laws through V1

For this symmetry operator the, the characteristic is

Q =−ux.

Effecting this value into the vector components (14) and (15), yields

C1 = ut +10ux(ux−uxx), C2 =−ux.

Conservation laws through V2

For this symmetry operator the, the characteristic is

Q =−ut .

Effecting this value into the vector components (14) and (15) as well as above, yields

C1 = uxxxxt +uxuxxxx +20u2u2
x +15uxuxt +25u2

xuxx +10uuxxt +uxuxxxxx,

C2 =−uxxxxx−10uuxxx−25uxuxx−20u2ux.

Conservation laws through V3

For this symmetry operator the, the characteristic is

Q =−2u
5
− tut−

x
5

ux.

Effecting this value into the vector components (14) and (15), yields

C1 = 8u3 +6u2
x +2uuxx +4(1+10tu2)u2ux +2(2x+100tu2)uuxxx

+5(3t +5x+100tu2)uxuxx +
1
2

uxxxx + tuxxxxt +(20tu2 + x)uxxxxx,

C2 =
2u
5
+

x
5

ux−20tu2ux−25tuxuxxx−10tuuxxx− tuxxxxx.
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Conservation laws constructed by direct method

As the basic definition of conservation laws, if one of the independent variables of
the system (6) is time t the conservation laws takes the form

DiΦ(x,u,∂u, ...,∂ `u)+DtΨ
i(x,u,∂u, ...,∂ `u) = 0, (18)

where Ψ is reffered to as a density and Φi is spatial fluxes of the conservation law (18).
Consider the system of differential equations defined in (6). A set of differentiable

function {Λσ (x,u,∂u, ...,∂ `u)}q
σ=1 called local multipliers yields a divergence expression

for the PDE system (6) if the identity

Λσ (x,u,∂u, ...,∂ `u)∆σ ≡ DiΦ
i(x,u,∂u, ...,∂ `u),

on the solutions of the system. The following theorem connects local multipliers and
conservation laws [4]. A set on non-singular local multipliers {Λσ (x,u,∂u, ...,∂ `u)} yields
a conservation law for the system (6) if and only if the set of identities

δ

δuσ
(Λσ (x,u,∂u, ...,∂ `u)∆σ )≡ 0, (19)

holds for arbitrary functions u(x).
For instance for investigating the zeroth order set of multipliers of the Eq. (1),

we should take the function Λ(x, t,u) in the theorem which satisfies the determining
equation (19) in the form of

δ

δu
(Λ(x, t,u)∆SK)≡ 0,

for the variational derivative
δ

δu
=

∂

∂u
−Dx

∂

∂ux
−Dt

∂

∂ut
+D2

x
∂

∂uxx

+ · · ·+D5
x

∂

∂uxxxxx
. (20)

Expanding the left hand side of the equation (20), yields the following determining
equation:

Λt +Λxxxxx +20u2
Λx +2Λuuxxxxx + · · ·+20uΛuuxxx +135Λuuxuxx = 0. (21)

Solving the equation (21) with respect to Λ and its derivatives shows that Λ is just a
constant number. Thus, the density and the flux are

Φ(x, t,u) = F(x, t), Ψ(x, t,u) =−
∫

F(x, t)dt +G(x).

Similarly, if we take the multiplier Λ as the first order multiplier Λ(x, t,u,ux,ut), we
obtain that it is just a constant number too. In this case the density and flux are:

Φ(x, t,u,ux,ut) = F(x, t,u)ut +
∫ u

Fx(x, t,u)dw+G(x, t),

Ψ(x, t,u,ux,ut) =−F(x, t,u)ux−
∫ u

Fx(x, t,u)dw−
∫

Gx(x, t)dt +H(x).

Doing as well as the above case for zeroth, first and etc. order density and flux, we
can set the following list of conservation laws in the form of (18) in the more simple
polynomial form. Thus, the set of density and fluxes of the SK equation up to fourth
order in the polynomial form is comming in table 1:
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Таблица 1. Fluxes and densities of the KS Eq.

Flux Density
−x−uxxxx−10uuxx− 15

2 u2
x− 20

3 u3−uxt−ut t +u+uxx +ux
−utttt−uxtt− tuxttt +uttt− xuxttt uxttt + tuxxtt + xuxxtt
−uxxxutttt−utttuxxxt−uxttt uxxtt + xuxxxt
−uxxxutttt−utttuxxxt uxxxuxttt +utttuxxxx
−uxxxuxttt−uxttuxxxt uxxxuxxtt +uxttuxxxx
−uxxtuxxxt−uxxxuxxxt−uxuxxxt +uxxuxxt−uxtuxxx uxxxuxxxt +uxxtuxxxx +uxxxuxxxx

+uxuxxxx
−uxxx− tuxxxt +uxxt− xuxxxt−u2

ttt−uttutttt tuxxxx + xuxxx +uttuxttt +uxttuttt
−uxtutttt−uxttuttt−uxxtt uxtuxttt +uxxtuttt +uxxxt
−uxxutttt−uxxtuttt−ututttt−uttuttt uxxuxttt +uxxxuttt +utuxttt +uxtuttt
−uxutttt−uxtuttt−uutttt−ututtt uxuxttt +uxxuttt +uuxttt +uxuttt
−uxuxttt−uxtuxttt u2

xtt +uttuxxtt
−uxxuxttt−uxxtuxtt uxxuxxtt +uxxxuxtt
−uxuxttt−uxtuxttt−uuxttt−utuxtt uxuxxtt +uxxuxtt +uuxxtt +uxuxtt
−u2

t −utt− tuttt− xuttt tuxtt + tuxtt
−uxtuxxtt−uxxtuxtt uxtuxxxt +u2

xxt
−uxxuxxtt−u2

xxt−uxtt−uxtuxtt uxxuxxtt +uxxxuxxt +uxxt +uxtuxxt
−uxuxxtt−uxtuxxt uxuxxxt +uxxuxxt
−uxxtt−utuxxt−uuxxt +uxuxt−utuxx uuxxx +uuxxxt +uxuxxt
utt− xuxtt−uxt− tuxtt tuxxt + xuxxt
−uuxxxt−utuxxx uuxxxx +uxuxxx
−ututtt−u2

tt− xuxxt +uxt−uxx− tuxxt utuxtt +uxtutt + xuxxx + tuxxx
uuxttt−uxuttt +utuxtt−uxtutt −uuxxtt +uxxutt
−uuttt−ututt−utuxtt−uxtutt uuxtt +uxutt +utuxxt +u2

xt
uuxxtt−uxuxtt +utuxxt−u2

xt −uuxxxt +uxxuxt
−uuxtt−utuxt−ututt uuxxt +uxuxt +utuxt
−xutt−ut− tutt +uuxtt−uxutt−uxxt ut + xut + tuxt−uuxxt +utuxx +uxxx
uuxxxt−uxuxxt +utuxxx−uxxuxt −uuxxxx +u2

xx
uuxtt−uxutt− tuxt−ux− xuxt +ut tuxx + xuxx−uuxxt +utuxx
−uuxt−uxut−uutt−uutt uuxx +u2

x +uuxt +uxut
20
3 u3 +10uuxx +

15
2 u2

x− xut +uxxxx−utt−2xt xux +uxt + t2
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Similarity reduction

In this section we make some discussion on the SK equation based on the symmetries
(17), [5, 6, 16, 17].

(I) V1
For the generator V1, we have

u = ϕ(r,s), (22)

where r = x,s = t are the group-invariants. Substituting (22) in (1), one can get

ϕ
′′′′′+10ϕϕ

′′′+25ϕϕ
′′+20ϕ

2
ϕ
′ = 0,

where ϕ ′,ϕ ′′, ... are derivatives of ϕ with respect to r.

(II) V2
For the generator V2 we get

u = ϕ(r,s), (23)

where r = t,x = s are the group-invariants. Substituting (23) in (1), we reduce it to
the following ODE

ϕ
′ = 0.

(II) V3
For the generator V2 we get

u = exp
(
−2

5
s
)

ϕ(r,s), (24)

where

r =−x2

5
+ t2, s =− ln

(√
5(
√

5x−5t)
)
.

are the group-invariants. Substituting (24) in (1), we reduce it to the following so
complicated equation!

exp
(

s(
√

5− 6
5
)
)(

15625000exp
(
− 4s√

5

)
ϕ
′′′+187500000exp

(
− 2

5
s(
√

5−1)
)

ϕ
′′

−25000exp
(
−2

5
s(3
√

5−2)r
)

ϕ
′′′′+250exp

(
−4

5
s(2
√

5−1)
)

ϕ
′′′′

+ · · ·−17187500exp
(
−2

5
s(2
√

5−1)
)

rϕϕ
′′−234375000

√
5exp

(
4
5

s
)

r2
ϕ
′′

+460937500
√

5exp
(

4
5

s
)

r3
ϕ
′′′+9765625exp

(
4
5

s
)

r5
ϕ
′′′′′

)
= 0.

(IV) V1 +V2
The symmetry V1 +V2 yields the following invariants

r = t− s, ,s = x, u = ϕ(r,s).

Treating ϕ as the new dependent variable and r as new independent variable, the KS
equation transforms to

ϕ
′′′′′+10ϕϕ

′′′+25ϕϕ
′′+(20ϕ

2 +1)ϕ ′ = 0.
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Conclusion

In this paper, by using the Lie symmetry groups, we studied the symmetry properties
and similarity reduction forms of the (1+1)-dimensional SK equation. Moreover, we also
derived the non-linear self-adjonitness of Eq. (1), by virtue of this fact, some conservation
laws through Lie symmetries are given. The direct method is used to find many new
conservation laws for the Eq. (1) in the polynomial form.
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