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An existence and an uniqueness of solution of local boundary value problem with
discontinuous matching condition for the loaded parabolic-hyperbolic equation involving
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Key words: Caputo derivative, boundary value problem, Riemann-Liouville
integral, energy integral

© Abdullaev O.Kh., 2016

МАТЕМАТИКА
УДК 517.956

ОБ ОДНОЙ ЗАДАЧЕ ДЛЯ НАГРУЖЕННОГО
УРАВНЕНИЯ СМЕШАННОГО ТИПА С

ДРОБНЫМИ ПРОИЗВОДНЫМИ

О.Х. Абдуллаев
Национальный Университет Узбекистана им. Мирзо Улугбека, 100174, Узбекистан,
г. Ташкент, ВУЗ городок, ул. Университетская, 4
E-mail: obidjon.mth@gmail.com

В этой научно-исследовательской работе были исследованы существование и един-
ственность решения локальной краевой задачи с разрывным условием склеивания
для нагруженного парабо-гиперболического уравнения с дробной производной Ка-
путо и интегралов Римана-Лиувилля. Единственность решения доказывается ме-
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уравнений.

Ключевые слова: производная Капуто, краевая задача, интеграл Римана-
Лиувиля, интеграл энергии

© Абдуллаев О.Х., 2016

7



ISSN 2079-6641 Abdullaev O.Kh.

Introduction and formulation of a problem

BVPs for the mixed type equations involving the Caputo and the Riemann-Liouville
fractional differential operators were investigated in works [1],[2].

It was given the most general definition of a “loaded equations” and various loaded
equations are classified in detail by A.M.Nakhushev [3]. After this work very interesting
results on the theory of boundary value problems for the loaded equations parabolic,
parabolic-hyperbolic and elliptic-hyperbolic types were published, for example, see [4]-
[6].

In this direction was investigated, some local and non-local problems for the loaded
elliptic-hyperbolic type equations of the second and third order in double-connected
domains (see [7]-[10]).

BVPs for the loaded mixed type equations with fractional derivative have not been
investigated yet.

In the given work, we consider the equation:
uxx−Dα

oyu+ p(x,y)
n
∑

k=1
D−βk

x1 u(x,0) = 0, at y > 0,

uxx−uyy +q(x+ y)
n
∑

k=1

1∫
x+y

(t− x− y)γk−1u(t,0)dt = 0, at y < 0,
(1)

with operation [11]

CDα
0y f =

1
Γ(1−α)

y∫
0

(y− t)−α f ′(t)dt, D−β
xa f (x) =

1
Γ(β )

a∫
x

(t− x)β−1 f (t)dt, (2)

where
0 < α, βk,γk < 1. (3)

Let’s, Ω is domain, bounded with segments: A1A2 = {(x,y) : x = 1, 0 < y < h}, B1B2 =
{(x,y) : x= 0, 0< y< h},B2A2 = {(x,y) : y= h, 0< x< 1} at the y> 0, and characteristics:
A1C : x−y= 1; B1C : x+y= 0 of the equation (1) at y< 0, where A1 (1;0),A2 (1;h),B1 (0;0),
B2 (0;h), C

(1
2 ;−1

2

)
.

Let’s enter designations: Ω+=Ω∩(y> 0), Ω−=Ω∩(y< 0), I1 =
{

x : 1
2 < x < 1

}
, I2 =

{y : 0 < y < h}. In the domain of Ω the following problem is investigated.
Problem I. To find a solution u(x,y) of the equation (1) from the following class of

functions:

W =
{

u(x,y) : u(x,y) ∈C(Ω̄)∩C2(Ω−) , uxx ∈C
(
Ω

+
)
, CDα

oyu ∈C
(
Ω

+
)}

,

satisfies boundary conditions:

u(x,y)
∣∣∣A1A2

= ϕ(y),0≤ y≤ h, (4)

u(x,y)
∣∣∣B1B2

= ψ(y),0≤ y≤ h, (5)

u(x,y)
∣∣∣A1C = ω(x), x ∈ I1 (6)
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and gluing condition:

lim
y→+0

y1−αuy(x,y) = λuy(x,−0), (x,0) ∈ A1B1, (7)

where ϕ(y), ψ(y), ω(x) are given functions, λ = const (λ 6= 0), besides: ω(1) = ϕ(0).

The Uniqueness of solution of the Problem I

It’s known that, the equation (1) at y≤ 0 on the characteristics coordinate ξ = x+ y
and η = x− y totally looks like:

uξ η =
q(ξ )

4

1∫
ξ

(t−ξ )γ−1u(t,0)dt. (8)

Let’s enter designations:

u(x,0) = τ(x), 0≤ x≤ 1, uy(x,−0) = ν
−(x), 0 < x < 1,

lim
y→+0

y1−αuy(x,y) = ν
+(x), 0 < x < 1.

Known, that solution of the Cauchy problem for the equation (1) in the domain of Ω−

can be represented as follows:

u(x,y) =
τ(x+ y)+ τ(x− y)

2
− 1

2

x−y∫
x+y

ν
−(t)dt+

1
4

x−y∫
x+y

q(ξ )dξ

x−y∫
ξ

dη

1∫
ξ

(t−ξ )γ−1
τ(t)dt. (9)

After using condition (6) and taking (3) into account from (9) we will get:

ν
−(x) =

1− x
2

Γ(γ)q(x)
n

∑
k=1

D−γk
x 1 τ(x)− τ

′(x)+ω
′
(

x+1
2

)
. (10)

Considering designations and gluing condition (7) we have

ν
+(x) = λν

−(x). (11)

Further from the Eq. (1) at y→+0 owing to account (2), (11) and

lim
y→0

Dα−1
0y f (y) = Γ(α) lim

y→0
y1−α f (y),

we get:

τ
′′(x)−λΓ(α)ν−(x)+ p(x,0)

n

∑
k=1

D−βk
x1 τ(x) = 0. (12)

Theorem 1. If satisfies conditions

p(0,0)≤ 0, p′(x,0)≤ 0, λq(0)≥ 0, λ ((1− x)q(x))′ ≥ 0, (13)

then, the solution u(x,y) of the Problem I is unique.
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Proof. Known, that, if homogeneous problem has only trivial solution, then we
can state that original problem has unique solution. For this aim we assume that the
Problem I has two solutions, then denoting difference of these as u(x,y) we will get
appropriate homogenous problem.

Equation (12) we multiply to τ(x) and integrated from 0 to 1:

1∫
0

τ
′′(x)τ(x)dx−λΓ(α)

1∫
0

τ(x)ν−(x)dx+
1∫

0

τ(x)p(x,0)
n

∑
k=1

D−βk
x1 τ(x)dx = 0. (14)

We will investigate the integral

I = λΓ(α)

1∫
0

τ(x)ν−(x)dx−
1∫

0

τ(x)p(x,0)
n

∑
k=1

D−βk
x1 τ(x)dx.

Taking (10) into account ω(x) = 0 we get:

I =
λΓ(α)

2

n

∑
r=1

Γ(γk)

1∫
0

τ(x)(1− x)q(x)D−γk
x 1 τ(x)dx−λΓ(α)

1∫
0

τ(x)τ ′(x)dx−

−
1∫

0

τ(x)p(x,0)
n

∑
k=1

D−βk
x1 τ(x)dx = (15)

=
λΓ(α)

2

1∫
0

q(x)τ(x)(1− x)dx
1∫

x

n

∑
k=1

(t− x)γk−1
τ(t)dt− λΓ(α)

2

1∫
0

d
(
τ

2(x)
)
−

−
1∫

0

τ(x)p(x,0)dx
1∫

x

n

∑
k=1

(t− x)βk−1

Γ(βk)
τ(t)dt.

Considering τ(1)= 0,τ(0)= 0 (which deduced from the conditions (4),(5) in homogeneous
case) and on a base of the formula [12]:

|x− t|−δ =
1

Γ(γ)cos
(

π δ

2

) ∞∫
0

zδ−1 cos [z(x− t)]dz, 0 < δ < 1.

After some simplifications from (15) we will get:

I =
λΓ(α)q(0)

2π

∞∫
0

n

∑
k=1

Γ(γk)z−γk cos
πγk

2


 1∫

0

τ(t)cosztdt

2

+

 1∫
0

τ(t)sinztdt

2
dz+

+
λΓ(α)

2π

∞∫
0

n

∑
k=1

Γ(γk)z−γk cos
πγk

2
dz

1∫
0

∂

∂x
[(1− x)q(x)]


 1∫

x

τ(t)cosztdt

2

+

 1∫
x

τ(t)sinztdt

2
dx−

10
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− p(0,0)
π

∞∫
0

n

∑
k=1

z−βk cos
πβk

2


 1∫

0

τ(t)cosztdt

2

+

 1∫
0

τ(t)sinztdt

2
dz− (16)

− 2
π

∞∫
0

n

∑
k=1

z−βk cos
πβk

2
dz

1∫
0

∂

∂x
[p(x,0)]


 1∫

x

τ(t)cosztdt

2

+

 1∫
x

τ(t)sinztdt

2
dx.

Thus, owing to (13) from (16) it is concluded, that τ(x) ≡ 0. Hence, based on the
solution of the first boundary problem for the Eq. (1) [2],[11] owing to account (4)
and (5) we will get u(x,y) ≡ 0 in Ω

+
. Further, from functional relations (10), taking

into account τ(x)≡ 0we get that ν−(x)≡ 0. Consequently, based on the solution (9) we
obtain u(x,y)≡ 0 in closed domain Ω

−
. �

The existence of solution of the Problem I

Theorem 2. If satisfies conditions (13) and

ϕ(y), ψ(y) ∈C
(
I2
)
∩C1 (I2) ,ω(x) ∈C1 (I1

)
∩C2 (I1) , (17)

p(x,0),q(x) ∈C
(
A1B1

)
∩C2 (A1B1) . (18)

then the solution of the investigating problem is exist.
Proof. Taking (10) into account from Eq.(12) we will obtain:

τ
′′(x)− λ

2
Γ(α)(1− x)q(x)

n

∑
k=1

Γ(γk)D
−γk
x1 τ(x)+λΓ(α)τ ′(x) =

= λΓ(α)ω ′
(

x+1
2

)
− p(x,0)

n

∑
k=1

D−βk
x1 τ(x).

From here
τ
′′(x)+λΓ(α)τ ′(x) = f (x), (19)

where

f (x) =
λ

2
Γ(α)

[
(1− x)q(x)

n

∑
k=1

Γ(γk)D
−γk
x1 τ(x)+2ω

′
(

x+1
2

)]
− p(x,0)

n

∑
k=1

D−βk
x1 τ(x). (20)

Solution of the equation (19) together with conditions

τ(0) = ψ(0), τ(1) = ϕ(0), (21)

has a form

τ(x) = (1− x)ψ(0)+ xϕ(0)+
1∫

0

G(x, t) f1(t)dt. (22)

where
f1(x) = f (x)+λ (ψ(0)−ϕ(0))Γ(α),

11
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G(x, t) =



(
eλΓ(α)x−1

)
(eλΓ(α)t− eλΓ(α))

eλΓ(α)x
(
eλΓ(α)−1

)
λΓ(α)

, 0≤ t ≤ x,(
eλΓ(α)t−1

)
(eλΓ(α)x− eλΓ(α))

eλΓ(α)x
(
eλΓ(α)−1

)
λΓ(α)

, t ≤ x≤ 1.

(23)

Is the Green’s function of the problem (19), (21). Further, considering (20) and using
(3) from (22) we will get:

τ(x) =
1
2

x∫
0

τ(t)dt
t∫

0

(1− s)
n

∑
k=1

(t− s)γk−1K1(x,s)q(s)ds−

− 1
λΓ(α)

x∫
0

τ(t)dt
t∫

0

n

∑
k=1

(t− s)βk−1 p(s,0)
2Γ(βk)

K1(x,s)ds+

+
1
2

1∫
x

τ(t)dt
x∫

0

(1− s)
n

∑
k=1

(t− s)γk−1K1(x,s)q(s)ds− (24)

− 1
λΓ(α)

1∫
x

τ(t)dt
x∫

0

2

∑
k=1

(t− s)βk−1 p(s,0)
2Γ(βk)

K1(x,s)ds+

+
1
2

1∫
x

τ(t)dt
x∫

t

(1− s)q(s)
n

∑
k=1

(t− s)γk−1K2(x,s)ds−

− 1
λΓ(α)

1∫
x

τ(t)dt
t∫

x

n

∑
k=1

(t− s)βk−1 p(s,0)
2Γ(βk)

K2(x,s)ds+F(x),

where

F(x) = λΓ(α)

1∫
0

G(x, t)
[

ω
′
(

t + x
2

)
+(ψ(0)−ϕ(0))

]
dt +(1− x)ψ(0)+ xϕ(0),

K1(x, t) =

(
eλΓ(α)t−1

)(
eλΓ(α)x− eλΓ(α)

)
eλΓ(α)x

(
eλΓ(α)−1

) , (25)

K2(x, t) =

(
eλΓ(α)x−1

)(
eλΓ(α)t− eλΓ(α)

)
eλΓ(α)x

(
eλΓ(α)−1

) .

After some simplifications (24) we will rewrite on the form:

τ(x) =
1∫

0

K(x, t)τ(t)dt +F(x). (26)

12
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Here

K(x, t) =



t∫
0

K1(x,s)

[
1
2(1− s)

n
∑

k=1
(t− s)γk−1q(s)−

n
∑

k=1

(t− s)βk−1 p(s,0)
λΓ(α)Γ(βk)

]
ds, 0≤ t ≤ x,

x∫
0

K1(x,s)

[
1
2(1− s)

n
∑

k=1
(t− s)γk−1q(s)−

n
∑

k=1

(t− s)βk−1 p(s,0)
λΓ(α)Γ(βk)

]
ds+

+
t∫

x
K2(x,s)

[
1
2(1− s)

n
∑

k=1
(t− s)γk−1q(s)−

n
∑

k=1

(t− s)βk−1 p(s,0)
λΓ(α)Γ(βk)

]
ds, x≤ t ≤ 1.

(27)

Owing to class (17), (18) of the given functions and after some evaluations from (25)
and (27) we will conclude, that, |K(x, t)| ≤ const, |F(x)| ≤ const.

Since kernel K(x, t) is continuous and function in right-side F(x) is continuously
differentiable, solution of integral equation (27) we can write via resolvent-kernel:

τ(x) = F(x)−
1∫

0

ℜ(x, t)F(t)dt, (28)

where ℜ(x, t) is the resolvent-kernel of K(x, t).
Unknown functions ν−(x) and ν+(x) we will found accordingly from (10) and (11):

ν
−(x) =

x−1
2

q(x)
1∫

x

(t− x)1−γdt
1∫

0

ℜ(t,s)F(s)ds+
1− x

2
q(x)

1∫
x

(t− x)1−γF(t)dt−

−F ′(x)+
1∫

0

∂ℜ(x, t)
∂x

F(t)dt+ω
′
(

x+1
2

)
,

and ν+(x) = λν−(x).
Solution of the Problem I in the domain Ω+ we write as follows [13]:

u(x,y) =

y∫
0

Gξ (x,y,0,η)ψ(η)dη−
y∫

0

Gξ (x,y,1,η)ϕ(η)dη +

1∫
0

G0(x−ξ ,y)τ(ξ )dξ−

−
y∫

0

1∫
0

G(x,y,0,η)p(ξ )dξ dη

1∫
ξ

(t−ξ )β−1
τ(t)dt.

Here

G0(x−ξ ,y) =
1

Γ(1−α)

y∫
0

η
−αG(x,y,ξ ,η)dη ,

G(x,y,ξ ,η) =
(y−η)α/2−1

2

∞

∑
n=−∞

[
e1,α/2

1,α/2

(
−|x−ξ +2n|

(y−η)α/2

)
− e1,α/2

1,α/2

(
−|x+ξ +2n|

(y−η)α/2

)]
.

Is the Green’s function of the first boundary problem Eq. (1) in the domain Ω+ with
the Riemanne-Liouville fractional differential operator instead of the Caputo ones [11],

e1,δ
1,δ (z) =

∞

∑
n=0

zn

n!Γ(δ −δn)
,

13
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is the Wright type function [13].
Solution of the Problem I in the domain Ω− will be found by the formulate (9).

Hence, the Theorem 2 is proved. �

Список литературы

[1] Kadirkulov B. J., “Boundary problems for mixed parabolic-hyperbolic equations with two
lines of changing type and fractional derivative”, Electronic Journal of Differential
Equations, 2014:57 (2014), 1–7.

[2] Karimov E. T., Akhatov J., “A boundary problem with integral gluing condition for a
parabolic-hyperbolic equation involving the Caputo fractional derivative”, Electronic Journal
of Differential Equations, 2014:14 (2014), 1–6.

[3] Nakhushev A.M., Nagruzhennye uravneniya i ikh prilozheniya, Nauka, M., 2012, 232 с.;
[Нахушев А.М., Нагруженные уравнения и их приложения, Наука, М., 2012, 232 pp.,
(in Russian).]

[4] Eleev V.A., “O nekotorykh kraevykh zadachakh dlya smeshanno-nagruzhennykh uravneniy
vtorogo i tret’ego poryadka”, Differentsial’nye uravneniya, 30:2 (1994), 230–236; [Еле-
ев В.А., “О некоторых краевых задачах для смешанно-нагруженных уравнений вто-
рого и третьего порядка”, Дифференциальные уравнения, 30:2 (1994), 230–236, (in
Russian).]

[5] Kaziev V.M., “O zadache Darbu dlya odnogo nagruzhennogo integro-differentsial’nogo
uravneniya vtorogo poryadka”, Differentsial’nye uravneniya, 14:1 (1978), 181–184; [Ка-
зиев В.М., “О задаче Дарбу для одного нагруженного интегро-дифференциального
уравнения второго порядка”, Дифференциальные уравнения, 14:1 (1978), 181–184, (in
Russian).]

[6] Lanin I.N., “Kraevaya zadacha dlya odnogo nagruzhennogo giperbolo-parabolicheskogo
uravneniya tret’ego poryadka”, Differentsial’nye uravneniya, 17:1 (1981), 97–106; [Ла-
нин И.Н., “Краевая задача для одного нагруженного гиперболо-параболического урав-
нения третьего порядка”, Дифференциальные уравнения, 17:1 (1981), 97–106, (in
Russian).]

[7] Abdullaev O.Kh., “Kraevaya zadacha dlya nagruzhennogo uravneniya elliptiko-
giperbolicheskogo tipa v dvusvyaznoy oblasti”, Vestnik KRAUNTS. Fiz.-mat. nauki,
2014, №1(8), 33–48; [Абдуллаев О.Х., “Краевая задача для нагруженного уравне-
ния эллиптико-гиперболического типа в двусвязной области”, Вестник КРАУНЦ. Физ.-
мат. науки, 2014, №1(8), 33–48, (in Russian).]

[8] Abdullaev O.Kh., “About a method of research of the non-local problem for the loaded
mixed type equation in double-connected domain”, Bulletin KRASEC. Phys. & Math. Sci.,
2014, №9(2), 11–16.

[9] Abdullaev O.Kh., “Non-local boundary value problem for the mixed type equations on the
third order in double-connected domains”, Journal of Partial Differential Equations, 27:4
(2014), 283–292.

[10] Abdulaev O.Kh., “Nelokal’naya zadacha dlya nagruzhennogo uravneniya smeshannogo
tipa s integral’nym operatorom”, Differentsial’nye uravneniya i matematicheskoe
modelirovanie, Mezhdunarodnaya konferentsiya (Ulan-Ude, 2015), VSGUTU, Ulan-Ude,
2015, 21-23; [Абдулаев О.Х. “Нелокальная задача для нагруженного уравнения сме-
шанного типа с интегральным оператором”, Дифференциальные уравнения и мате-
матическое моделирование, Международная конференция (Улан-Удэ, 2015), ВСГУТУ,
Улан-Удэ, 2015, 21-23, (in Russian).]

[11] Pskhu A.V., Uravneniye v chasnykh proizvodnykh drobnogo poryadka, Nauka, M., 2005,
200 с.; [Псху А.В., Уравнения в частных производных дробного порядка, Nauka, M.,
2005, 200 pp., (in Russian).]

[12] Smirnov M.M., Uravneniya smeshannogo tipa, Nauka, M., 1970, 296 с.; [Смир-
нов М.М., Уравнения смешанного типа, Наука, М., 1970, 296 pp., (in Russian).]

[13] Pskhu A.V., “Solution of boundary value problems fractional diffusion equation by the
Green function method”, Differential equation, 39:10 (2003), 1509–1513; [Псху A.В.,
“Решение краевой задачи для уравнения с частными производными дробного порядка”,
Дифференциальные уравнения, 39:10 (2003), 1509–1513, (in Russian).]

Поступила в редакцию / Original article submitted: 20.03.2016

14


	pream.pdf
	Список литературы
	Список литературы
	Список литературы
	Список литературы
	Список литературы
	Список литературы
	Список литературы
	Список литературы
	Список литературы
	Список литературы
	Список литературы


