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An existence and an uniqueness of solution of local boundary value problem with
discontinuous matching condition for the loaded parabolic-hyperbolic equation involving
the Caputo fractional derivative and Riemann-Liouville integrals have been investigated

in this research work. The uniqueness of solution is proved by the method of integral
energy and the existence is proved by the method of integral equations.
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Introduction and formulation of a problem

BVPs for the mixed type equations involving the Caputo and the Riemann-Liouville
fractional differential operators were investigated in works [1],[2].

[t was given the most general definition of a “loaded equations” and various loaded
equations are classified in detail by A.M.Nakhushev [3]. After this work very interesting
results on the theory of boundary value problems for the loaded equations parabolic,
parabolic-hyperbolic and elliptic-hyperbolic types were published, for example, see [4]-
(6].

In this direction was investigated, some local and non-local problems for the loaded
elliptic-hyperbolic type equations of the second and third order in double-connected
domains (see [7]-[10]).

BVPs for the loaded mixed type equations with fractional derivative have not been
investigated yet.

In the given work, we consider the equation:

e — D&u+p(x,y) ¥ Do u(x,0)=0, aty>0,

k=1
n (D
e —ttya(v+9) T [ (—x— )" ule,0)dr =0, at y <0,
k=1x+y
with operation [11]
y a
1 1
cDoyf = m/(y—l)af’(f)dh DFf(x)= W/(l—x)ﬁlf(f)dfa (2)
0 X
where
O<a7 ﬁka’)/k<1' (3)

Let’s, Q is domain, bounded with segments: AjA, ={(x,y): x=1,0<y<h}, BiB, =
{(x,y): x=0,0<y<h},B,A,={(x,y): y=h, 0<x <1} at the y >0, and characteristics:
A|C:x—y=1;BiC: x+y=0 of the equation (1) at y <0, where A; (1;0),4, (1;4),B, (0;0),
B, (0;h), C(%;—%).

Let’s enter designations: Q" =QN(y>0), Q- =QN(y<0), [ ={x: 3<x<1}, L=
{y:0<y<h}. In the domain of Q the following problem is investigated.

Problem 1. 7o find a solution u(x,y) of the equation (1) from the following class of
[unctions:

W = {u(x,y) : u(x,y) € C(Q) NCHQ7), uy € C(Q"),cDyueC(Q7)},

satisfies boundary conditions:

u(x,y) |40, = 9(0),0<y<h, (4)
W) oy, = V)0 <y < 6)
u(x,y) Ac T o(x), x € (6)
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and gluing condition:

—Q

lim y uy(x,y) = a‘My<x?_0)7 (X,O) € A1By, (7)

y—+0

where @(y), y(y), o(x) are given functions, A = const (A #0), besides: ®(1) = ¢(0).

The Uniqueness of solution of the Problem |

It’s known that, the equation (1) at y <0 on the characteristics coordinate £ =x+y
and n = x—y totally looks like:

1
ey = % / 1,0)dr. ®)
:

Let’s enter designations:
u(x,0) =1(x), 0<x <1, uy(x,—0)=v (x), 0<x <1,

li “Cu(x,y) =vT(x), 0<x< 1.
y;rgoy uy(x,y) (x) x

Known, that solution of the Cauchy problem for the equation (1) in the domain of Q™
can be represented as follows:

1
Tx+y)+Tlx— _
ey = IR L ] / (e / n[a-& wwar ©)
x+y x+y &
After using condition (6) and taking (3) into account from (9) we will get:
_ I— x+1
v (x) = ZDX )+a)< 7 ) (10)

Considering designations and gluing condition (7) we have
vi(x)=Av (x). (11)
Further from the Eq. (1) at y — +0 owing to account (2), (11) and
: o—1 _ : l-a
lim Do, f) —F(a)ig%y I).

we get:

7' (x) = A(a)v™ (x) + p(x,0) i D;lﬁ’“c(x) =0. (12)
k=1

Theorem 1. [} satisfies conditions
p(0,0) <0, p(x,0) 0, 29(0) =0, A((1—x)q(x))’ = 0, (13)

then, the solution u(x,y) of the Problem I is unique.

9
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Proof. Known, that, if homogeneous problem has only trivial solution, then we
can state that original problem has unique solution. For this aim we assume that the
Problem I has two solutions, then denoting difference of these as u(x,y) we will get
appropriate homogenous problem.

Equation (12) we multiply to 7(x) and integrated from 0 to 1:

1 1

1
/ 7 (x)7(x)dx — AT() / () v (x)dx + / t()p(x,0) Y, D e(x)dx=0.  (14)
0

0 0

We will investigate the integral

1 1
[=AT(a) / 1)V (x)dx — / t()p(x,0) Y. D Per(x)dx.
0 0

Taking (10) into account @(x) =0 we get:

1 1
1= 220y vy [ 1) (1) gD, Peax - AT(@) [ )7 ()ax-
0 0

1
/r p(x,0) ZD Prg( (15)
0

—

1 1
= x)T(x) (1 —x)dx —x)* 2(t)d
) 0/q<>r<>< ) x/k_zla i e(0)

1 n ﬁkl
/T dex/Z t)drt.
0

Considering 7(1) =0,7(0) =0 (which deduced from the conditions (4),(5) in homogeneous
case) and on a base of the formula [12]:

=]

o>}

|x—t]*5: ! — /zslcos[z(x—t)]dz, 0<dé<l1.
F(}/)cos(T)o

After some simplifications from (15) we will get:

o 1 2 1 2
I = %O/Zr(yk)z—% COS%YI{ (/ r(t)cosztdt) + <O/T(t) sinztdt) dz+

0

- I 2 /1 ?
_I_M;;oc) 0/ ZF(yk)z_Yk cos %dz/%[(l —x)q(x)] (/T(t)cosztdt) + (/T(l)sinztdt) dx—

X
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o 1
—bB cos /‘L’ t)cosztdt
o k=1 0

- 1 ! ? | ’
_% 0/ kg Z—ﬁkcos%ﬁkdz 0/ %[p(x,O)] ( / T(I)Cosztdt) - ( / f(t)sinztdf) dx.

X X

o\_

7(¢) sin ztdt) dz— (16)

Thus, owing to (13) from (16) it is concluded, that 7(x) = 0. Hence, based on the
solution of the first boundary problem for the Eq. (1) [2],[11] owing to account (4)
and (5) we will get u(x,y) =0 in Q". Further, from functional relations (10), taking
into account 7(x) = Owe get that v~ (x) = 0. Consequently, based on the solution (9) we

obtain u(x,y) =0 in closed domain Q . [J

The existence of solution of the Problem |

Theorem 2. If satisfies conditions (13) and

e(y), ¥() €C (L) NC' (h),w(x) € C' (1) NC* (1), (17)

p(x,0),q(x) € C(A1B)) NC*(A1By). (18)
then the solution of the investigating problem is exist.
Prooi. Taking (10) into account from Eq.(12) we will obtain:

A

(%) = FT()(1 = x)q(x) L(%)Dy"* t(x) + AT () 7' (x) =

(ngE

k

I
—_

:M‘(a)w’<x;1> p(x,0) ZD B

From here
T (x) + AT () 7' (x) = f(x), (19)

where

f(x)z%f‘( ll—x i TC(%)D, " t(x —|—2(1)’(X42_1> p(x,0) ZD ﬁk 7(x). (20)

Solution of the equation (19) together with conditions

7(0) = y(0), (1) = 9(0), (21)

has a form
() = (1 —x)w(0) +x(0) + / G(x,0) 1 (1)dt. (22)

where
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< 1> )) 0<r<
o xr( x (e“a)—l)itl“( )  VSESX
G(x,t) < 1) )) (23)
AT(@)x (AT (@) )Ar( ) isxsl

\

[s the Green’s function of the problem (19), (21). Further, considering (20) and using
(3) from (22) we will get:

1 X
+%/T(t)dt0/ (1—5) Y (t—5)" 'Ky (x,5)q(s)ds— (24)

l — )BT p(s
1 /r(t)dto/z =" bl ’O)Kl(?ﬁs)dsﬂL

1
% et [(1-5)4() ¥ (=9 Ko, )ds—

I ‘ B
- [wa [ ¥ (=" "ps0) e Sas P (),

Kl (x7t) = ( ) (25)

Kz(x,t) =

After some simplifications (24) we will rewrite on the form:

1

() = / K(x,0)e(t)dt + F(x). (26)

0

12
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Here
Fies) [ 1 9) § (it~ 3 PO g
) & AT(@r (B
K= [t 00 £ o-ap-tat - § P00 gy @)
Kl [;u —9) £ (-9 g~ £ zsii;ﬁ,ﬁ;” ds, x<1<1.

Owing to class (17), (18) of the given functions and after some evaluations from (25)
and (27) we will concl K(x,t)] < F(x)| < const.

Since kernel K(x,t) is continuous and function in right-side F(x) is continuously
differentiable, solution of integral equation (27) we can write via resolvent-kernel:

1
T(x) = F(x) — / R(x,1)F(1)dr, (28)
0
where R(x,7) is the resolvent-kernel of K(x,?).
Unknown functions v~ (x) and v*(x) we will found accordingly from (10) and (11):
1 1

v (x / (t—x)"Tar / R(1,5)F (s)ds—l—l%xq(x) / (t—x) "TF(1)di—

X

_l_/&?{ i+ (x—lz—l)’
and vt (x) =Av~(x).

Solution of the Problem I in the domain Q" we write as follows [13]:

y y

u(x,y) =/Gg(x,»O,n)w(n)dn—/G;;(x,y,l,n)q)(n)dn +/Go(x—é,y)f(é)d§—
0 0 0

y 1 1
- [ [Gty0mp@agan [ -8 @
00 £

Here

y
GO(X_57Y) = ﬁ/n_aG(%%é,n)dﬂ,
0

G-m & | ap k—E+2n]\  iep( xHE+2n
G<x7y7§7n) = P e’ _ | —¢; = )
> L e T e ) e e

Is the Green’s function of the first boundary problem Eq. (1) in the domain QT with
the Riemanne-Liouville fractional differential operator instead of the Caputo ones [11],

n

s Z
}5() nZOM’

13
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is the Wright type function [13].
Solution of the Problem I in the domain Q= will be found by the formulate (9).
Hence, the Theorem 2 is proved. [J
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