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Abstract. In the article, by the method of the system of equations of steady horizontal flight
the effective aspect ratio of the wing with AT winglet wingtips is explored. The total aerodynamic
force, created by all four parts of the wingtips is determined. The vector of the total aerodynamic
force of the wingtips is represented in the form of components of a linked coordinate system.
Equilibrium equations for the steady rectilinear motion of an aircraft with AT winglets type wing
tips in a horizontal flight are recorded. From these equations it is obtained that, in the direction of
motion, the longitudinal component of the vector of the total aerodynamic force of the tips reduces
the force of the drag of the wing, the vertical component is added to the lifting force of the wing and
increases it, and the lateral component, due to the symmetry of the wing, is zero. The coefficient of
inductive drag of the wing with the tips is written in the form of the difference in the inductive drag
of the wing without the tip and the coefficient of the longitudinal component of the total
aerodynamic force of the tips. Writing the coefficient of inductive drag of the wing with the tips in
the traditional form through the coefficient of lift and aspect ratio of the wing, the expression for the
effective wing aspect ratio with the AT winglets, which is longer without aerodynamic termination.
An important consequence is that at the constant weight of the aircraft, the product of the effective
wing aspect ratio with aerodynamic wingtips to its coefficient of inductive resistance is a constant
value, independent of the kind of the wingtips. It is shown that with increasing flight speed, and
also by reducing the inductive speed, the aspect ratio of the wing decreases.

Annomayusi. B cTtaTb€ METOAOM CUCTEMBI YPAaBHEHHH YCTAaHOBUBIIETOCS T'OPU3OHTAJIbHOTO
0JIETa UCCIIelyeTCs BIMSHUE a’dpOAMHAMUYECKUX 3aKOHLOBOK Tuna “AT winglets” Ha yinHeHue
kpputa. Omnpeznensercss MOJHas a’poJUHAMMYECKas CWIJIA, CO3/IaHHAs BCEMHU UYETBIPbMS 4YacTAIMU
3aKOHIIOBOK. BEKTOp MOJIHOW a’pOAMHAMHUYECKOM CHIIBI 3aKOHILOBOK IPEACTABIISIETCS B BHUJC
KOMIIOHEHT B  CBSI3aHHOM cucTeMe KoopauHar. llpuBeneHsl ypaBHEHUsT paBHOBECHUS
YCTQHOBUBLIETOCS NPSAMOJIMHEHHOIO JBMKEHUS caMojleTa C 3aKOHIIOBKaMu Kpbuia Tuma “AT
winglets” B ropu3oHTanbHOM MoJieTe. M3 3TUX ypaBHEHUIl MOTy4eHO, 4TO, Oy ydH HANPaBICHHOW B
CTOPOHY JBW)KEHHS, IPOJOJIbHAA KOMIIOHEHTAa BEKTOpa IIOJIHOM a’pOAMHAMMUYECKON CHIIbI
3aKOHIIOBOK YMEHBIIAE€T CHJIy JI000BOTO COMNPOTHUBIICHUS KpblIa, BEPTHKAIbHAs KOMIIOHEHTa
npubaBiseTcss K MOAbEMHON CUJie KpbUIa M YBEIMYMBACT e€e, a OOKOBas KOMIIOHEHTa, 3a CUeT
CUMMETpUHU Kpbla, paBHa HYyI0. KodppuuueHT HHIYKTUBHOTO CONPOTHUBJICHHUS KpbUla C
3aKOHIIOBKAMHU 3allMCBIBAETCSI B BHUJAE PA3HOCTH HWHAYKTHMBHOTO COIPOTHBIEHUS Kpbula 0e3
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3aKOHIIOBOK ¥ K0d((uImeHTa NpoaoTIbHON KOMIIOHEHTHI MOJHOM a’3pOAMHAMHYECKOW CHIIBI
3aKOHIIOBOK. 3amuChiBasi KO3()PHUIMEHT MHIYKTUBHOTO COMPOTUBIICHUS KPbUIAa C 3aKOHIIOBKAMHU B
TPaAMLIMOHHOH (opMe yepe3 Ko3(D(UIMEHT MOABEMHON CHIIBI M YUIMHEHUE KPbUIa, ONPEIEICHO
BbIpakeHUE 3((HEeKTUBHOTO Yy/UIMHEHHs Kpblia ¢ 3akoHumoBkamu tuna “AT winglets”, kotopoe
OoJpIlle yIUTMHEHUS Kpblla 0€3 a3poAMHAMHYECKUX 3aKOHIOBOK. IloiyueHo BakHOE cielcTBUE O
TOM, YTO TPH YCJIIOBHH TOCTOSIHCTBA BEca caMoJieTa, MpousBeneHHe 3()(HEKTUBHOTO YATMHEHHUS
KpbUIA C a3POJIMHAMUYCCKIMHU 3aKOHIIOBKAMH M €€ KO (HUINEHTAa HHAYKTUBHOTO CONPOTHBIICHUS
€CTh BEJMYMHA TIOCTOSIHHAS, HE 3aBHCAIIAsl OT BUJA 3aKOHIOBOK. [lokazaHo, YTO C yBeIMYCHHEM
CKOPOCTH TOJIeTa, & TAKXKE C YMEHBIICHHEM WHAYKTUBHOW CKOPOCTH, 3()(HEeKTHUBHOE YUIMHEHUE
KpbLJIa YMEHBIIIAETCS.

Keywords: AT winglet, mathematical model, inductive reactance, effective aspect ratio,
steady motion.

Knroueswvie cnosa: mareMmaTmdeckas MOJCIJIb, MHAYKTHBHOC COIIPOTHUBIICHUC, B(l)q)eI(TI/IBHOG
YAJIUHCHUEC, YCTAHOBUBIICCCA ABUIKCHUC.

Introduction

Inductive resistance of the wing is associated with the finiteness of the wing span and
inversely proportional to the wing aspect ratio (as known, the wing aspect ratio is determined by the
formula 2=/%/S, where | is the wing span, and S is its area). With increasing aspect ratio, it decreases
and vice versa. For the theoretical wing of the infinite span, there is no inductive impedance at all.
Aircraft designers are trying to take advantage of this fact to reduce drag of the wing, which
ultimately leads to an increase in aerodynamic quality. However, the increase in wing aspect ratio is
limited by certain strength properties of the wing, the capabilities of aerodromes, etc. For the help
comes the so-called — effective aspect ratio of the wing, the increase which does not lead to an
increase in the wing span, and is associated with the end structures of the wing — wingtips. In
practice, there are many kinds of wing tips: AT winglets, vertical wingtips, horizontal, Dreamliner
type, double feathers, Whitcomb wings, sharklets, end washers, etc. For theoretical studies of the
effect of the vertical wing tips on the aerodynamic characteristics are corrected out in the works [1-
3]. By a system of equations of steady horizontal flight the influence of improved wingtips such as
AT winglets on the induction wing resistance is investigated in the work [4]. A mathematical model
of the problem is created, which allows you to find out the effect of wing tip to the other
aerodynamic forces. In this work this model is used to study the effect of the wingtips such as
Advantage Technology winglets on the effective wing aspect ratio.

Statement of the Problem
We take the following coordination system. We place the beginning of the coordinates in the
middle of the wing, direct the axis of OZ along the span to the right, the axis OY’s directed upwards
and OX axis on the undisturbed flow. We define all the forces influencing on the aircraft with
winglets type Advantage Technology winglets at a steady level flight. Due to equilibrium of these
forces we determine the influence of aerodynamic forces of wingtip on the coefficient of inductive
resistance and determine the effective wing aspect ratio.

The solution of the problem
The following forces effect the plane in level flight [5-7]:
—The power of the weight G — always directed vertically down to the center of the earth;
—Lift of the aircraftY — is perpendicular to the direction of the undisturbed flow;
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—Drag force of the aircraft Q — aimed in the direction opposite to the movement of aircraft;

—Thrust P — is generally directed towards the aircraft movement motion, along the axis;

—Full aerodynamic force created by the upper wingtips. The force created by the upper left
wingtip is symbolized ﬁf but the force created by the right wingtip is symbolized ﬁ,f ;

—Complete aerodynamic forces created by the lower wingtips. They are symbolized
respectively, the left R and the right force R’ .

The angle between the true velocity and the free—flow speed for a wing with wingtips «,
equals to the angle between the vector of the total aerodynamic force generated by the upper left

wingtip F?j and the longitudinal axis of the wing, as the sides of these angles are perpendicular to
each other. Then the projection of the full aerodynamic force of the left wingtip will have the form:

Re =R R R

Where

R =R/ cosopsina,

Longitudinal force created by the upper left wingtip, ¢—angle of wingtip camber (the angle
between the vertical plane of aircraft symmetry and the tangent plane to the wingtip surface at the
point of its center of pressure):

Ry =R/sino
lift force created by the upper left wingtip:

R, =R/ cospcosa,

the lateral force generated by the upper left wingtip.
Here, R} is the vector unit of R,

R’ = \/ RI(:(Z + Rl(;z + REZ :

This force is applied to the center of the wingtip pressure. The total aerodynamic force of
right upper wingtip differs from it only with the mark of the third component, so it can be written as

—

R = {Rﬁ cospsina,, Ry sing,—R; cosecosa, }

Obviously, R? = \/ij + R,fyz + R = R*therefore, the lower indices that indicate the left and

right wingtips will be removed in the future.
Then, the right and left upper part of the wingtips together create a force with components:

2R =R’ +R‘ = {ZR“ cosgsina,, 2R° sin(p,O}.
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Now we define the forces created by the lower part of wingtips (projections) (Figure). Since,
under the wing the air pressure is much higher than in the environment, it can be assumed that the
lower left wingtip pressure force is applied to the center of pressure of the wingtip, normal to its
surface. Lower wingtip camber is indicated by the letter¢, and the twist angle of the center of

pressure is indicated by the letter #. Then, with the same above mentioned argumentation, we can
write:

2R" = R" +R" = {2R" cossinB, 2R" sin¢,0}

Figure. Airbus A319 wingtip

Thus
Ry =R/ cosesina,
the longitudinal is force generated by the lower parts of wingtip, but
2R) =2R"sin¢

lift force is created by them.
Because of symmetry, the lateral forces created by the left and right wingtips, balance each

other.
The amount of power generated by all four parts of the wingtips Advantage Technology

winglets, is indicated by the vector R,. Thus

—

Rz = {sz’ Rzy’ Rzz },
Where
R, = 2R’ cospsina, +2R" cosdsin

the longitudinal component of the vector of total aerodynamic wingtip force, which obviously

reduces any drag force
Since the drag force consists of the sum of the profile and inductive resistances and the profile

resistance is almost unchanged, the force R,, reduces the inductive drag of the wing of the finite

span without the win.
Force R,, can be represented through the high—speed head,
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sz = szqaoSZ = CZXqOOS

whereq, =pV?/2is velocity head, Sis the wing area without the tips, and C,is the

coefficient of the longitudinal force of the tip.The coefficient of inductive drag of the wing with the
tips is written in the form of the difference in the inductive drag of the wing without the tip and the
force factor R, is :

C

i

CZ
=—L(1+8)-C
L (1+5)-C,

We express this expression in the following form

c? A
C,i=—(1+58)1-———C
Tt { Cj-d) ]

or

2
C Y (1+6
()

xi T

C
TC
where

-1
~ )
A=)1-——"—C

! CX(1+9) ]

y

is the effective aspect ratio of the wing. As can be seen the magnitude of the effective aspect
ratio makes it possible to record the inductive drag of the wing with the tips in the usual form. It is

easy to see the inequality A < 7~» which shows a decrease in the inductive drag of the wing under the
influence of the wingtips.
Since

mC,, 1

C;(1+3)

then a square bracket with negative degree is the sum of a geometric progression

P, [(mC, | (e, ),
Ci1+8) (Ci(1+3)) (Ci{1+d)

Substituting this into the expressions for the effective aspect ratio and leaving only the first
two terms, we have
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X:X[H ™Gy ]

Ci(1+3)

or, taking into account the coefficient of inductive drag of the wing without wingtips,

A= X[1+ C—Z"J
Cxi

Taking into account the following formula
C,, =2C; cosopsina, +2C,, cos¢sinf,
we get this

T K[1+ 2C¢ cos@sin océ:+ 2C" cos¢sin B}

Xi

This is an approximate expression of the effective aspect ratio of a wing with double tips.
Let us calculate the error of this formula. It is easy to see that the discarded part of the geometric
progression, beginning with the third term, can be summed up

sz 2 sz sz 2 sz ’ szx 1 szx

% 1+ 2 4+ & 4+ = .= =

Cxi Cxi Cxi Cxi C)i 1_% Cxi(Cxi _sz)
C

Xi

Hence we see that the sum of the discarded terms of the series is of the same order of
smallness O(Cfx). This expression is the order of accuracy of the formula for effective aspect ratio.

We transform the expression for the effective aspect ratio

-1
X:xll——f}‘ CZX] Y S o I
Cy(1+6) 1_% CXi _CZX szi
Cxi
Thus
o
szi
or
AC . =AC
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Thus in case the weight of the aircraft is constant, the product of the effective aspect ratio of
the wing with the tips to its coefficient of inductive resistance is constant. As can be seen, with
increasing effective lengthening of the wing, its inductive resistance decreases and vice versa.

We have to mention the following simple proof of this result. From the expression of the
coefficient of inductive resistance for all wings:

C2
C,i=—=(1+8
= (1+3)
we get the equality:
~ c?
AC,; = —(1+9)
T

which is constant at constant weight of the aircraft.
Having regard to that the tangents of the twist angles are equal to the ratios of the inductive
velocities of the transverse flows to the velocity of the unperturbed main stream, i. e. tga = V—' 00

0

H

, 1B = T ~ [3, the expression for the effective elongation can be written in the following form:
z_ x(u 2CLV, COS\(/p J(;ZCZXVi cosq)j

From this it is clear that with an increase in the flight speed, and also by a decrease in
inductive speed, the effective aspect ratio decreases. In case = ¢ =0, it has the maximum value,

andincase p=¢ = T it turns into the usual wing aspect ratio without the wingtips.

Conclusions

1. Aerodynamic forces created by AT winglet wingtips while flying are determined.

2. In steady horizontal flight system of algebraic equations containing all the forces acting on
the aircraft is recorded, which is a mathematical model of the problem.

3. It is shown that the wing tips reduce the inductive drag of the wing and increase the
effective aspect ratio of the wing.

4. It is shown that, in case of the constant aircraft weight, the product of the effective aspect
ratio of the wing with its wingtips to its coefficient of inductive resistance is constant.
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