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Abstract. In this article by the method of equations of steady horizontal flight the impact AT
winglets wingtips on the wing aerodynamic quality is explored. Determine the total aerodynamic
force, created by all four parts of the endings. The vector of the total aerodynamic force of the
endings is found in the form of components along the associated coordinate system. Equilibrium
equations for the forces acting on the aircraft are recorded, with the linear motion of the aircraft
with wing tips of the AT winglets type in a horizontal flight established. From these equations it is
obtained that, in the direction of motion, the longitudinal component of the vector of the total
aerodynamic force of the tips reduces the drag of the wing, and the vertical component increases the
lifting force and this increases the aerodynamic quality of the wing. The components of the vector
of the total aerodynamic force in the transverse direction from the left and right ends of the wing
counterbalance each other By virtue of symmetry. Naturally, provided that the weight of the aircraft
is constant and the speed of a straight horizontal flight, the angle of attack of the aircraft with the
wing with endings like AT winglets should be reduced in order to observe the equality of the lift
and the weight of the aircraft. A decrease in the angle of attack, in turn, leads to a decrease in the
drag force. The effect of the aerodynamic wing tips on the maximum value of aerodynamic quality
is studied. The expression for the aerodynamic lift coefficient at the most advantageous angle of
attack is found. It is shown that the aerodynamic wing tips reduce the coefficient of lift of the wing
without endings at the most advantageous angle of attack.

Annomayus. B craThe METOJIOM CHUCTEMBI YPaBHEHWI YCTaHOBHMBIIETIOCS TOPHU3OHTAIHHOTO
[OJIeTa HUCCIeAyeTCs BIMSHUE JBYXCTOPOHHUX adpOJAMHAMHMUYECKUX 3aKOHIIOBOK Tuma “AT
winglets” Ha a’poJMHAMHYECKOE KadecTBO Kpbuia. Ompenesnsercs MOJIHAs adpoJAUMHAMHYECKas
CHJIa, CO3/1aHHAs BCEMU YEThIPbMsI YaCTAMHU 3aKOHIIOBOK. BeKTOp MosHON a3poJuHaAMUYECKON CHUITBI
3aKOHIIOBOK HaiiIeH B BUJC KOMIIOHEHT B CBS3aHHOW CHCTeMe KoopauHat. [IpuBeeHsl ypaBHEHUS
paBHOBECHs CHJI, IEHCTBYIOIIMX Ha CaMOJIET, IPU YCTAHOBUBIIEMCS NMPSIMOJUHEHHOM JBH)KEHUU
caMmojieTa ¢ 3aKOHIOBKaMu Kpbuia Tuma “AT winglets” B ropuszoHtansHoM moiere. M3 3tux
ypaBHEHMH MOJYYEHO, YTO HAINPABIISSACH B CTOPOHY JIBUXKEHHUS, MPOJIOJIbHAsT KOMIIOHEHTa BEKTOpa
MOJTHOW a’pOJMHAMUYECKON CHJIBI 3aKOHI[OBOK YMEHBINAET JI0OOBOE COMPOTHBIICHHE KphLIa, a
BEpPTUKAJbHAs  KOMIIOHEHTa  YBEIMYMBAET TMOJBEMHYIO CHJIy M JTUM  YBEJIUYHMBAET
a’POJMHAMUYECKOE KAa4eCTBO KpblIa. KOMIOHEHTHI BEKTOpa MOJHOM a3pOJMHAMHYECKON CHIIBI B
MOTIEPEeYHOM HAIpPaBJICHUU OT JIEBOTO M MPABOr0 KOHIIOB KPbUIA YPAaBHOBEUIMBAIOT JAPYT JApyra B
CHJIly CHMMETpUU. ECTECTBEHHO, TpW YCIOBHHM TIOCTOSHCTBA BECa CaMOJIETOB W CKOPOCTH
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IPSIMOJMHENHOIO TOPU30HTAJIBHOIO II0JIETA YIOJ aTaku II0JIeTa caMojeTa C KpbUIOM C
3akoHnoBkamu tuna “AT winglets” momkeH ymeHbplIaeTcsi, 4ToObl COONIOAATIOCH PAaBEHCTBO
IIOJIEMHOM CHJIBI M Beca caMmoJieTa. A yMEHBbUIEHHME yrja aTakh, B CBOIO OuYe€pellb, IPUBOJIUT K
YMEHBUICHHUIO CHJIbI JIOOOBOrO CONpOTHBIEHUs. MccienoBaHO BIUSHME a’pOJMHAMHYECKHX
3aKOHIIOBOK KpbUIa HAa MAaKCUMaJIbHOE 3HAu€HUE a’pOoAMHAMMUYECKOro KauecTBa. HaiineHo
BBIPQ)KEHUE A3POAMHAMUYECKOT0 KO3((UIMEHTa MOJbEMHONW CHIIBI IPU HAUBBITOJHEHIEM YTie
araku. [lokazaHO, 4YTO a’pOAMHAMHYECKHE 3aKOHIIOBKM KpbLIa YMEHBIIAIOT KOI(PQPUIHEHT
[IOJTbEMHOM CHIIBI Kpblila 0€3 3aKOHIIOBOK IPU HAaWBBITOJHEHILIEM YTl aTaKu.

Keywords: AT winglet, mathematical model, aerodynamic quality of an effective aspect ratio,
steady motion.

Kniouesvie cnosa: AT winglet, maremarndeckas MOJENb, a’POJMHAMHUYECKOE KadeCTBO
3¢ deKTUBHOE YATUHEHNE, YCTAaHOBHUBILEECS IBUKEHUE.

Introduction

The inductive resistance of the wing related to the finite wing span and can be reduced by
various constructive methods. One of these methods is the installation of winglets, which prevent
air from flowing through the wingtip, perpendicular to the main—flow of air. Theoretical wings of
infinite magnitude don’t have such flows and the inductive resistance does not appear. In another
way it is mentioned that in the case of a two—dimensional wing flow (infinite span) the inductive
reactance does not occur but in the case of a three—dimensional wing flow (finite span) such
resistance arises. Thus, the problem of decreasing of the inductive resistance wing is equivalent to a
three—dimensional approximation of unseparated flow over the wing to the two—dimensional flow.
For theoretical studies of the effect of the vertical wing tips on the aerodynamic characteristics are
corrected out in the works [1-3]. By a system of equations of steady horizontal flight the influence
of improved wingtips such as AT winglets on the induction wing resistance is investigated in the
work [4]. A mathematical model of the problem is created, which allows you to find out the effect
of wing tip to the other aerodynamic forces. In this work this model is used to study the effect of the
wingtips such as Advantage Technology winglets [5] on the wing aerodynamic quality. It must be
noted that modern aerodynamics is advanced developed science, which was founded by brilliant
scientist N. Ye. Zhukovsky, S. A. Chaplygin, L. Prandtlem, T. Karman and many others.

Statement of the Problem
We take the following coordination system. We place the beginning of the coordinates in the
middle of the wing, direct the axis of OZ along the span to the right, the axis OY’s directed upwards
and Ox axis on the undisturbed flow. We define all the forces influencing on the aircraft with
winglets type Advantage Technology winglets at a steady level flight. Due to equilibrium of these
forces we determine the influence of aerodynamic forces of wingtip on the aerodynamic wing
quality.

The solution of the problem
The following forces effect the plane in level flight [6-8]:
—The power of the weight G — always directed vertically down to the center of the earth;
—Lift of the aircraftY — is perpendicular to the direction of the undisturbed flow;
—Drag force of the aircraft Q—aimed in the direction opposite to the movement of aircraft;
—Thrust P — is generally directed towards the aircraft movement motion, along the axis;
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—Full aerodynamic force created by the upper wingtips. The force created by the upper left
wingtip’s symbolized ﬁf , but the force created by the right wingtip’s symbolized ﬁ: ;

—Complete aerodynamic forces created by the lower wingtips. They are symbolized
respectively, the left R and the right force R® .

The angle between the true velocity and the free—flow speed for a wing with wingtips «,
equals to the angle between the vector of the total aerodynamic force generated by the upper left
wingtip F_ijj and the longitudinal axis of the wing, as the sides of these angles are perpendicular to
each other. Then the projection of the full aerodynamic force of the left wingtip will have the form:

R =R, RY LR,
where
Ry = R/ cosesina,

Longitudinal force created by the upper left wingtip, @—angle of wingtip camber (the angle
between the vertical plane of aircraft symmetry and the tangent plane to the wingtip surface at the
point of its center of pressure),

Ry =R/sine
lift force created by the upper left wingtip,

R;, = R/ cos¢pcosa,

the lateral force generated by the upper left wingtip.
Here, R/ iis the vector unit of R/,

ng = \/Rli2 + le/z + REZ .

This force is applied to the center of the wingtip pressure. The total aerodynamic force of
right upper wingtip differs from it only with the mark of the third component, so it can be written as

R = {Rﬁ cosgsina,, R¢ sing,—R¢ coscosa, }

Obviously, R’ = \/ijz + R,fyz +R% =R’ therefore, the lower indices that indicate the left

and right wingtips will be removed in the future.
Then, the right and left upper part of the wingtips together create a force with components:

2R* =R’ +R* :{2R6c05cpsinocz,2Resin (p,O} (1)

Now we define the forces created by the lower part of wingtips (projections). Since, under the
wing the air pressure is much higher than in the environment, it can be assumed that the lower left
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wingtip pressure force is applied to the center of pressure of the wingtip, normal to its surface.
Lower wingtip camber is indicated by the letter¢, and the twist angle of the center of pressure is

indicated by the letter . Then, with the same above mentioned argumentation, we can write

2R" =R" +R" ={2R”cos¢sin[3,2R”sin ¢,O}. )

Thus
Ri =R’ cosesina,
the longitudinal is force generated by the lower parts of wingtip, but
2R} =2R"sin¢
lift force is created by them.

Because of symmetry, the lateral forces created by the left and right wingtips, balance each
other.

The amount of power generated by all four parts of the wingtips Advantage Technology
winglets, is indicated by the vector ﬁz . Thus

R, = Ry, Ry, Ry},
where
R, = 2R’ cosgsina, + 2R" cosésin (3)

The longitudinal component of the vector of total aerodynamic wingtip force, which
obviously reduces any drag force, and, of course, is added to the force of traction motors,

R, =2R’sin@+2R"sin¢, 4)

the vertical component of the vector of total aerodynamic wingtip force, which is added to the lift of
the wing, and the lateral component of the vector of the total aerodynamic force due to the
symmetry of wingtips equals to zeroR,, =0.

The coefficients of these forces, as usual, are indicated with the letter C with the same
indices. Then we can write:

V2 : :
R, =C, PYe S, C, =2C°cosopsina+2C" cosdsinf
pV2? i .
R, =C, 2°° S, C,=2C"sinp+2C"sin¢ ©)
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and whereC*“ and C" are the coefficients and of R® and R", respectively, determined in a
similar manner, CZy is the coefficient of lift and C,, is the coefficient of the longitudinal wingtip

force, S isthe wing area without wingtips.
Now, considering the formulas (3) and (4), we can write the equilibrium equations of steady
motion of the aircraft with wingtips type AT winglets in level flight in the form of

Y+Rzy:G}

Q_sz:P (6)

The left sides of these equations correspond to the lift and the resistance of any wing
windshield with wingtips. The ratio of these forces represents the aerodynamic quality of the wing
with wingtips,

K =Y+RZy =Cy+CZy
i Q - sz Cx - sz J

Apparently, the presence of wing tips increases the numerator and reduces denominator of
this fraction for the wing without wingtip and as a result increases the aerodynamic wing quality. A
reduced part of the drag coefficient is equal to

account for the inductive reactance, i.e., AC, =AC,, . Thus wingtip increase lift and reduce the
inductive reactance of the wing, and hence aerodynamic efficiency increases.
If the angles of camber equals to zero, sing =sin¢ =0, then C,, =0and the lift does not

change, and the inductive reactance is reduced as much as possible. Herewith aerodynamic quality
assume the form:

C,—-2C°sina—2C"sinf

and as we can easily see it increases. Let’s imagine the last expression in the form of a geometrical
progression sum

K ~Sv. 1
Cx 1_sz
C

X "

Here, the second fraction represents the effect of the wingtip on the aerodynamic quality of
the wing. Let’s expand this fraction in geometric progression:
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Since

Cy 2C°sina+2C"sinp
= <<1
C C '

X

X

the number is rapidly converging and the calculation of aerodynamic quality can be satisfied with
linear (the first two) members within square brackets

C C 6 i o
K, :C_v[1+c_zx]:_y[1+zc i -2 s)

Increase of the aerodynamic quality is expressed by the formula:

X X X X

z

AK = ©y (2C“ sina.+2C" sin )
= F o B
and relative growth is expressed by formula:
AK, 1 . .
=—|2C°sinB+2C" sin
= lectsing B)

X

If the corners of the collapse are equal ¢ = ¢ = /2, then Sinp=sin¢p=1, cose=cosp=0
, and lift is increased to the maximum and the drag inductive resistance does not change, and the
aerodynamic efficiency becomes:

:Y+Rzy _Cy+2C3+2C”

z
Q C,
This event corresponds to adding wingtips to the ends of the wing and its elongation.

The maximum aerodynamic efficiency
In the formula of the aerodynamic efficiency let’s represent a drag coefficient as the sum of
the profile and inductive resistances and let’s calculate the maximum aerodynamic quality
according to the coefficient of lift. According to the rules of mathematical analysis, first we have to
find a fixed point, and then at that point check extreme of the aerodynamic qualities. The stationary
point is found from the condition of the first derivative of the aerodynamic qualities:

dk, d C,+C,
dC, dC,C, +AC2-C,

y

Here
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A=i(1+5)

A .

Calculating the derivative of the fraction, we find out:

dk, C,+AC2-C, -2AC,(C,+C,)
dc, (c, +ACZ-c,f

Introducing the fraction in the following form:

2 2 CXp 1
dK, - C,+2C,-C, - A +KCZX
2 2
dc, (c,+Acz-c,)
or
cC,-C
2 X| x
dK, (Cy+czy) _pT_CZZy

2

A
dc, (c,+AC?-c,)

and equating the numerator to zero, we find out a fixed point (of course, we take the positive
root as the lift coefficient cannot be negative)

c,-C
C,=-C, +\/ny +%.
In these formulas, it is necessary to take into account the following expression
C, =2C°cosesina +2C" cos¢sin
C, =2C°sing+2C"sin¢

Analysis of the last two equations shows that in the left side from the found root derivative
dK

. . . dK . . . . .
£ >0, and in the right sidle —2% < 0. This means that in a determined point Cyhas a maximum
y y
aerodynamic efficiency. The corresponding angle of attack where the maximum aerodynamic
efficiency is maximumK,, is called the most advantageous. The last expression Cy is the
aerodynamic lift coefficient at the most favorable angle of attack. We represent it in the following
form:
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C
Cyny :—2C“sin(p—2C”sin¢+\/4(C“sin(p+C”sin ¢)2 + ;p —%(C“ cos@sina +C” cosq)sinB)

If the corners of the collapse ¢ and ¢ equal to zero, i.e., wingtips are perpendicular to the wing,
then this expression becomes simpler

nAC
Cy,w:\/ X'°—@(C“sinowc*’sinﬁ)
1+6 1490

If the angles of wingtip twist acand p also equal to zero, then the result is the same as the
result for the wing without wingtip. It is evident that at least the twist of high or low wingtips
reduce wing lift coefficient without wingtips at the most favorable angle of attack. If ¢ =0, but
¢ # 0, but, it turns out the result for the wing with vertical wingtips obtained in the works [1-3].
Also we have to note that the aerodynamic coefficient of lift at the most favorable angle of attack is
proportional to the square root of the wing aspect ratio without wingtips. Substituting this in the
expression K, it is possible to obtain the maximum aerodynamic efficiency.

Conclusions
1. Aerodynamic forces created by AT winglet wingtips while flying are determined.
2. In steady horizontal flight system of algebraic equations containing all the forces acting on
the aircraft is recorded, which is a mathematical model of the problem.
3. It is shown that the wingtips increase the aerodynamic wing quality.
4. The maximum aerodynamic efficiency is determined.
5. The aerodynamic coefficient of lift at the most favorable angle of attack is determined.
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