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Abstract. In this article by the method of equations of steady horizontal flight the impact of AT
winglets wingtips on the inductive reactance of the wing is explored. The total aerodynamic force,
created by all four parts of the wingtips is determined. The vector of the total aerodynamic force of
the wingtips is represented in the form of components of a linked coordinate system. Equilibrium
equations for the steady motion of an aircraft with AT winglets wingtips in a horizontal flight are
recorded. From these equations it is obtained that, in the direction of motion, the longitudinal
component of the vector of the total aerodynamic force of the tips reduces the inductive drag of the
wing, the vertical component is added to the lifting force of the wing, and the lateral component, due
to symmetry, is zero. It is shown that the lifting force created by the AT winglets wingtips is larger
compared to the same ones created by the upper tips. An important consequence is that the distribution
of the lifting force over the wing span with double tips is more even in comparison with the wing
without a tip or with a wing with the upper wingtip. The expression for the effective aspect ratio of
the wing with the tips is determined, which is greater than the inductive drag of the wing without the
tip. An interesting result is obtained: for identical aircraft weights, the product of effective aspect
ratio of the wings with double and only upper wingtips on their coefficients of inductive resistance is
equal to the product of the wing aspect ratio without a tip on its coefficient of inductive resistance.
This law can also be formulated as follows: at the constant weight of the aircraft, the effective aspect
ratio of the wing with the tips by its coefficient of inductive resistance is a constant value, independent
of the form of wingtips.

Aunomayusi. B cTtaTb€ METOAOM CUCTEMBI YPaBHEHHMH YCTAaHOBUBILIETOCS I'OPU3OHTAJIbHOTO
noJjieTa UCCIeAyeTCs BIusHIE 3aKOHIOBOK “AT winglets” Ha HHIYKTHBHOE CONPOTHBIICHUAE KPbLIA.
Omnpenensiercs NoJaHas a3poJuHaMUYECKasl CUJla, CO3/1aHHAasl BCEMU YETBIPbMS YaCTSAIMH 3aKOHI[OBOK.
BekTop mosHOM a’pOoJMHAMMYECKOW CHIIBI 3aKOHIIOBOK IIPENCTABIIAETCS B BUJE KOMIIOHEHT B
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CBSA3aHHOU cucteMme KoopauHat. [IpuBeaeHbl ypaBHEHUS] paBHOBECHS YCTAaHOBUBILIETOCS JIBUXKEHUS
camoJieTa ¢ 3aKOHIIOBKaMu Kpbuta tuma “AT winglet” B ropuszonTaapHOM mojere. B urore, u3 stux
ypaBHEHUH MOTYYEHO, YTO, HAMPABIIEHHAs B CTOPOHY JABUKEHUS, IPOJI0JIbHASI KOMIIOHEHTA BEKTOpa
MOJIHOM a’pOIMHAMUYECKON CHIIbI 3aKOHIIOBOK YMEHbIIAET MHAYKTHBHOE COMPOTHBIICHUE KpPbLia,
BEPTHKATbHASI KOMIIOHEHTA YBEIMYMUBACT MOIBEMHYIO CUITy KPbUIa, 2 O0KOBasi KOMIIOHEHTA, 33 CUYET
cUMMeTpuH, paBHa Hyiio. [lokasaHo, 4yTo mogbeMHas cujia, COo3JaHHasl 3aKOHIOBKaMu Tuma “AT
winglets”, Gosbliie MO CpaBHEHHIO C TEMH YK€, CO3JAaHHBIMH BEPXHUMH 3aKoHIOBKamu. Ciernan
BaKHBIA BBIBOJ O TOM, YTO pacrpeielieHne MOIbEMHOW CUJIbI MO pa3Maxy Kpbljia C JIBOWHBIMH
3aKOHIJOBKaMHU 0oJiee paBHOMEPHOE IO CPABHEHUIO C KPHUIOM 0€3 3aKOHIIOBOK MJIH K€ C KPBIJIOM C
BEPXHUMHU 3aKOHLIOBKaMu. Omnpenensercs BbIpakeHUE 3(PPEKTUBHOTO YUIMHEHUS Kpblia C
3aKOHIIOBKAMH, 3HAUYEHUE KOTOPOro OOJIbIle 3HAYCHUS WHAYKTUBHOTO CONPOTHUBICHUS Kpbuta 0e3
3aKOHLIOBOK. [lonydyeH WHTepecHBI BBIBOJ: MPU OJAMHAKOBOM BECE CaMOJIETOB MPOU3BEACHUE
3G (HEeKTHBHBIX YJIMHEHUH KPBUIBEB C JABOWHBIMH M TOJBKO BEPXHHMHU 3aKOHIIOBKAMH H
K03 (UIMEHTOB MHAYKTUBHOTO CONPOTHUBIICHUS PaBHBI MPOU3BEACHUIO YIJIMHEHHUS Kpbulia 0e3
3aKOHIIOBOK M €ro KO3(PUIMEHTa WHAYKTUBHOTO COMPOTHBIICHUSA. OJTOT 3aKOH MOXHO
chopMynupoBaTh elle CIeAYIIUM o0pa3oM: MpU YCIOBHH IOCTOSHCTBA Beca CaMoIleTa,
npousBenieHne A((PEKTUBHOrO Y/UIMHEHUS KpbUIa C 3aKOHIOBKAMH W ero Kod(duimenra
WHIYKTUBHOTO COTIPOTHUBIICHUS €CTh BEIMYMHA [TOCTOSHHASA, HE 3aBUCSAIIAs OT BUAA 3aKOHIIOBOK.

Keywords: AT winglet, mathematical model, effective extension, inductive reactance, steady
motion.

Kniouesvie cnosa: AT winglet, wmaremaTmueckass Mojaenb, APGEKTUBHOE YAIUHEHHUE,
MHIyKTUBHOE CONPOTHBIICHHUE, YCTAHOBUBILICECS IBHKCHUE.

Inductive resistance of the wing is associated with the finiteness of the wing span and arises
from the flow of air through the end sections, perpendicular to the main one — in front of the
incoming flow. Being inversely proportional to wing span, it decreases with increasing span. When
designing the constructors in every way try to reduce the drag of the aircraft, which leads to an
increase in the aerodynamic quality of the device. In this case, a decrease in the inductive drag of the
wing is also one of the first to occur. This, at least, can be achieved by increasing the wing span, or
by preventing the flow of air through the end sections of the wing. Thus, the idea of using wingtips
(winglets) arose. The wingtips have been used in aviation since the seventies of the last century, and
bring tremendous fuel savings for the year. However, theoretical studies in this field began in 2012
in Azerbaijan in the National Aviation Academy [1-3]. In the mentioned studies, the influence of
vertical wingtips (IWT) on the inductive resistance is investigated. Various mathematical models
have been constructed that reflect the influence of the IWT on aerodynamic characteristics. In the
present study, similar questions are solved for a wing with wingtips such as Advantage Technology
winglets [4].

The inductive velocity V; is directed along the normal to the vector velocity of the oncoming

undisturbed flow V_, . This motion is superimposed on the forward flow, which comes from the front,

and causes the current lines on the upper surface of the wing to deviate toward the center of the wing
by the angle of the bevel [5-7]:

Ao =argtgV, /V,, .

In the case of a subsonic flight regime with a non-breaking flow around the wing, the coefficient
of inductive resistance is expressed by the formula [5-7]:
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C?2
C. =Y(1+5
X nk(+ )

where 6 = 20,4181(m)82 (nkp) is small value, depending on the shape of the wing in the plan.
For a rectangular wing. 6, ~ 0,05. For other wings this value is even smaller. In the particular case
of an elliptical wing in plan 6 =0.

Statement of the Problem
We take the following coordination system. We place the beginning of the coordinates in the
middle of the wing, direct the axis of OZ along the span to the right, the axis OY directed upwards
and OX axis on the undisturbed flow. We define all the forces influencing on the aircraft with
Advantage Technology winglets at a steady level flight. Due to equilibrium of these forces we
determine the influence of aerodynamic forces of wingtip on the inductive reactance of the wing.

The solution of the problem
The following forces effect the plane in level flight [4, 6-7]:
—The power of the weight G— always directed vertically down to the center of the earth;
—Lift of the aircraftY — is perpendicular to the direction of the undisturbed flow;
—Drag force of the aircraft Q — aimed in the direction opposite to the movement of aircraft;

—Thrust P —is generally directed towards the aircraft movement motion, along the axis;
—Full aerodynamic force created by the upper wingtips. The force created by the upper left

wingtip is symbolized Iif, but the force created by the right wingtip is symbolized ﬁj ;

—Complete aerodynamic forces created by the lower wingtips. They are symbolized
respectively, the left ﬁ; and the right force ﬁj.

The angle between the true velocity and the free—flow speed for a wing with wingtips o,
equals to the angle between the vector of the total aerodynamic force generated by the upper left
wingtip Ii/f and the longitudinal axis of the wing, as the sides of these angles are perpendicular to
each other. Then the projection of the full aerodynamic force of the left wingtip will have the form:

Re={R0., RS, R

where R}, = R/ cossin a., — longitudinal force created by the upper left wingtip, ¢—angle
of wingtip camber (Angle between the aircraft vertical plane of symmetry and the wingtip plane at
its point of pressure center); Ry =R/sine lift force created by the upper left wingtip;

R, = R/ cospcos o, — the lateral force generated by the upper left wingtip.

Here, R is the vector unit of Ry,

R’ = \/ ngxz + RI(;/Z + REZ .

This force is applied to the center of the wingtip pressure. The total aerodynamic force of right
upper wingtip differs from it only with the mark of the third component, so it can be written as:

—

Ry = {Rﬁ cosesina,, Ry sing,~R? COS(pCOSOLZ}.
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Obviously, R® = \/ RZ+R2 +RZ =R therefore, the lower indices that indicate the left and

right wingtips will be removed in the future.
Then, the right and left upper part of the wingtips together create a force with components:

2R* =R’ +R‘ = {ZR“ cosesina,, 2R?sin (p,O} (1)

Now we define the forces created by the lower part of wingtips (projections) (Figure). Since,
under the wing the air pressure is much higher than in the environment, it can be assumed that the
lower left wingtip pressure force is applied to the center of pressure of the wingtip, normal to its
surface. Lower wingtip camber is indicated by the letter ¢, and the twist angle of the center of pressure

is indicated by the letter £. Then, with the same above mentioned argumentation, we can write

k

Figure. The AT winglet wingtip of the Airbus A319

2R" =R!+R” = {2R" cospsinB, 2R" sin¢,0} @
Thus, the longitudinal is force generated by the lower parts of wingtip, but:

Ry = R/ cososin a,
lift force is created by them:

2R =2R"sin¢

Because of symmetry, the lateral forces created by the left and right wingtips, balance each
other.

The amount of power generated by all four parts of the Advantage Technology winglets
wingtips, is indicated by the vector R, . Thus

R, ={R,. Ry, Ry |

where

R, =2R"cososin o, +2R" cosdsin . 3)
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the longitudinal component of the vector of total aerodynamic wingtip force, which obviously
reduces any drag force, and, of course, is added to the force of traction motors,

R, =2R’sing+2R"sin¢. (4)

the vertical component of the vector of total aerodynamic wingtip force, which is added to the lift of
the wing, and the lateral component of the vector of the total aerodynamic force due to the symmetry

of wingtips equals to zero R,, =0.

Now, considering the formulas (1-4), we can write the equilibrium equations of steady motion
of the aircraft with wingtips type «AT winglets» in level flight in the form of:

P+RZX—Q=O}

Y+R, -G=0 5)

From the first equation of the system (5) it follows that the thrust of the engine P balances the
force Q—R,,. Since the forceQ=Q,, +Q; consists of the sum of the profile and inductive

resistances and the profile resistance is almost unchanged, the force R,, reduces the inductive
resistance of the wing of the finite span without wingtips i.e.

AQi = sz,
Or, the reduced part of the inductive resistance force equals:
AQ, = 2R? cospsin o, +2R" cos $sin B

Heading in the direction of flight, this force increases the thrust of the engines and reduces the
drag of the wing. In the case when the angles of collapse are @ =0 and ¢ =0, it has the greater value,

and when @ = ¢ = /2— it turns to zero. Angles ccandf} are usually small enough. The latter case

IS a consequence of the fact that when the tip turns into a wing extension with large sweep angles, in
comparison with the wing itself, it also disappears. It turns out a longer wing without wingtips.
From the second equation of system (5) it follows that:

Y+R, =G
As follows from this equality, the lifting force Y is less than the weight of the aircraft, and the
weight of the aircraft is balanced by the lifting forces created by the wing and the tips together. The

quantities on the left side of this equation for wings without wingtips, with upper wingtips and with
double wingtips, will be denoted, respectively, by the indices 0, 1 and 2 from above. Since the weight

of the aircraft is constant and Rfy =0, then it can be written:
0 vyl 1 y2 2
Y* =Y +RZy =Y +RZy _G.
As follows from formula (4):

1 2
0< RZy <Rzy.
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Then from the preceding chain of equations, it follows that:

Yos>yl>y?2,

Thus, provided the weight of the aircraft is constant, the lift of the wing with the tips is reduced,
and the smallest is obtained for the wing with double of the AT winglets wingtips. The remaining
part of the lifting force creates aerodynamic wingtips. In this regard, the distribution of the lifting
force over the entire wing span with the AT winglets wingtips is more even. And this leads to a
decrease in the amplitude of wing oscillations and noise during flight. Note that the tip itself is also a
profiled winglet and from its end there is a flow of air towards the fuselage at the upper wingtips and
from the fuselage at the lower wingtips. These currents, forming with the main flow of air against
motion, create vortices of relatively low intensity, flowing from the ends of the tips. The inductive
drag of the wing is affected only by the longitudinal component of the total aerodynamic force of the
tips, defined by formula (3).

Force can be represented through the high-speed head,

R.. =C.4q.,S, =C,q,S

\Vi 2
where (., :pT‘” — dynamic head, S —wing area without wingtips, and C,, — the coefficient

of longitudinal force of the wingtip. The coefficient of this force is:

c_:ZX:(:ZXi
S

z

where S, — is the sum of the areas of the wingtips. Then the force AQ; can be written in the
form:

AQi = CZquoS

The coefficient of inductive drag of the wing with the tips is written in the form of the difference
in the inductive drag of the wing without the tip and the force factor AQ,

xi

C2
C, =—(1+3)-C,
A

We express this expression in the following form:

CZ
Ci=—L(1+8 1—2“—7‘CZX
h CyL+d) *|

Or
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C2
C,i =—=(1+3)

ZXI

s

where

-1
~ iy
A=AM1-——"—C

[ Cl(1+3) ”]

is the effective lengthening of the wing. As can be seen, the value of the effective elongation
makes it possible to record the inductive drag of the wing with the tips in the usual form. It is easy to

see the inequality A < X which shows a decrease in the inductive drag of the wing under the influence
of the wingtips.

AC
Whereas —CTE (1 ZXS) <1, then a square bracket with negative degree is the sum of a geometric
_|_
y

progression:

N AC,, N AC,, 2+ nAC, 3+
C2(1+3) |Ci(1+3) C2(1+9)

Substituting this into the expressions for the effective elongation and leaving only the first two

terms, we have:
A= k[1+ TEXC” :l
Ci(1+3)

or, taking into account the coefficient of inductive drag of the wing without wingtips:
A= 7{1+ C—Z"]
Cxi

C, =2C, cosgsina, +2C,, cosdsin 3

Taking into account this formula:

we get

% 7{“ 2C¢ cosgsina, +2C" cos¢smB]

C

Xi

This is an approximate expression of the effective elongation of a wing with double tips.
The relative elongation of the wing is in the form:
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@)

A
e, ©

Xi

X

This result can be obtained in another way. We transform the expression for the effective
elongation:

-1
'}::7\{_ 27[7\, ZX] _ 1 :7\‘ Cx| :}\‘ Xi
Cy(1+8) 1_C71X CXI _sz Cz><|
Cxi
Thus:
X — }\’ CXi
szi
or
AC,; =AC

Taking into account formula C,, =C; + C,,, the last equation can be extended:
AC,; =Ny =ACy;. (7)

Here both 2° and C,; are the effective elongation, and the inductive drag of the wing with some

upper wingtips. As can be seen, the product of effective lengthening of the wings with double and
only upper tips on their coefficients of inductive resistance is equal to the product of the lengthening
of the wing without wingtip by its coefficient of inductive resistance. Thus, with increasing effective
lengthening of the wing, its inductive resistance decreases and vice versa. This fundamental result
can also be said as follows: under the condition that the weight of the aircraft is constant, the product
of the effective aspect ratio of the wing with its ends by its coefficient of inductive resistance is
constant. Alternatively, provided the weight of the aircraft is constant, the ratio of effective wing
extensions is equal to the inverse ratio of their inductive resistance coefficients.

We also note the following proof of this result. From the expression for the coefficient of
inductive resistance for all wings:

C2
C=—(+5
ZXI1 TL')\,( )
we get
~ C?
AC,, = —(1+3)
T

which is constant with a constant weight of the aircraft.
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Assuming the effective lengthening of the wing as known, from formulas (6-7) one can
determine the loss of inductive resistance:

AC><i = C><i i

—C.=C.—£C.= C.
A

Conclusions

1. The aerodynamic forces created by the AT winglet wingtips during the flight are determined.

2. A system of algebraic equations containing all the forces acting on an airplane with a steady
horizontal flight, which constitutes the mathematical model of the problem under investigation, is
recorded.

3. It is shown that the wing tips reduce the inductive resistance.

4. The effective elongation of the wing is determined.

5. It is shown that in case of constant weight of the aircraft, the product of the effective
elongation of the wing with its wingtips by its coefficient of inductive resistance is constant.
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