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1 Introduction

Let (Ω,F ,P) be the underlying probability space and (ξn)∞n=0 be a nonhomogeneous Markov chain taking
values in X = {1, 2, · · · , b} with the transition matrices,

Pn = (pn(i, j)), i, j ∈ X , n ≥ 1, (1)

where pn(i, j) = P (ξn = j|ξn−1 = i). For simplicity, ξm,n represents the random vector of (ξm, ξm+1, · · · ,
ξm+n) and xm,n = (xm, xm+1, · · · , xm+n), a realization of ξm,n Let the joint distribution of ξm,n be

p(xm,n) = P (ξm,n = xm,n), xk ∈ X , m ≤ k ≤ m+ n (2)

Let f (0) be a probability distribution on X and let

P (m,n) := Pm+1Pm+2 · · ·Pn, (3)

f (k) := f (0)P1P2 · · ·Pk. (4)
For convenience, let p(m,n)(i, j) denote the (i, j) element of P (m,n) and f (k)(j) be the j th element of
f (k). It is easy to see that

p(m,n)(i, j) = P (ξn = j|ξm = i), (5)
f (k)(j) = P (ξk = j). (6)

If the Markov chain is homogeneous, then {Pn, n ≥ 1} will be denoted simply by P and P (m,m+k) is
P k.

Let A = (aij) be a matrix on X × X . We define the norm ‖ · ‖ of A as follows:

‖A‖ := sup
i∈X

∑
j∈X
|aij |. (7)

If f = (f1, f2, · · · ) is a row vector, we define ‖f‖ =
∑∞
j=1 |fj |, if g = (g1, g2, · · · )T is a column vector,

we define ‖g‖ = supi∈X |gi|. The norms defined as above satisfy the following properties:
(a) ‖AB‖ ≤ ‖A‖ · ||B|| for all matrices A and B;
(b) ‖P‖ = 1 for any stochastic matrix P .
These two properties will be used repeatedly in this article.
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Definition 1. Let Q be a “constant” stochastic matrix (i.e. Q is a stochastic matrix each row of which
is the same). The sequence {Pn, n ≥ 1} is said to be strongly ergodic (with constant stochastic matrix Q)
if for every m ≥ 0

lim
n→∞

‖P (m,n) −Q‖ = 0. (8)

Throughout this paper we always assume that (an)∞n=0 and (φn)∞n=0 are two sequences of nonnegative
integers such that φ(n) tends to infinity as n→∞.

The sequence {Pn, n ≥ 1} is called to be (an, φ(n))-strong ergodicity of Markov chains in the Cesáro
sense (to constant stochastic matrix Q) if for every m ≥ 0

lim
n→∞

∥∥∥∥∥∥ 1
φ(n)

an+φ(n)∑
t=an+1

P (m,t) −Q

∥∥∥∥∥∥ = 0. (9)

If the Markov chain is homogeneous, (9) become

lim
n→∞

∥∥∥∥∥∥ 1
φ(n)

an+φ(n)∑
t=an+1

P t −Q

∥∥∥∥∥∥ = 0. (10)

An irreducible stochastic matrix P , of period d(d ≥ 1) partitions the state space X into d disjoint
subspaces C0, C1, · · · , Cd−1, and Pd yields d stochastic matrices {Tl, 0 ≤ l ≤ d−1}, where Tl is defined on
Cl . If the irreducible periodic stochastic matrix P is finite, then each Tl is automatically strongly ergodic,
but if the irreducible periodic stochastic matrix P is infinite, the strong ergodicity of Tl is not guaranteed.
If each Tl is strongly ergodic, then the stochastic matrix will be called periodic strongly ergodic [5].

Definition 2. Let (ξn)∞n=0 be a non-homogeneous Markov Chain with the initial distribution f (0) and
the transition matrices of (1.1), Tl = (tl(i, j)), (l = 1, 2, · · · d) be d transition matrices. The following
Markov chains is called an (an, φ(n))-asymptotic circular Markov chain of moving average if

lim
n→∞

1
φ(n)

an+φ(n)∑
t=an+1

‖Ptd+l − Tl‖ = 0, l = 1, 2, · · · , d. (11)

In particular, if an = 0, φ(n) = n and

Ptd+l = Tl, l = 1, 2, · · · , d, t = 0, 1, 2, · · · (12)

this Markov chain is called a circular Markov chain.
Circular Markov chains play an important role in the nearest neighbour random walks on inhomoge-

neous Markov chains periodic lattices, i.e[6]. periodic lattices which consist of a periodically repeated unit
cell, where unit cell contains a number of non-equivalent sites [7], an example of circular Markov process
occurs in the evaluation system of M/M/C queueing system in which the servers, after an idle period,
only restart work when enough customers arrived to the system.

Definition 3. Let (ξn)∞n=0 be a nonhomogeneous Markov chain taking on values in X . Let

fan,φ(n)(ω) = − 1
φ(n) log p(ξan,φ(n)), (13)

where log is the natural logarithm. fan,φ(n)(ω) is called generalized entropy density of ξan,φ(n) and
fan,φ(n)(ω) can be rewritten as

fan,φ(n)(ω) = − 1
φ(n)

log f (an)(ξan) +
an+φ(n)∑
k=an+1

log pk(ξk−1, ξk)

 (14)
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Let Q be another prohability measure on (Ω,H, ) if (ηn)∞n=0 is a nonhomogeneous Markov chain under
Q with initial distribution

(q(1), q(2), . . . , q(b)), (15)

and transition matrices
Qn = (qn(i, j))b×b, i, j ∈ X , n ≥ 1, (16)

where qn(i, j) = Q(ηn = j|ξn−1 = i). Define

q(xan,φ(n)) = p(xan)
an+φ(n)∏
k=an+1

qk(xk−1, xk). (17)

Lan,φ(n)(ω) = − 1
φ(n)

an+φ(n)∑
k=an+1

log qk(ηk−1, ηk)
pk(ξk−1, ξk) (18)

L(ω) = lim sup
n
Lan,φ(n)(ω) = − lim inf

n

1
φ(n)

an+φ(n)∑
k=an+1

log qk(ηk−1, ηk)
pk(ξk−1, ξk) (19)

Lan,φ(n)(ω) and L(ω) are called generalized sample relative entropy and generalized sample relative
entropy rate between P and Q respectively.

Our paper is aim at extending the known results, the approach used in this paper different from
[8] and[9], the essence of the method is first to construct a one parameter class of random variables
with means of 1, then, using Borel-Cantelli lemma, to prove the existence of a.e. convergence of certain
random variables[10]. Under the condition of Lemma 1 of [10], we first give the definition of an (an, φ(n))-
asymptotic circular Markov chain and prove some lemmas. Then, we prove generalized limit theorems
for countable (an, φ(n))-asymptotic circular Markov chains, as corollaries, we obtain the strong law of
large number for non-homogeneous Markov chains which is known results of [10] as well as extending
the results of [8], Finally, we achieve the generalized Shannon-McMillan Breiman theorem for finite
(an, φ(n))-asymptotic circular Markov chains, which is, to some extent, an extension of the result of[9].

The remaining paper is organized as follows. Section 2 provides some related Lemmas. Section 3 gives
the main results and the proofs.

2 Some Lemmas

Before proving the main results, we firstly prove some related lemmas, which will play important roles in
achieving our results.

Lemma 1. [11] Let Ql(l = 1, 2, · · · , d) be d stochastic matrices and let R1 = Q1Q2 · · ·Qd, R2 =
Q2Q3 · · ·QdQ1,
· · · , Rd = QdQ1 · · ·Qd−1. If R1 is (an, φ(n))-strongly ergodic with constant stochastic matrix T1. Then
R2, R3, · · · , Rd are also (an, φ(n))-strongly ergodic with the constant stochastic matrices T2, T3, · · · , Td,
resp., where Tl = T1

∏l−1
i=1 Qi(l = 2, · · · , d).

Proof. Since T1 is a constant stochastic matrix, which implies that Tl(l = 2, · · · , d) are also constant
stochastic matrices. For any stochastic matrix P and a constant stochastic matrix Q we have PQ = Q.
Since R1 is (an, φ(n))-strongly ergodic with a constant stochastic matrix T1, then

lim
n→∞

‖ 1
φ(n)

an+φ(n)∑
k=an+1

Rk1 − T1‖ = 0. (20)
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when l ≥ 2, note that

1
φ(n)− 1

an+φ(n)∑
k=an+2

Rkl − Tl = 1
φ(n)− 1

an+φ(n)∑
k=an+2

(Rkl − Tl)

= 1
φ(n)− 1

an+φ(n)∑
k=an+2

[(
d∏
i=1

Qi

)
Rk−1

1

(
l−1∏
i=1

Qi

)
−

(
d∏
i=1

Qi

)
T1

(
l−1∏
i=1

Qi

)]

=
(

d∏
i=1

Qi

) 1
φ(n)− 1

an+φ(n)∑
k=an+2

Rk−1
1 − T1

(l−1∏
i=1

Qi

)
(21)

we have

‖ 1
φ(n)− 1

an+φ(n)∑
k=an+2

Rkl − Tl‖ ≤ ‖
1

φ(n)− 1

an+φ(n)∑
k=an+2

Rk−1
1 − T1‖ (22)

(20) and (22) imply that

lim
n→∞

‖ 1
φ(n)

an+φ(n)∑
k=an+1

Rkl − Tl‖ = 0. (23)

This means Rl(l = 2, · · · , d) are (an, φ(n))-strongly ergodic.

Lemma 2. Let Ql(l = 1, 2, · · · , d) be d stochastic matrices. Let {Qn, n ≥ 1} be a sequence of stochastic
matrices satisfying

Qtd+l = Ql, l = 1, 2, · · · , d, t = 0, 1, 2 · · · (24)

Let P (m,n) be defined as in (3). If (11) holds, then, for any positive integer k,

1
φ(n)

an+φ(n)∑
k=an+1

‖P (td+l,td+l+k) −Q(td+l,td+l+k)‖ = 0, l = 1, 2, · · · , d. (25)

Proof. For k = 2, we have by (24)

‖P (td+l,td+l+2) −Q(td+l,td+l+2)‖
=‖Ptd+l+1Ptd+l+2 −Ql+1Ql+2‖
=‖Ptd+l+1Ptd+l+2 −Ql+1Ptd+l+2 +Ql+1Ptd+l+2 −Ql+1Ql+2‖
≤‖Ptd+l+1 −Ql+1‖+ ‖Ptd+l+2 −Ql+2‖

(26)

By (11), we have

1
φ(n)

an+φ(n)∑
t=an+1

‖P (td+l,td+l+2) −Q(td+l,td+l+2)‖ = 0, l = 1, 2, · · · , d. (27)

Similarly, for k > 2, (25) holds by induction.

Lemma 3. [10]Assume that (ξn)∞n=0 is a nonhomogeneous Markov chain taking values in X = {1, 2, · · · , b}
with initial distribution (15) and the transition matrices as (16). Let (gn(x, y))∞n=0 be a sequence of real
functions defined on X × X . If for every ε > 0

∞∑
n=1

exp[−εφ(n)] <∞, (28)
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and there exists a real number 0 < γ <∞ such that

lim sup
n

1
φ(n)

an+φ(n)∑
k=an+1

E[|gk(ξk−1, ξk)|2 exp (γ|gk(ξk−1, ξk)|ξk−1] = c(γ;ω) <∞ a.e., (29)

then, we have

lim
n

1
φ(n)

an+φ(n)∑
k=an+1

{
gk(ξk−1, ξk)− E[gk(ξk−1, ξk)|ξk−1]

}
= 0 a.e. (30)

Proof. See Lemma 1 of [10].

Lemma 4. Let {tk}∞k=0 be a bounded sequence of points in the plane, ‖tk‖ ≤M , δ be a positive number,
and let Nn(δ) be the number of terms which not belong to U(0, δ) in the first n terms of the sequence.
Then

lim
n

1
φ(n)

an+φ(n)∑
k=an+1

tk = 0 (31)

holds if and only if
lim
n

1
φ(n)Nn(δ) = 0, ∀δ > 0. (32)

Lemma 5. Let ϕ(x) be a bounded function defined on at area D, a be a interior point in D, and ϕ(x) be
continues at x = t, and let {tk, k ≥ 1} be a collection of points in D. If

lim
n

1
φ(n)

an+φ(n)∑
k=an+1

‖tk − t‖ = 0

holds, then

lim
n

1
φ(n)

an+φ(n)∑
k=an+1

‖ϕ(tk)− ϕ(t)‖ = 0. (33)

Proof. By the continuity of the function, ∀ε > 0,∃δ > 0 satisfying U(t, δ) ⊂ D, whenever t1 ∈ U(t, δ),
we have |ϕ(t1)− ϕ(t)| ≤ ε. Let Nn(δ) be the number of terms which not belong to U(0, δ) in the first n
terms of sequence {|tk − t|, k ≥ 1}, and Mn(ε) be the number of terms which are greater than ε in the
first n terms of sequence {|ϕ(tk)− ϕ(t)|}∞k=1. Then,

Mn(ε) ≤ Nn(δ) (34)

It follows from (1.11), Lemma 1, and (2.15) that

lim
n

1
φ(n)Mn(ε) = 0, ∀ε > 0. (35)

Since the sequence {|ϕ(tk)− ϕ(t)|}∞k=1 is bounded, (2.14) follows from (2.16).

Lemma 6. Let (ξn)∞n=0 be a nonhomogeneous Markov chain with initial distribution (2) and transition
matrices (16) under measure P , (ηn)∞n=0 also be a nonhomogeneous Markov chain with initial distribution
(15) and transition matrices(16)

Qn = (qn(i, j)), qn(i, j) > τ, 0 < τ < 1, i, j ∈ X , n ≥ 0, (36)

then

lim
n

1
φ(n)

an+φ(n)∑
k=an+1

{
log pk(ξk−1, ξk)

qk(ξk−1, ξk) −
b∑
j=1

pk(ξk−1, j) log pk(ξk−1, j)
qk(ξk−1, j)

}
= 0, P − a.e. (37)
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Proof. Letting gk(s, t) = log qk(s, t) in Lemma 3, we have

EP [|gk(ξk−1, ξk)|2 exp (γ|gk(ξk−1, ξk)|ξk−1] =
b∑
j=1

(log qk(ξk−1, j))2(qk(ξk−1, j))γpk(ξk−1, j)

≤
b∑
j=1

(log τ)2τγ ≤ b(log τ)2τγ

(38)

By Lemma 3, we can easily prove

lim
n

1
φ(n)

an+φ(n)∑
k=an+1

{
log pk(ξk−1, ξk)

qk(ξk−1, ξk) −
b∑
j=1

pk(ξk−1, j) log pk(ξk−1, j)
qk(ξk−1, j)

}
= 0, P − a.e. (39)

3 The Main Results

In this section, we will present our main results based on previous Lemmas.

Theorem 1. Let (ξn)∞n=0 be an (an, φ(n))-asymptotic circular Markov chain defined by Definition 1. Let
(gn(x, y))∞n=0 be a sequence of real functions defined on X × X . If, for every ε > 0,

∞∑
n=1

exp[−εφ(n)] <∞, (40)

and there exists a real number 0 < γ <∞ such that

lim sup
n

1
φ(n)

an+φ(n)∑
k=an+1

E[|gk(ξk−1, ξk)|2 exp (γ|gk(ξk−1, ξk)|ξk−1] = c(γ;ω) <∞ a.e. (41)

Let
hn(i) =

∑
j∈X

gn(i, j)pn(i, j) (42)

hn be a column vector with ith element hn(i) and hl(l = 1, 2, · · · , d) be d column vectors with ith elements
hl(i). Let Rl, Tl(l = 1, 2, · · · , d) be the same as in Lemma 2 and R1 be (an, φ(n))-strongly ergodic. If

lim
n→∞

1
φ(n)

an+φ(n)∑
k=an+1

‖htd+l − hl‖ = 0, l = 1, 2, · · · , d, (43)

and ‖hn‖ and hl are finite, then

lim
n→∞

1
φ(n)

an+φ(n)∑
k=an+1

gk(ξk−1, ξk) = 1
d

∑
i∈X

d∑
l=1

hl(i)πl(i) a.e., (44)

where πl = (πl(1), πl(2), · · · ) is the the common row vector of Tl and also the unique stationary distribution
determined by Rl(l = 1, 2, · · · , d).

Proof. By (40), (41) and Lemma 3, we have

lim
n

1
φ(n)

an+φ(n)∑
k=an+1

{
gk(ξk−1, ξk)− E[gk(ξk−1, ξk)|ξk−1]

}
= 0 a.e. (45)
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Now, we consider

1
φ(n)

φ(n)∑
k=1

E[gan+k(ξan+k, ξan+k+1)|ξan ]

= 1
φ(n)

φ(n)∑
k=1

∑
i

∑
j

gan+k(i, j)pan+k+1(i, j)p(an,an+φ(n))(ξan , i)

= 1
φ(n)

φ(n)∑
k=1

∑
i

han+k(i)p(an,an+φ(n))(ξan , i)

= 1
φ(n)

∑
i

d∑
l=1

[φ(n)
d ]−1∑
t=0

htd+l+an(i)p(td+l,td+l+an)(ξtd+l, i)

+ 1
φ(n)

∑
i

φ(n)∑
k=[φ(n)

d ]d+1

hk+an(i)p(k,k+an)(ξk, i)

(46)

where [·] represents the greatest integer not more than x. The second term of (46) is defined to be zero if
φ(n)/d is a positive integer. Obviously,

1
φ(n)

∑
i

φ(n)∑
k=[φ(n)

d ]d+1

gk+anp
(k,k+an)(ξk, i) = 0 (47)

Let {Qn, n ≥ 1} be the same as in Lemma 2. And q(m,n)(i, j) be the (i, j) element of Q(m,n), M be the
upper bound of ‖gl‖(l = 1, 2, · · · , d). Let v be a positive integer, an = vd and hd+1 = h1. Since

∣∣∣∣∣ 1
φ(n)

∑
i

d∑
l=1

[φ(n)
d ]−1∑
t=0

htd+l+vd+1(i)p(td+l,td+l+vd)(ξtd+l, i)

− 1
φ(n)

∑
i

d∑
l=1

[φ(n)
d ]−1∑
t=0

hl+1(i)q(td+l,td+l+an)(ξtd+l, i)

∣∣∣∣∣
≤

∣∣∣∣∣ 1
φ(n)

∑
i

d∑
l=1

[φ(n)
d ]−1∑
t=0

htd+l+vd+1(i)p(td+l,td+l+vd)(ξtd+l, i)

− 1
φ(n)

∑
i

d∑
l=1

[φ(n)
d ]−1∑
t=0

hl+1(i)p(td+l,td+l+vd)(ξtd+l, i)

∣∣∣∣∣
+

∣∣∣∣∣ 1
φ(n)

∑
i

d∑
l=1

[φ(n)
d ]−1∑
t=0

hl+1(i)p(td+l,td+l+vd)(ξtd+l, i)

− 1
φ(n)

∑
i

d∑
l=1

[φ(n)
d ]−1∑
t=0

hl+1(i)q(td+l,td+l+an)(ξtd+l, i)

∣∣∣∣∣
≤ 1
φ(n)

∑
i

d∑
l=1

[φ(n)
d ]−1∑
t=0

∣∣htd+l+vd+1(i)− hl+1(i)
∣∣ p(td+l,td+l+vd)(ξtd+l, i)

+ 1
φ(n)

∑
i

d∑
l=1

[φ(n)
d ]−1∑
t=0

∣∣hl+1(i)
∣∣ · ∣∣∣p(td+l,td+l+vd)(ξtd+l, i)− q(td+l,td+l+vd)(ξtd+l, i)

∣∣∣
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≤ 1
φ(n)

d∑
l=1

[φ(n)
d ]−1∑
t=0

‖htd+l+vd+1 − hl+1‖+ M

φ(n)

d∑
l=1

[φ(n)
d ]−1∑
t=0

‖P (td+l,td+l+vd) −Q(td+l,td+l+vd)‖ (48)

It follows from (43) that the first term of (48) goes to zero when n→∞. By Lemma 2, the second term
of (48) also tends to zero when n→∞. Combining (45)-(48), we have

lim
n→∞

 1
φ(n)

an+φ(n)∑
k=an+1

gk(ξk−1, ξk)− 1
φ(n)

∑
i

d∑
l=1

[φ(n)
d ]−1∑
t=0

hl+1(i)q(td+l,td+l+an)(ξtd+l, i)

 = 0 a.e. (49)

and for any positive integer N

lim
n→∞

 1
φ(n)

an+φ(n)∑
k=an+1

gk(ξk−1, ξk)− 1
φ(n)

∑
i

1
N

n∑
v=1

d∑
l=1

[φ(n)
d ]−1∑
t=0

hl+1(i)q(td+l,td+l+an)(ξtd+l, i)


= 0 a.e.

(50)

Set Rd+1 = R1, an = vd. It is easy to see that for l = 1, 2, · · · , d,

Q(td+l,td+l+vd) = Qtd+l+1Qtd+l+2 · · ·Qtd+l+vd = Ql+1Ql+2 · · ·Ql+vd = Rvl+1 (51)

Let r(v)
l+1(i, j) be the v-step probabilities determined by Rl+1. Set πd+1 = π1 and Td+1 = T1, we have

∣∣∣∣∣∣ 1
φ(n)

∑
i

1
N

n∑
v=1

d∑
l=1

[φ(n)
d ]−1∑
t=0

hl+1(i)q(td+l,td+l+vd)(ξtd+l, i)−
∑
i

1
d
hl(i)πl(i)

∣∣∣∣∣∣
=

∣∣∣∣∣∣ 1
φ(n)

∑
i

1
N

N∑
v=1

d∑
l=1

[φ(n)
d ]−1∑
t=0

hl+1(i)r(v)
l+1(ξtd+l, i)−

∑
i

1
d
hl+1(i)πl+1(i)

∣∣∣∣∣∣
≤
∑
i

d∑
l=1

∣∣hl+1(i)
∣∣ ·
∣∣∣∣∣∣ 1
φ(n)

[φ(n)
d ]−1∑
t=0

1
N

N∑
v=1

r
(v)
l+1(ξtd+l, i)−

1
d
πl+1(i)

∣∣∣∣∣∣
≤ 1
d

∑
i

d∑
l=1

∣∣hl+1(i)
∣∣ ·
∣∣∣∣∣∣ d

φ(n)

[φ(n)
d ]−1∑
t=0

1
N

N∑
v=1

r
(v)
l+1(ξtd+l, i)−

d

φ(n)

[φ(n)
d ]−1∑
t=0

πl+1(i)

∣∣∣∣∣∣
+ 1
d

∑
i

d∑
l=1

∣∣hl+1(i)
∣∣ ·
∣∣∣∣∣∣ d

φ(n)

[φ(n)
d ]−1∑
t=0

πl+1(i)− πl+1(i)

∣∣∣∣∣∣
≤ 1
d

∑
i

d∑
l=1
|hl+1(i)| · d

φ(n)

[φ(n)
d ]−1∑
t=0

| 1
N

N∑
v=1

r
(v)
l+1(ξtd+l, i)− πl+1(i)|

+ 1
d

∑
i

d∑
l=1
|hl+1(i)|πl+1(i)| d

φ(n) [ d

φ(n) ]− 1|

≤ 1
d

d∑
l=1
‖hl+1‖‖ 1

N

N∑
v=1

Rvl+1 − Tl+1‖+ 1
d

N∑
v=1
‖hl+1‖| d

φ(n) [ d

φ(n) ]− 1|

≤M 1
d

d∑
l=1
‖ 1
N

N∑
v=1

Rvl+1 − Tl+1‖+M | d

φ(n) [ d

φ(n) ]− 1|.

(52)

Giving ε > 0, by Lemma 1, we can choose a fixed N large enough so that the first term of (52) does not
exceed ε. The second term of (52) tends to zero as n goes to infinity. By (50), (52) and the arbitrariness
of ε, (44) follows. These complete the proof of Theorem 1.
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Corollary 1. Let (ξn)∞n=0 be an (an, φ(n))-asymptotic circular Markov chain defined by Definition 2. Let
Rl(l = 1, 2, · · · , d) be the same as in Lemma 1. Assume that R1 is (an, φ(n))-strongly ergodic. Let g(x) be
a bounded function defined on X . Then

lim
n→∞

1
φ(n)

an+φ(n)∑
k=an+1

g(ξk) =
∑
i∈X

1
d

d∑
l=1

g(i)πl(i) a.e., (53)

Proof. Let gn(x, y) = g(x) in Theorem 1, then

htd+l(i) =
∑
j

gtd+l(i, j)ptd+l(i, j) =
∑
j

gtd+l(i)ptd+l(i, j) = g(i) (54)

Let hl(i) =
∑
j g(i)ql(i, j) = g(i), where ql(i, j) is the (i, j) element of transition matrix Ql , therefore

(43) holds. Since g(x) is bounded, thus ‖hn‖ and ‖hl‖ are finite and (41) also follows. Note that

1
φ(n)

an+φ(n)∑
k=an+1

g(ξk−1, ξk) = 1
φ(n)

an+φ(n)∑
k=an+1

g(ξk−1) (55)

and ∑
i

1
d

d∑
l=1

hl(i)πl(i) =
∑
i

1
d

d∑
l=1

g(i)πl(i) (56)

This corollary follows from Theorem 1 directly.

Define the indicator function 1i(j) on X as follows:

1i(j) =
{

1, if j = i;
0. if j 6= i . (57)

where i = 1, 2, · · ·

Corollary 2. Let (ξn)∞n=0 be an (an, φ(n))-asymptotic circular Markov chain defined by Definition
2. Let Rl(l = 1, 2, · · · , d) be the same as in Lemma 1. Assume that R1 is (an, φ(n))-strongly er-
godic. Let San,φ(n)(c, ÏĽ) be the number of c in the sequence of ξan+1(ω), ξan+2(ω), · · · , ξan+φ(n)(ω),
i.e. San,φ(n)(c, ω) =

∑an+φ(n)
m=an+1 1c(ξm). Then

San,φ(n)(c, ω)
φ(n) = 1

d

d∑
l=1

πl(c) a.e., (58)

Proof. Let g(x) = 1c(x) in Corollary 1. Obviously, |g(x)| ≤ 1. Noticing that

1
φ(n)

an+φ(n)∑
k=an+1

g(ξk) = 1
φ(n)

an+φ(n)∑
k=an+1

1c(ξk) =
San,φ(n)(c, ω)

φ(n) (59)

∑
i

1
d

d∑
l=1

g(i)πl(i) =
∑
i

1
d

d∑
l=1

1c(i)πl(i) = 1
d

d∑
l=1

πl(c) (60)

(3.19) follows from Corollary 1.

Corollary 3. Let (ξn)∞n=0 be a non-homogeneous Markov chain . Let {gn(x, y), n ≥ 1} and hn be the
same as in Theorem 1. Let P be a stochastic matrix and be periodic strongly ergodic. Let h(i) be another
function defined on X , h be column vector with ith element h(i). If conditions (40) and (41) hold resp.,
and

lim
n→∞

1
φ(n)

an+φ(n)∑
k=an+1

‖Pk − P‖ = 0 (61)
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lim
n→∞

1
φ(n)

an+φ(n)∑
k=an+1

‖hk − h‖ = 0 (62)

if ‖hn‖ and ‖g‖ are finite, then

lim
n→∞

1
φ(n)

an+φ(n)∑
k=an+1

gn(ξk−1, ξk) =
∑
i

h(i)π(i) a.e. (63)

where πl = (πl(1), πl(2), · · · ) is the unique distribution determined by P .

Proof. Since periodic strong ergodicity implies (an, φ(n))-strong ergodicity. Let d = 1 in Theorem 1, it
follows.

Now we consider, based on theorem 1,the generalized Shannon-McMillan theorem, we give the following
theorem:

Theorem 2. Let (ηn)∞n=0 be an (an, φ(n))-asymptotic circular Markov chain on the state X = {1, 2, · · · , b}
with the following the initial distribution and the transition matrices resp.,

f (0) = (p(1), p(2), · · · , p(b)), (64)

Pn = (pn(i, j))b×b, n ≥ 1. (65)

and ql(i, j) be the (i, j) element of Ql(l = 1, 2, · · · , d). Denote

hn(i) = −
∑
j∈χ

pn(i, j) log pn(i, j) (66)

hl(i) = −
∑
j∈χ

ql(i, j) log ql(i, j) (67)

Let hn be column vector with ith element hn(i), hl(l = 1, 2, · · · , d) be d column vectors with ith elements
hl(i). Let Rl(l = 1, 2, · · · , d) be the same as in Lemma 1 and R1 be (an, φ(n))-strongly ergodic. If

lim
n→∞

1
φ(n)

an+φ(n)∑
t=an+1

‖htd+l − hl‖ = 0, l = 1, 2, · · · , d, (68)

if ‖hn‖ and ‖hl‖ is finite. Then

lim
n
fan,φ(n)(ω) = −

b∑
i=1

1
d

d∑
l=1

πl(i)
b∑
j=1

ql(i, j) log(ql(i, j)) (69)

where πl = (πl(1), πl(2), · · · , πl(b)) is the the unique stationary distribution determined by Rl(l =
1, 2, · · · , d).

Proof. Let gn(x, y) = − log pn(x, y) in Theorem 1, By (11) and the Lemma 2 of[10], we have for l =
1, 2, · · · , d

lim
n→∞

1
φ(n)

an+φ(n)∑
t=an+1

|ptd+l(i, j) log ptd+l(i, j)− ql(i, j) log ql(i, j)| = 0, ∀i, j ∈ χ. (70)

By (70), (68) holds.

lim
n→∞

1
φ(n)

an+φ(n)∑
k=an+1

|pkd+l(i, j)− ql(i, j)| = 0 (71)

40 Journal of Advanced Statistics, Vol. 3, No. 3, September 2018

JAS Copyright © 2018 Isaac Scientific Publishing 



(71) is equivalent to (11). Since
max

0≤x≤1
{x(log x)2} = 4e−2 (72)

thus

E[log pn(ξk−1, ξk)]2 =
b∑
i=1

b∑
j=1

pn(i, j)[log pn(i, j)]2P (ξn−1 = i) ≤ 4be−2 (73)

By (73), (41) and Theorem 1, (69) follows.

Theorem 3. Let{ξn}∞n=1 be an (an, φ(n))-asymptotic circular Markov chain ,and let Rl be defined
as in Lemma 7, Rl be (an, φ(n))-strong ergodicity,(πl1, πl2, · · · , πlb) is the unique stationary distribution
determined by the stochastic matrix Rl. Let {ηn, n ≥ 1} be an asymptotic circular Markov chain with initial
distribution (15) and transition matrices(16) under measure Q, If Hl = (hl(i, j)), l = 1, 2, · · · , d, i, j ∈ X
are strictly positive transition matrices,then

L(ω) =
b∑
i=1

d∑
l=1

b∑
j=1

πl(i)
d

tl(i, j) log tl(i, j)
hl(i, j)

(74)

Proof. By (1.20)and (2.21),we have

∣∣∣∣Lan,φ(n)(ω)−
d∑
l=1

b∑
i=1

b∑
j=1

πli
d
tl(i, j) log tl(i, j)

hl(i, j)

∣∣∣∣
=
∣∣∣∣ 1
φ(n)

an+φ(n)∑
k=an+1

b∑
j=1

pk(ξk−1, j) log pk(ξk−1, j)
qk(ξk−1, j)

−
d∑
l=1

b∑
i=1

b∑
j=1

πli
d
tl(i, j) log tl(i, j)

hl(i, j)

∣∣∣∣
=
∣∣∣∣ 1
φ(n)

an+d[φ(n)
d ]∑

k=an+1

b∑
j=1

pk(ξk−1, j) log pk(ξk−1, j)
qk(ξk−1, j)

+ 1
φ(n)

an+φ(n)∑
k=an+d[φ(n)

d ]+1

b∑
j=1

pk(ξk−1, j) log pk(ξk−1, j)
qk(ξk−1, j)

−
d∑
l=1

b∑
i=1

b∑
j=1

πli
d
tl(i, j) log tl(i, j)

hl(i, j)

∣∣∣∣
≤
∣∣∣∣ 1
φ(n)

b∑
j=1

d∑
l=1

an+[φ(n)
d ]−1∑

t=an

ptd+l(ξtd+l−1, j) log pk(ξtd+l−1, j)
qk(ξtd+l−1, j)

−
d∑
l=1

b∑
i=1

b∑
j=1

πli
d
tl(i, j) log tl(i, j)

hl(i, j)

+
∣∣∣∣ 1
φ(n)

an+d[φ(n)
d ]∑

k=an+1

b∑
j=1

pk(ξk−1, j) log pk(ξk−1, j)
qk(ξk−1, j)

∣∣∣∣
≤
∣∣∣∣ 1
φ(n)

b∑
j=1

d∑
l=1

an+[φ(n)
d ]−1∑

t=an

b∑
i=1

1i(ξtd+l−1)ptd+l(i, j) log ptd+l(i, j)
qtd+l(i, j)

− 1
φ(n)

b∑
j=1

d∑
l=1

an+[φ(n)
d ]−1∑

t=an

b∑
i=1

1i(ξtd+l−1)tl(i, j) log tl(i, j)
hl(i, j)

∣∣∣∣
+
∣∣∣∣ 1
φ(n)

b∑
j=1

d∑
l=1

an+[φ(n)
d ]−1∑

t=an

b∑
i=1

1i(ξtd+l−1)tl(i, j) log tl(i, j)
hl(i, j)

−
d∑
l=1

b∑
i=1

b∑
j=1

πli
d
tl(i, j) log tl(i, j)

hl(i, j)

∣∣∣∣
+
∣∣∣∣ 1
φ(n)

an+d[φ(n)
d ]∑

k=an+1

b∑
j=1

pk(ξk−1, j) log pk(ξk−1, j)
qk(ξk−1, j)

∣∣∣∣

Journal of Advanced Statistics, Vol. 3, No. 3, September 2018 41

Copyright © 2018 Isaac Scientific Publishing JAS



≤ 1
φ(n)

b∑
j=1

d∑
l=1

an+[φ(n)
d ]−1∑

t=an

b∑
i=1

1i(ξtd+l−1)
∣∣∣∣ptd+l(i, j) log ptd+l(i, j)

qtd+l(i, j)
− tl(i, j) log tl(i, j)

hl(i, j)

∣∣∣∣
+

d∑
l=1

b∑
i=1

b∑
j=1

∣∣∣∣ 1
φ(n)

an+φ(n)
d −1∑

t=an

1i(ξtd+l−1)− πli
d

∣∣∣∣ · ∣∣∣∣tl(i, j) log tl(i, j)
hl(i, j)

)
∣∣∣∣

+
∣∣∣∣ 1
φ(n)

b∑
j=1

an+φ(n)∑
k=an+d[φ(n)

d ]+1

pk(ξk−1, j) log pk(ξk−1, j)
qk(ξk−1, j)

∣∣∣∣
≤

b∑
j=1

b∑
i=1

d∑
l=1

[φ(n)
d ]− 1
φ(n) · 1

[φ(n)
d ]− 1

an+[φ(n)
d ]−1∑

t=an

∣∣∣∣ptd+l(i, j) log ptd+l(i, j)
qtd+l(i, j)

− tl(i, j) log tl(i, j)
hl(i, j)

∣∣∣∣
+

d∑
l=1

b∑
i=1

b∑
j=1

∣∣∣∣ 1
φ(n)

an+φ(n)
d −1∑

t=an

1i(ξtd+l−1)− πli
d

∣∣∣∣ · ∣∣∣∣tl(i, j) log tl(i, j)
hl(i, j)

)
∣∣∣∣

+
∣∣∣∣ 1
φ(n)

b∑
j=1

an+φ(n)∑
k=an+d[φ(n)

d ]+1

pk(ξk−1, j) log pk(ξk−1, j)
qk(ξk−1, j)

∣∣∣∣
≤

b∑
j=1

b∑
i=1

d∑
l=1

[φ(n)
d ]− 1
φ(n) · 1

[φ(n)
d ]− 1

an+[φ(n)
d ]−1∑

t=an

∣∣∣∣ptd+l(i, j) log ptd+l(i, j)
qtd+l(i, j)

− tl(i, j) log tl(i, j)
hl(i, j)

∣∣∣∣
+

d∑
l=1

b∑
i=1

b∑
j=1

∣∣∣∣Slan,φ(n)(i, ω)
φ(n) − πli

d

∣∣∣∣ · ∣∣∣∣tl(i, j) log tl(i, j)
hl(i, j)

)
∣∣∣∣

+
∣∣∣∣ 1
φ(n)

b∑
j=1

an+φ(n)∑
k=an+d[φ(n)

d ]+1

pk(ξk−1, j) log pk(ξk−1, j)
qk(ξk−1, j)

∣∣∣∣

(75)

By Defnition 2, it is easy to see that {(pk(i, j), qk(i, j))} absolute mean converge to (tl(i, j), hl(i, j)).
Letting ϕ(x, y) = x log x

y (suppose (ϕ(0, y) = 0) in Lemma 5, we can easily prove ϕ(x, y) is continuous at
(tl(i, j), hl(i, j)), we have by (1.11) and (1.12)

lim
n→∞

1
φ(n)

an+φ(n)∑
t=an

∣∣∣∣ptd+l(i, j) log ptd+l(i, j)
qtd+l(i, j)

− tl(i, j) log tl(i, j)
hl(i, j)

∣∣∣∣ = 0. (76)

Since ∣∣∣∣pk(ξk−1, j) log pk(ξk−1, j)
qk(ξk−1, j)

∣∣∣∣ = |pk(ξk−1, j) log pk(ξk−1, j)− pk(ξk−1, j) log qk(ξk−1, j)|

≤ 1
e
− log τ.

(77)

Hence

lim
n→∞

1
φ(n)

b∑
j=1

an+φ(n)∑
k=an+d[φ(n)

d ]+1

∣∣∣∣pk(ξk−1, j) log pk(ξk−1, j)
qk(ξk−1, j)

∣∣∣∣ = 0 (78)

(34) follows from (33), (36) and (37).

Corollary 4. Let P and Q be two measure on (Ω,F). Let (ξn)∞n=1 be a nonhomogeneous Markov chain
under measure P . Let P̃ = (p(i, j)), i, j ∈ X be a transition matrix and let P̃ be irreducible. If

lim
n→∞

1
φ(n)

an+φ(n)∑
k=an

|pk(i, j)− p(i, k)| = 0,∀i, j ∈ S (79)
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(π1, π2, . . . , πb) is the unique stationary distribution determined by the stochastic matrix P̃ . Let (ξn)∞n=0 be
a nonhomogeneous Markov chain with initial distribution (15) and transition matrices (16) under measure
Q̃, (2.17) holds. Let

Q̃ = (q(i, j)), q(i, j) > 0, i, j ∈ X , (80)

be another transition matrix, if for any i, j ∈ X , {qn(i, j), n ≥ 0} absolute mean converges to q(i, j), that
is,

lim
n→∞

1
φ(n)

an+φ(n)∑
k=an

|qk(i, j)− q(i, k)| = 0,∀i, j ∈ S (81)

then

L(ω) =
b∑
i=1

b∑
j=1

π(i)p(i, j) log p(i, j)
q(i, j) , a.e.. (82)

Proof. It is easy to see that irreducible implies (an, φ(n))-strong-strong ergodicity. Letting d = 1 in
Theorem 3, this corollary follows.

Acknowledgment: The authors would like to thank the anonymous reviewers for their suggestions to
improve the presentation. This research is supported in part by the Key Nature Science Research Project
of University of Anhui Province (Grant No. KJ2017A851, KJ2017A042)

References

[1] P. H. Algoet and T. M. Cover, “A sandwich proof of the shannon-mcmillan-breiman theorem,” Annals of
Probability, vol. 16, no. 2, pp. 899–909, 1988.

[2] A. R. Barron, “The strong ergodic theorem for densities: Generalized shannon-mcmillan-breiman theorem,”
Annals of Probability, vol. 13, no. 4, pp. 1292–1303, 1985.

[3] J. C. Kieffer, “A simple proof of the moy-perez generalization of the shannon-mcmillan theorem.” Pacific
Journal of Mathematics, vol. 51, no. 1, pp. 203–206, 1974.

[4] C. A. Shannon, “A mathematical theory of communication,” Bell System Technical Journal, vol. 27, no. 4,
pp. 379–423, 1948.

[5] B. Bowerman, H. T. David, and D. Isaacson, “The convergence of cesaro averages for certain nonstationary
markov chains,” Stochastic Processes & Their Applications, vol. 5, no. 3, pp. 221–230, 1977.

[6] T. S. Chiang and Y. Chow, “A limit theorem for a class of inhomogeneous markov processes,” Annals of
Probability, vol. 17, no. 4, pp. 1483–1502, 1989.

[7] J. B. T. M. Roerdink and K. E. Shuler, “Asymptotic properties of multistate random walks. i. theory,”
Journal of Statistical Physics, vol. 40, no. 1-2, pp. 205–240, 1985.

[8] W. Yang, B. Wang, and Z. Shi, “Strong law of large numbers for countable asymptotic circular markov
chains,” Journal of Jiangsu University, vol. 43, no. 18, pp. 3943–3954, 2011.

[9] P. Zhong, W. Yang, and P. Liang, “The asymptotic equipartition property for asymptotic circular markov
chains,” Probability in the Engineering and Informational Sciences, vol. 24, no. 2, pp. 279–288, 2010.

[10] Z. Wang and W. Yang, “The generalized entropy ergodic theorem for nonhomogeneous markov chains,”
Journal of Theoretical Probability, vol. 29, no. 3, pp. 761–775, 2016.

[11] K. L. Chung, “A note on the ergodic theorem of information theory,” Annals of Mathematical Statistics,
vol. 32, no. 2, pp. 612–614, 1961.

Journal of Advanced Statistics, Vol. 3, No. 3, September 2018 43

Copyright © 2018 Isaac Scientific Publishing JAS




