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Abstract

A simple graph G = (V, E') admits an H-covering if every edge in E belongs to a subgraph of

G isomorphic to H. G is H-magic if there is a total labeling f : VUE — {1,2,3,--- ,|[V|+ |E|}

such that for each subgraph H' = (V’, E’) of G isomorphic to H, > f(v) + . f(e) = sis
veVy ecEy

constant. When f (V') = {1,2,--- ,|V]}, then G is said to be H-supermagic. In this paper, we show

that P, ,, and the splitting graph of a cycle C), are cycle-supermagic.
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1 Introduction

The concept of H-magic graphs was introduced in [2]. An edge-covering of a graph G is a family
of different subgraphs H, H», ..., Hi such that each edge of I’ belongs to at least one of the subgraphs
H;,1 < i < k. Then, it is said that G admits an (Hy, Ho, ..., Hy) - edge covering. If every H; is
isomorphic to a given graph H, then we say that G admits an H -covering.

If all subgraphs in the covering are edge-disjoint, the covering is also called an H-decomposition of
G.

Let G = (V, E) admit an H-covering. We say that a bijective function f : VUE — {1,2,3,--- ,|V|+
|E|} is an H-magic labeling of G if there is a positive integer m( f), which we call magic sum, such that

for each subgraph H' = (V', E’) of G isomorphic to H, we have, f(H') = > f(v)+ Y f(e) =
veV’ eck’
m(f). In this case we say that the graph G is H-magic. If f(V) = {1,2,---,|V|}, we say that f is

an H-supermagic labeling. An H-covering of G is said to be an H-(super)magic covering of G if G
admits an H-(super)magic labeling and the supermagic sum is denoted by s(f).
We use the following notations. For any two integers n < m, we denote by [n, m], the set of all

consecutive integers from n to m. For any set I C N we write, > I = ) x and for any integers k,
z€l
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I+k = {x+k:xel}. Thus k + [n,m] is the set of consecutive integers from k + n to k + m. It can
be easily verified that > (I + k) = > I+ k|I.

If P = {X1,Xo, -+, X,} is a partition of a set X of integers with the same cardinality then we
say P is an n-equipartition of X. Also we denote the set of subsets sums of the parts of P by > P =
- X1,> ) Xo, -+, > X, }. Finally, given a graph G = (V, E)) and a total labeling f on it we denote

by f(G) =2 f(V) + 22 F(E).

2 Preliminary Results

Lemma 2.1. [4] Let h and k be two positive integers and h is odd. Then there exists a k-equipartition
P = {X1, Xa,---, Xz} of X = [1,hk] such that 3> X, = U=DORERED |0 for 1 < < k. Thus,
> P is a set of consecutive integers given by > P = (hfl)(};w + [1, k].

Lemma 2.2. [4] Let h and k be two positive integers such that i is even and £ > 3 is odd. Then there
exists a k-equipartition P = { X7, Xo,--- |, X} of X = [1, hk] such that }_ X, = (hfl)(gw +7r
for 1 <r < k. Thus, ) P is a set of consecutive integers given by > P = w + [1, k]

Lemma 2.3. [4] If & is even, then there exists a k-equipartition P = { X, Xo, -+, X} of X = [1, hk]

such that ) X, = chrl <r<k.

Lemma 2.4. [4] Let h and k be two even positive integers. If X = [1, hk +2] — {1, g + 2}, there exists
a k-equipartition P = { X1, Xo, - , X3} of X such that " X, = 22E+50=k=2 4 1. for | < < k. Thus,

: o 2 Bh—k—
S"Pis aset of consecutive integers EFIA=E=2 4 17 k],

Lemma 2.5. [4] Let » > 3 be an odd integer. If k is odd then there exists a k-equipartition P =
{X1, Xa,- -, X3} of X = [1, hk] such that 3 X, = LR for 1 < < k.

Lemma 2.6. [4] Let h > 3 be an odd integer. If k is even then there exists a k-equipartition P =
(X1, X, -, X} of X = [1,hk + 1] — {£ 4 1} such that 3" X, = 22E3h=1 for | <1 < k.

Lemma 2.7. [4] Let h and k be two even positive integers. If X = [1, hk + 1] — {4 + 1} there exists a
k-equipartition P = { X7, Xo, -+, X} } of X such that ) X, = M +rfor1 < r < k. Thus,
> Pis a set of consecutive integers W + [1, k.

Lemma 2.8. [4] If h is even then there exists a k-equipartition P = { X3, Xo,--- , X} of X = [1, hK]

such that " X, = MQHH +2rforl <r <k
3 Main Results

Definition 3.1. [3] Let u and v be two fixed vertices. We connect v and v by means of n > 2 internally

disjoint paths of length m > 2 each. The resulting graph embedded in a plane is denoted by P, ,,.

Py, » has (m — 1)n + 2 vertices and mn edges.
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Theorem 3.2. The graph P, ,, is Ca,,-supermagic for all m,n > 2.

Proof: Let v and v be two fixed vertices. We join u and v by means of n internally disjoint paths of
length m.

For1 <14 < mn,let P; = uv; 1v;2 - - - v m—1v be the ith path between u and v. Let C; ; = BF’;I. Then
Cij = uvi1032 - * - Vi m—10Vj,m—1Vj,m—2, - - - V201 is a cycle of length 2m.

Then clearly {C;; : 4,7 =1,2,--- ;nandi # j} is a covering for P, . Also, C;; = Cy,, for
i,j = 1,2,--- ,nandi # j. Therefore, {C;; :4,j=1,2,--- ,nandi # j} is a Cyy-covering for
Py .

Now, we prove that there exists a Cy,,,-supermagic covering for P, .

Let V be the vertex set and £ be the edge set of Py, ,. Then |[V| = (m — 1)n + 2 and |E| = mn.
Let V; be the vertex set and E; be the edge set of the path P; fori = 1,2,--- ,n. Let V/ = V; — {u, v}.
Case 1: m is even and n is odd.

Since m — 1 is odd, by Lemma 2.1 there exists an n-equipartition Q; = { X1, Xo,- -+, X,,} of [1, (m —
1)n] such that

+iforl1 <i:<n

~ (m=2)[(m—-1)n+n+1]
ZXi_ 2
= (m_Q);mn+1)+z'for1<i<n.

Since m is even and n is odd, by Lemma 2.2 there exists an n-equipartition Q4 = {Y{,Y5,--- Y} of
[1, mn] such that

+iforl <i<n.

,  (m—=1)(mn+n+1)
ZY;_ 2

Add (m—1)n+2 to each element of the set [1, mn|. We get an n-equipartition Q2 = {Y7,Ya2,--- ,Y,,}
of [(m — 1)n + 3,2mn — n + 2| such that

(m—1)(mn+n+1)
2

ZY}z[(m—l)n—i—Q}m—&— +i forl<i<n.

Define a total labeling f : VU E — [1,2mn — n + 2] as follows:

flu) = (m—1n+1 and f(v) = (m — 1)n + 2.
fvh = X; forl <i<n.
f(El) = Yn—i-‘,—l for 1 < ) <n.

Thenforl <i<mn,

FP) = fu)+ f)+> FVH+D 0 F(E)
= f)+f0)+Y Xi+ Y Yaip
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= constant.

Thus, f(F;) is constant for 1 < i < n. Now, f(C;;) = f(P) + f(P;) — f(u) — f(v) which is a
constant. Since C; j = Com, Py is Cgm—supermaglc.

Case 2: m is even and n is even.

Since m—1 is odd and n is even, by Lemma 2.6 there exists an n-equipartition Q; = { X1, Xo,--- , X}
of [1,(m — 1)n + 1] — {% + 1} such that

ZX n+23( —D- 1for1§i§n.
Since m is even, by Lemma 2.3 there exists an n-equipartition Q, = {Y{,YJ,--- | Y} of [1, mn] such
that

ZY’ mn+ )forlgign.
Add (m — 1)n+ 2 to each element of the set [1, mn]. We get an n-equipartition Q2 = {Y7,Y2,--- ,Y,,}

of [(m — 1)n + 3,2mn — n + 2] such that
1
S Y= [(m—1)n +2jm (mZJr)forlgign.

Define a total labeling f : V U E — [1, 2mn — n + 2] as follows:

flu) = g +1  and f(v) = (m— D)n +2.
fvhy = X; forl <i <n.
f(E) =Y forl <i<mn.

Then for1 <7 <n,

f(R) = () + > FV)+ D f(Es
= flu)+f ”JFZX"JFZYi

= constant.

Thus, f(F;) is constant for 1 < ¢ < n. Now, f(C;;) = f(F;) + f(Pj) — f(u) — f(v) which is a
constant. Since C; ; = Coypy, Py 18 Copp-supermagic.

Case 3: m i1s odd and n is odd.

Since m—1is even and n is odd, by Lemma 2.2 there exists an n-equipartition Q; = { X1, Xo,--- , X, }
of [1, (m — 1)n] such that

—9)[(m—1 1
S, = ) . nEntl 1 <i<n
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(m—2)(mn+1)

— 5 +iforl <i<n.
Since m is odd, by Lemma 2.1 there exists an n-equipartition Q), = {Y7,Y5,---, Y, } of [1, mn] such
that
-1) 1
S Xi= (m2"+n+ ) fifori<i<n.

Add (m — 1)n+ 2 to each element of the set [1, mn]. We get an n-equipartition Q2 = {Y7,Y2,--- , Y, }
of [(m — 1)n 4 3,2mn — n + 2] such that
(m—1)(mn+n+1)

> Vi =[(m—1)n+2m+ 5 +ifor1 <i<n.

Define a total labeling f : VU E — [1,2mn — n + 2] as follows:

flu) = (m—1n+1 and f(v) = (m — 1)n + 2.
fvh = X; forl <i<n.
f(El) = Yn—z‘-‘,—l for 1 S ) S n.

Thenfor1l <7 <n,

f(P) = (0)+ > FV) + D f(Es
= f(u)+ f(v +ZX¢+ZYH+1
= constant.
Hence, f(C; ;) is a constant and consequently P, ,, is Cap,-supermagic.

Case 4: m is odd and n is even.
Since m — 1 and n are even, by Lemma 2.4 there exists an n-equipartition Q; = { X1, Xo, -+, X, } of
[1,(m—1)n+ 2} — {1, 5 + 2} such that

SOX = "+5(2 D=2 i <i<n,
Since m is odd, by Lemma 2.1 there exists an n-equipartition Q, = {Y{,Yy, -+ ,Y,/} of [1, mn]| such
that

ZY’ (Tr;n+n+1)+i forl <i<n.

Add (m — 1)n+ 2 to each element of the set [1, mn]|. We get an n-equipartition Q2 = {Y1, Y2, -+ ,Y,}
of [(m — 1)n + 3,2mn — n + 2] such that

—1 1
S Yi=[(m—1)n+2m 4 (m )(”;”+”+ ) 4i for1<i<n.
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Define a total labeling f : VU E — [1,2mn — n + 2] as follows:

flu) =1 andf(v):%+2
vy = X; for1<i<n
f(El) = YnfiJrl for 1 < /) <n.

Thenforl <i<mn,
F(P) = fw)+ )+ FV)+D F(E)
= fW+f0)+Y Xi+ Y Yain

= constant.

Thus, f(F;)is constant for 1 < i < n. Now, f(C; ;) = f(P;)+f(P;)— f(u)— f(v) which is a constant.

Since C; j = Com, Py 18 Copp-supermagic. Hence, P, ,, is Cop,-supermagic for all m,n > 2. [ |

Hlustration 3.3. C'o-supermagic labeling of Ps 5 is given in Figure 1.

Figure 1: Cyo-supermagic labeling of Ps 5.

Hlustration 3.4. C'p-supermagic labeling of Ps 4 is given in Figure 2.

Figure 2: Cjo-supermagic labeling of Ps 4.

Definition 3.5. [1] For a graph G, the splitting graph of G; S(G), is obtained from G by adding for each

vertex v of G a new vertex v’ so that v’ is adjacent to every vertex that is adjacent to v.
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Theorem 3.6. The splitting graph of a cycle C,, is Cy-supermagic for n # 4.

/
n

Proof: Let C,, = v1v2 - - - vy, be a cycle of length n and S(C,,) be its splitting graph. Let v], v}, -+ - v

be the added vertices corresponding to vy, v, - - - v,. Let V' be the vertex set and £ be the edge set of

the splitting graph S(C,,). Then,

V = {v1,va, -+ ,Up, v, 05, -+, v} } and

E = {v1v2, 0203, - - Up_1Up, Upv1 }U{0] 02, V53, - - - ), 0, v, 01 FU{V] vy, Vb1, Vv, -0l vp 1
Let C} = vv;1vivi—q for 2 < i < n —1, C} = vjvavjvy, and C} = v,v10,v,—1. Then, clearly

{C?:1 < i< n}isacovering for S'(Cy,). Since Ct = Cy for 1 <i < n wehave {C}:1<i<n}is

a C4-covering and we prove that it is a C's-supermagic covering.

Define a total labeling f : VU E «+ {1,2,3,---, |V U E|} by
fvi)=iforl <i<mn
f)y=2n—ifor1 <i<n-—1
F(wh) = 2n
fovigr) =3n—i+1forl <i<n-—1
flopvy) =2n+1
fWvip) =3n+ifor1 <i<n-1
f(vhv) = 4n
fwi)=bn—i+1for2<i<n
f(viv,) = 5n

F(CD = fui)+ flvien) + F@) + f(oie1) + f(@jvig1) + f(vir10) + f(vfvier) + fviovi)
= i+i1+1+2n—2t+1—-143n—14+14+3n—i4+5n—i+1+3n—2+1+1
= 16n +4.

F(C1) = f(v1)+ f(va) + f(v)) + f(vn) + f(vrva) + fvav)) + f(v10n) + f(v10n)
= 1424+2n—-14n+3n+3n+1+m+2n+1
= 16n + 4.

F(CY) = flon) + fo1) + f(v)) + fon-1) + f(vav1) + f(o1vy) + f(vpvn-1) + f(vn—1v5)
= n+l4+2n+n—-14+2n+14+4dn+4n+1+2n+2
= 1l6n+4.

Hence f(C}) = 16n+4for1 < i < n. Since C% = Cy for 1 < i < n we have {C}} is a Cy-supermagic
covering for the splitting graph S’(C),). Hence, S’(C),) is Cy-supermagic.
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9
Figure 3: A Cy-supermagic labeling of S’(C),) with supermagic strength 84.
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