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Abstract

The cartesian product of two graphs has been studied by many authors and has been generalized
by introducing 2 - cartesian product G; X2 G2 of two graphs GG and G». In this paper, we obtain
G1 X2 Gy, for P, C), and K ;.
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1 Preliminaries

The cartesian product of two graphs had been studied in ([3], [4], [6]). The generalized cartesian
product G; X, G2 has been defined using the idea of distance in [1]. It is not easy to obtain G X, Go
for general GG; and Ga. So, in this paper we discuss this product for r = 2.

Let G = (V(G), E(G)) be a finite, simple graph with the vertex set V(G) and the edge set E(G).
A graph G is connected, if there is a path between every pair of vertices. If GG is a connected graph then
dg(u,u') is the length of the shortest path between u and v’ in G. For a graph G, a maximal connected
subgraph is known as components of GG. If G is a connected graph, then G has only one component, G
itself.

Throughout the paper we consider finite, simple and connected graph. We denote the path graph,
cycle graph and complete graph with n vertices by P,,, C,, and K, respectively. The complete bipartite
graph is denoted by K, ,, with (m + n) vertices. The null graph is a graph with empty edge set. If the
graph G is a disjoint union of 7 similar components H, then we denote it by,

For the basic terminology, concepts and results of graph theory, we refer to ([3], [4], [6]).
We obtain G X2 G2 for P,, C), and K, ;. We discuss mainly connectedness of the product graph.

Definition 1.1. The 2—cartesian product of graphs G1 = (Vi, E1) and Go = (Va, E») is the graph
G = (V, E) with the vertex set V =V} x V5 and the edge set E defined as follows:

Two vertices (u,v) and (u/,v’) are adjacent in G if one of the following conditions is satisfied:
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() dg, (u,u') =2and dg,(v,v") = 0,
(ii) de, (u,u') = 0and dg, (v,v') = 2.
We denote this graph G by G X2 Ga.

It is clear that if we replace 2 by 1 in the definition, then we get usual cartesian product G; x Gb.
Note that, if the diameters of both (G; and G5 are less then 2, then G X9 G is a null graph.

Definition 1.2. The grid graph G = Gy, ,, is defined as the graph with vertex set, V = {(u;,v;) : i =
1,2,...,mand j = 1,2,...,n} and edge set £ = '@1{(%,1@) < (ujvjp1) 11 <j <n—1} U
1=
161{(11,,‘,2}]') — (UZ‘_:,_l,Uj) 1< <m— 1}.
]:
The semi tied grid graph G/;,,) (n0) is a grid graph with vertex set V(G) and edge set consisting of
the following edges:
(i) Each edge of Gy, 3
(ii) The edges (u;, v1) <> (ui, vy), foreveryi =1,2,...,m,
In place of (i), if we consider (ii)’ then we get another semi tied grid graph denoted by G (,,,0) (),
(i)’ The edges (u1, v;) <> (um,v;), forevery j = 1,2,...,n.
The graph containing all the above type of edges is called a tied grid graph and is denoted by
G (), (n0)-
2 2- Cartesian Product

The 2 - cartesian product of path graphs has been obtained in [1]. In this section we discuss G X2 G2
with G path graph and G cycle graph and G x5 G, if both G1 and G» are cycle graphs.

We fix the following notations. The path graph P, is the graph with, V(P,,) = {u1,u2,...,umn}
and E(P,,) = {(uiua), (ugus), ..., (um—1um)} and Cy,(m > 3) is a cycle graph with V/(C,,) =
V(Py,) and E(Cy,) = E(Py) U {(unuy)}.

We use the following result on path graphs.

Proposition 2.1. [1] Form,n > 3,

| o

2 . 2 .
(@) ()

2 . 2 4
(¢c) If m is even and n is odd, then P, xo P, = U(G(%)’(u)yl) U U <G(m)7(n7—1)>(j) .
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(d) If both m and n are odd integers, then

P x> P = [ G sy | U | Camgny o) | U Gmcty ) | U | Gt o) |

2 P 2 2 2
Proposition 2.2. Let P, and C), be path graph and cycle graph with m and n vertices respectively.
(a) If n is an even integer, then P,, xo C, has four components which are semi tied grid graphs.

(b) If n is an odd integer, then P,,, x5 Cy, has two components which are semi tied grid graphs.

Proof:

(a) Let m and n be even integers, then from Proposition 2.1(a) we have

4 ()
Puxa Pa=| U (Gemn)

i21
Now in graph P,, we add one edge between v; to vy, then it becomes a cycle graph C,,. Also
d(vi,vp—1) = 2 = d(v2,vy,) in Cy, and so the edges between (u;, v1) and (u;, v,—1) as well as (u;, v2)
and (u;, vy,), for each 4, will be added in the resultant graph. Thus the grid component G (m),(2) becomes
semi tied grid graph G(%M(%)O) in P, xo Cp.
* (0)
So we get P, X2 C, = U <G(%)7((%)0)>

o
=1

2 2

2 . 2 .
Similarly, P, x2 Cy, = U(G(i)v((%)o))(” U U(G(LAN%)O))(]) if m is odd.

| i=1 j=1
(b) Let m be even integers and n be odd integer, then from Proposition 2.1(c),

2

. 2 .
B %2 Py = U(@%M%))() U Q(G<?>,<#>)(J)
j=1

=1

Note that here for ¢ = 1 and 2 we get two components G(%)j( nil) of same graph. The vertices are
joined as, (u;,v1) — (u;,v3) — ... — (u;, v, ) in one component and (u;, va) — (u;, v4) —

. — (u;,vp—1) are joined in other component. Again, d(v,,v2) = 2 = d(vy—1,v1) in Cy. So,
the two edges (u;,vn) — (u;,v2) and (u;,v,—1) —> (ui,v1) will be added in the resultant graph
P,, xo C), and the two components are joined by these edges. So, we get one component GG (22),(n9) in

2 4
(%)
place of U (G (m), (2 )) Z . Consequently, P, x2 C}, has only two components as follows:

i=1

? (i
Prx2 Co= | U (Grgyom)

o
=1

()
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Similarly if m is odd, then

Proposition 2.3. Let C,,, and C,, be cycle graphs with m and n vertices respectively.
(a) If both m and n are even integers, then C,,, X2 C,, has four components which are tied grid graphs.
(b) If m is odd and n is even, then C,,, xo C), has two components which are tied grid graphs.

(c) If both m and n are odd integers, then C),, X2 C), is a connected graph which is a tied grid graph.

Proof:

(a) Let m and n be even integers, then from Proposition 2.2 (a),

(i)
)«g)%)

N

4
Pm X9 c, = U (G(
iil

Also d(u1, um—1) =2 = d(u2, u,) in Cy, and so the edges between (u1,v;) and (up—1,v;) as well as
(u2,v;) and (um, v;), for each j will be added in the resultant graph. Thus the semi tied grid component

G(%%((%)O) becomes a tied grid graph G((%)O)y((%)O) in Cy,, X2 Cy,. So we get

* (i)
Cm X2 Cn = U(G« >0>,(<%)0>)

o

N

=1

(b) Let m be odd integer and n be even integer. As we have seen in Proposition 2.2 (a), the two compo-
nents G(%)’((%)O); fori = 1 and 2 joined by the edges (wm,, v;) <> (u2,v;) and (Upm—1,v;) > (u1,v;)
and give one component G (m0),((2)0) in Cy, X2 Cy,. Similarly the other two components G (m=1) ((2)0)}
for j = 1 and 2 give one more tied grid graph in the resultant graph. So we get

2 (9)
Cm X9 C, = U <G(m0)7((%)0)>

i21
(c) If m and n both are odd integers then by the same argument given in (b), two different components
are joined by the edges (u;, v,) «— (u;, v2); for every i. Also (u;,v1) <— (u;, vp—1) edges are added
in the graph Cy, X2 C,. So it gives only one component, that is, G(,,0y (n0), Which is a tied grid graph

in Cp, X2 Cy. So, the resultant graph is connected. [ |

Remark 2.4. The number of components in P,, X2 P, is fixed (four), whereas in case of P, xo Cj,

and C), xo (', the number of components depends on the parity of m and n.
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Proposition 2.5. Let K ; be a complete bipartite graph and P, be a path graph with m vertices. Then

K+ X9 Py, has exactly four components.

Proof: Let K, ; be a complete bipartite graph with Uy and Us partite sets. It is clear that two vertices
lie in the same partite set if and only if distance between them is two. Let V(P,,,) = {v1,v2,...,Um}.
d(vj,vj42) =2forj =1,2,...,m—2in P,,. Two vertices say, (u, v;) and (u,vj42) in K ; X2 Py, are
adjacent for j = 1,2,...,m — 2. Also, two vertices say, (u,v;) and (v, v;) in Ky X2 Py, are adjacent
only if u and v are in same partite set of K, and j = 1,2,...,m. Hence, for each u € Uj, we get
(u,vj) «— (u,vj42) for j = 1,3,...,m — 2 and (u,v;) <— (u,vj42) for j = 2,4,...,m — 3.
Therefore, there are two components each isomorphic to K X P% if m is even or two components
Ks X Pmy1 and K X Pm—1 if m is odd.

Similaery, with respect io the other partite set Us of K ; there are two components each isomorphic
to K; x P% if m is even or two components K; x PmTH and K; X PmTq if m is odd.

Thus in total, K, ; X2 P, has exactly four components. [ |

Proposition 2.6. Let K ; be complete bipartite graph and C,,, be cycle graph with m vertices.
(a) If m is an even integer then K ; xo Cy, has four components.

(b) If m is odd an integer then K ; xo Cy, has two components.

Proof:

(a) Let m be even. By Proposition 2.5, K ; X2 P, has four components. As Cy, is obtained from P,
by adding an edge v1 <— vy, in each of the four components of K ; X2 P, we have to add the edges
(u,v1) $— (4, V1) or (u,v2) <— (u,vy,) for each vertex u in K. Consequently, we get two

components isomorphic to Kz X C% and two components isomorphic to Ky x C m.

(b) Let m be odd integer, then the two components K3 X Pm+1 and Ky X Pm-1 of Kg; Xo Py, are
joined by adding the edges (u, vy,) <— (u, v2) and (u,v;) ; (, Vyp—1) for évery vertex u in K ;.
Consequently, we have one component K x C,,,. Hence, K, ; X2 Cy, has four components.

Similarly, the two components K; X Pmt1 and K; X Pm—1 of K,; X9 P, are joined by adding the
edges (u, v,) <— (u,v2) and (u, vy) <—>2(u, Upm—1) for e\jery vertex u in K and consequently, we

have one component K; x C,,. Thus in total K ; X9 C),, has two components. [ |

From the above theorem, it is evident that the number of components in K, ; xo C,, depends only
on the parity of the integer m. All the above results reveal that, even if G; and GG are connected the
resultant graph G1 X2 G2 need not be connected. So in 2- cartesian product the result similar to the

following result is not true.
Proposition 2.7. [6] Let G = (G; x G2, with G; and G2 both connected graphs. Then G is connected.

Proposition 2.8. [1] If G and H are two connected bipartite graphs, then G xo H has exactly four

connected components.
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In [2], the derived graph G' of G is defined in terms of d(u,v) = 2. Also, the graph G2 is obtained
by considering 2 - distance. The 2 - cartesian product can be obtained with the help of G' or G2 or
combination of G and G? using usual cartesian product. But, in this paper we consider 2-cartesian
product separately as we have obtained GG1 X2 G2 and their results directly in terms of the factor graphs

G and G, without computing the graphs G' or G2.
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