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Abstract

In this paper we study the effect of removing a vertex from the semigraph on strong vertex
covering number and strong independence number. Also we prove that the strong vertex covering
number does not increase when a vertex is removed from the semigraph.
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1 Introduction

Semigraphs provide a generalization of graphs with many applications and scope for further
research. As a result, many new theorems have appeared. Semigraphs and their applications have been
studied in [3]. Some authors have defined parameters like domination number, independence number
in semigraph. Our objective is to study the effect of removing a vertex from a semigraph on two
parameters namely strong vertex covering number and strong independence number of a semigraph.
These concepts have been defined in [5]. Also we prove that the strong vertex covering number does
not increase when a vertex is removed. Further we prove the corresponding theorem for strong
independence number of a semigraph.

2 Preliminaries

Definition 2.1. [5] Let G be a semigraph and S cV(G). Then S is said to be a strong vertex

covering set if whenever X and y are adjacentin G then xeS or yeS .
Definition 2.2. [5] A strong vertex set with minimum cardinality is called minimum strong vertex

covering set which also can be called as o, —set of G .
Definition 2.3. [5] The cardinality of an « —set is called the strong vertex covering number of the

semigraph G , and is denoted as & (G) .
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Definition 2.4. [5] If G is a semigraph and S —V (G) then S is called a strong independent set of
G, if whenever x and y belongto S and X # Y, then they are non-adjacent in G .
Definition 2.5. [5] Cardinality of a maximum strong independent set of a semigraph G is called the
strong independence number of G and is denoted as £, (G) .

It is obvious that a set Sis strongly independent if and only if V(G)—S is a strong vertex
covering set of G . N (v)denotes the set of vertices, which are adjacent to V.

Consider a semigraph G and v eV (G). G —V is a semigraph whose vertex set is V (G) —{v} and
edgesetisE(G—-v)={E€E(G):vg E}. Also note that a set S is a maximum strong
independent set of Gif and only if V(G)—Sis a minimum strong vertex covering set of G.

Hence, o, (G) + B,(G) = n=number of vertices in semigraph G.

3 Main Results

Consider a semigraph Gand v eV (G). We consider the subsemigraph whose vertex set is
V (G) —{v} and the edge set is the set of all edges of G which do not contain the vertex v. We

prove that the strong vertex covering number does not increase when a vertex is removed from a
semigraph.

Theorem 3.1. Let G be a semigraph and v eV (G) then (G —V) < (G).

Proof: Let S be a minimum strong vertex covering set of G .
Case 1: Supposev ¢ S .

If xand Yy are adjacent vertices of G —v, then xand y are adjacent vertices of G. Since Sis a
strong vertex covering set of G, x e Sor ye S. Thus, Sis a strong vertex covering set of G —Vv.
Hence, o, (G —V) <[S| =« (G).

Case 2: Supposev e S.

Let S, =S —{v}, then S,is a subset of V(G —v). Let xand y be adjacent vertices of G —v. Then
X and y be adjacent vertices of G .Since S is strong vertex covering set of G, Xe Sory € S. Since
ve{x,y},xeS,or yeS,. Therefore, S;is a strong vertex covering set of G-—v. Thus,
aS(G—V)S|Sl|<|S|=aS(G). ]
Theorem 3.2. Let G be a semigraph and v eV (G) . If there is an o, —set S such that v € S then
a,(G-v)<a,(G).

Proof: Consider the set S, =S —{v}. We prove that S, is a strong vertex covering set of G —v. For
this, we suppose that X and y are vertices of G —Vv which are adjacent in G — V. So, there is an edge

E of G—v suchthat X,y € E. Since E is also and edge of G, it follows that xand y are adjacent
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in G.Since S is a strong vertex covering set of Gwe have x € S or Yy € S. Sincex v andy # v,
xeS, oryeS,. Thus, S, is a strong vertex covering set of G-v. Thus,

a,(G-V)<|S,|<|S|=a,(G) and the theorem is proved. n

Remarks: The above theorem says that if ve S where S is a minimum strong vertex covering set of

G, thena (G —V) < (G) . However, the above condition is not necessary.

Example 3.3. Consider the semigraph G whose vertex set is V(G) ={1,2,3,4,5}and edge set is
E(G) ={(1,2,3,4),(3,5),(4,5)}. Note that the set S ={2,3,4} is a minimum strong vertex covering
set of G .Hence «,(G) =3.

Now consider the semigraph G —1. In this semigraph the edges are(3,5) and (4,5). In this
semigraph {5} is a minimum strong vertex covering set of G —1. Hence, (G —-1)=1. Thus,

a,(G-Vv)<a,(G). Notethat 1¢ S and there is no «, —set of G which contains 1.

1 2 3 4
] O G/{\
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Figure 1

For a semigraph G we introduce the following notations.
V2 ={veV(G):a,(G-V)=a,/(G)} and V, ={veV(G):a,(G-V)<a,(G)}.
Accordingly if Sis a minimum strong vertex covering set of G then for every vertex v in S,

v eV, (From Theorem 3.2). Thus, if S,,S,,...,S, are all minimum strong vertex covering sets of G,
then US, (i =1,.2,...,k) is a subset of V, .

Now we prove a necessary and sufficient condition under which a vertex v ch? .

Theorem 3.4. Let G be asemigraphandv eV (G) then (G —V) = ,(G) if and only if there is
a minimum strong vertex covering set S, of G —v suchthat N(v) c S,.
Proof: Suppose that (G —V) = «(G).

Let S bea a,—setof G. If veSthen o, (G-V)<a,(G), which is a contradiction. Thus,

v ¢ S and therefore S is a strong vertex covering set of G —v. Hence, S isa o, —setof G—v .
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Let S,=S. Suppose N(v) zS, then there is a neighbour wof v such that weS,. Then
veg S;wegS which contradicts the fact that S is a strong vertex covering set of G. Thus,
N(v)cS,.

Conversely, suppose S,is an ¢, —set of G —v such that N(v) = S,. We claim that S is a strong
vertex covering set of G . To prove this, suppose X and y are adjacent vertices in G . If x = vand
y#V, X and y are adjacentin G—v, then Xxe S, or yeS,.If x=v and y # vand suppose X
and y are adjacentin G but notin G —Vv, then every edge E which contains X and y also contains
V. Therefore, X and y are neighbours of v and hence X,y €S, .

Suppose X =V andy #V, then y is a neighbour of v, because X and y are adjacent in G.
Hence, yeS, as N(v)c=S,. Thus, o (G)<[S|<a(G-V)<a,(G) which implies that
a,(G —V) = a,(G). This completes the proof of the theorem. n

From the first part of the above theorem 3.5 it is clear that if (G —V) = ,(G)thenN(v) c S,
for every o, —set of G . Hence, we have the following corollary.

Corollary 3.5. If G isasemigraph veV(G) and o (G —V) = ,(G) then
N(V)c({S:Sisa o, —setof G}.
Corollary 3.6. Let G be a semigraph then Vc? is a strong independent subset of G .
Proof: Suppose UandveV? with u=v. If uand v are adjacent then ue N(v) and hence by
Corollary 3.5, u€ S, for every o, —set Sof G. Let S, be any o, —setof G, then ueS,. Hence

by Theorem 3.2, u €V__, which is a contradiction as v ch? . Therefore, U and v cannot be adjacent.

cr?

Thus, V! is a strong independent set. [

Theorem 3.7. Let G be a semigraph and veV (G). Then £,(G —V) < £,(G) if and only if there is a
maximum strong independent set T of G —v such that N(V)NT =¢.
Proof: Suppose f.(G-V)< f,(G). Let T be a maximum independent set of G. If veT, then
T —{v} is a maximum independent set of G —v. Since v is not adjacent to any vertex in G,
NV)NT =¢.

Suppose, v ¢ T for any maximum independent set T of G . Then for any such set T, Tis an
independent set in G — v, which implies that S,(G —V) > £,(G), which is contradiction. Thus, it is

impossible that v ¢ T , for every maximum independent set T of G .

Conversely, suppose T is a maximum independent set of G —v suchthat N (V) " T =¢. We

claim that T is an independent set in G also. Suppose X,y € T which are adjacent in G. ThenX # Vv
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and y#V as N(vV)NT =¢. Then x and y are adjacent in G —Vv which contradicts the maximum
independence of T in G —V.
LetT, =T u{v}. Since, N(v)NT =¢, T, is an independent set in G and hence,

B, (G) 2[T,| >[T| = B (G -V). Thus, B,(G-V) < S (G). "

Corollary 3.8. Let G be a semigraphand v eV (G) if £,(G —V) < 5,(G) then there is a maximum
independent set S of G suchthat veS.

The converse of above corollary is not true in general.

Example 3.9. Consider the semigraph G whose vertex set V(G) ={1,2,3,...,7} and edges are
,2,3),(1,6,4),(3,4),(3,6),(4,5) and (5,6). Note that 7 is an isolated vertex in G . We can observe
that S ={1,5,7} is a maximum independent set of G and f,(G) =3. Now consider the semigraph
(G —1). The edges of this semigraph are (3,4),(3,6),(4,5) and (5,6). In this semigraph T ={1,5,7} isa
maximum independent set and hence f,(G —1) = 3. Thus, 5,(G —V) = 5,(G) although 1 S which

is maximum strong independent set of G .
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Figure 2

We may note that (G —V) = (G) —1 is not always true if o (G —V) < (G).

Example 3.10. Consider the semigraph given in Figure 3. Here the set S ={0,1,2,3} is an « — set of
G . Hence, a,(G) =4. In the semigraph (G —0) there are no edges and it vertex set is 1, 2, 3, 4, 5
and 6. Thus, a (G —0) =0. Hence, o, (G -0) =, (G) - 4.
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Figure 3
Theorem 3.11. Let G be a semigraph and v eV (G), then (G —V) = (G) -k if and only if

S (G—-V)=p.(G)+k -1 for every integer k >0 and k <« (G).

Proof: Letn be the number of the vertices of a semigraph G . Here o (G —V) + (G -v) =n-1.
Suppose (G —V) = (G) —k. Then ,(G) —k + f,(G —V) =n—1. Therefore,

B.(G V) =(n—a,(G))+k—1. Hence, B.(G—V) = f,(G) +k —1.

The converse can be proved in a similar manner. ]
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