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Abstract

. . . . 2n+1)% in(2n+1) ¢
Consider the trignometric polynomials 7, (x) = % and s, (z) = Sm(b:%b These
2 2

polynomials are such that their zeros are interscaled and neither of the polynomials is the extrema
of the other polynomial. On these interscaled set of nodes we study an interpolation process when
Lagrange data is prescribed on one set of nodes and Hermite data is prescribed on the other set of
nodes.
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1 Introduction

Consider an interscaled set of points
=0 < Tpp <Yn—1n << T2p <Y1pn < Tip <O (1.1)

where {z; ,,}7_, are the zeros of the polynomial W, (), that is,
Wa(z) = [[( = zin) (1.2)

and {y; », }7= ! are the zeros of W,(x). In 1975, L. G. P4l [9] intiated the study of an interpolation process

when the function values were prescribed at one set of nodes and first derivatives were prescribed on

fcorresponding author
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another set of nodes. Precisely, he proved that for given arbitrary numbers {o;, }i-; and {5}, ?:_11

there exists a unique polynomial of degree < 2n — 1 satisfying the conditions:

Rn(x%n) = O[;'k,n ) 1= 1727” LN, (13)
R, (yin) = B, i=1,2,---,n—1 (1.4)

and an initial condition R, (a) = 0, where a is a given point, different from the nodal points {x; , }7 ;
and {y; » }7- . Since then the above interpolatory problem have been taken up by many mathematicians
on different set of nodes viz. on finite interval [[1], [14] etc.], infinite interval [[3], [5]-[8], [11], [16],
[17] etc.] and on unit circle, most of which are given in [4]. In almost all the problems on Pal type
interpolations the two set of nodes considered are the zeros of a polynomial and its extrema.

In this paper we have considered a different type of Pl type (0;0, 1) interpolation in the sense that
the two set of nodes considered are interscaled and they are the zeros of two different polynomials such
that none is the extrema of the other.

Let {2y 1 },_oand {yn x },_, be two distinct point systems in the interval [-1,1] which are interscaled
such that

1 =Ynnt1 < Tpn <Ynn < <Yn2 < Tp1 <Yn1 < Tpo=1 (1.5)

where {1 };/_, and {y, 1}, _, are the distinct zeros of

~ cos(2n + 1)¢

() = ——5—= (1.6)
COS 5
and )
sin(2n +1)3
sn(r) = (79)2 (1.7)
Sin 5
respectively, with z = cos 6, that* is
rn(Tnr) =0, k=1,2,--- n (1)
Sn(yn,k - 07 k= 17 27 , .

For arbitrarily given numbers {ay}7_, {8 }7=1 and {~4}7_, we have to find a polynomial R, (z) of

lowest possible degree satisfying the conditions:

Ry (xp)=a, k=0,1,---,n
{R;l(m)}yk = Yk k = 1727 cey T

The novelty in this communication comes from the inter-scaled set of nodes as none of them is the
extrema of the other. Hence we call such an interpolation a new kind of Pl type (0; 0, 1) interpolation.
In [12], [13] the authors have considered the problem when the Lagrange data is prescribed on one

set of zeros of (1.5) and weighted first derivatives are prescribed on the other set of zeros of (1.5).

* In the sequel we will use k instead of k, n in the subscript.
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In Section 2 preliminaries are given. Section 3 deals with the explicit representation of the fundamen-
tal polynomials when R,, () satisfies the conditions (1.9) and also when z;’s and y;’s are interchanged
in (1.9). Statement of convergence theorems in both the cases are given in Section 3.3. Section 4 is de-
voted to the estimation of the fundamental polynomials leading to the proof of convervegence theorems

which are given in Section 5.

2 Preliminaries

Let 7, (x) and s, (z) be given by (1.6) and (1.7) respectively. On differentiating with respect to z,
we have
To(x) +2(1 + 2)7r) () = (2n + 1)s,(z) (2.1)

and
sp(r) = 2(1 — 2)s),(x) = (2n + D)ry(z). (2.2)

They also satisfy the recurrence relation [15]

2(1 — 2%)sp(x) = {2(n + Do + Lsa(2) — 2(n + 1)sp1(2) (2.3)
and
2(1 — 2%)rl (2) = {2(n + D)z — 1} (2) — 2(n + V) rpgy (). (2.4)
We also have
O (ra(z)) = O (sn(x)) = cv/n (2.5)

where c is independent of n and . Let {x}};_; and {yx};_, be the distinct zeros of (1.6) and (1.7)
respectively then, we have

- (—1)k\/§

ra(yr) = e ol (2.6)
~(=Dkv2

Sn(ﬂUk) = ﬁ’ (2.7)

(=Dk(2n +1)

r(Tg) = IR — (2.8)

’ _ n(Yk)
rn(yr) = 50+ o) (2.9)

/ _ Sn(xk)
sy (rg) = 31— ap)’ (2.10)

by (FDFV2(2n +1)
Sp(yr) = TP e (2.11)
and
{ ra(=1) = (2n+1), (1) =1 o)
$n(—1) = (=1)", sp(1) = (2n+1).
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Let
Li(a) = — @) gy, 2.13)

and
Tn(x)

(@ — @p)ry(2p)’
For Ly (x) and l;(x) defined above, we have [15]

le(z) = k=1,2,...n. (2.14)

n

> |Li(@ Z (n). (2.15)

k=1 =

k k
e < V11—t < (2.16)

where t;,’s are either the zeros of r,,(x) or s, ().

We need the following estimates

3 Existence and Explicit Representation of the interpolatory polynomial
3.1 Pal Type (0;0, 1)-Interpolation

Let (2n + 1) points in [-1,1] be given by (1.5). Then to the prescribed numbers {a }7_, {8k} 71
and {7, }}._,, there exists a unique polynomial R,,(x) of degree < 3n+1 satisfying the conditions (1.9).

The polynomial R, (z) satisfying the condition (1.9) can be explicitly represented as

n+1

Z%Ak +Zﬁk3k +Z’Yk0k 3.1

where { Ay, (z)}7_o, {Bx(2)}?4] and {Cx(z)}7_, are uniquely determined polynomial each of degree
< 3n + 1 satisfying the following conditions: For k = 0,1, ....n

Ak(aj]) :(5jl€7 ] :0111"' ,
Ap(y;)) =0, j=12,--- . nn+1 3.2)
A?g(y]):()a j:1>2>"'7n

Fork=1,2,--- ,n,n+1

Bk(ﬂfj):(), j:0>1>"'7n
B;g(y])zoa j:1,2,"',’l’L

andfork=1,2,---,n
Ck(m]):07 j:0717"'7n
C];(y]): ik j:1727'”7n

The explicit forms of the Ag(z),k = 0,1,--- ,n, Bg(z),k = 1,--- ,n,n + 1 and Ck(x),k =



A new kind of Pil type (0;0, 1) interpolation 25

1,--- ,n are given in the following theorems.

Theorem 3.1. The fundamental polynomial {C},(x)}}}_, satisfying conditions (3.4) are given by

(1 = 2®)rp(x)sn(x)
(1 = 2)rn(yr)sp (yr)

Ci(z) = Ly () (3.5)

where Ly (x) are given by (2.13).

Theorem 3.2. The fundamental polynomials { By, () Zill satisfying the conditions (3.3) are given by:

fork=1,2,---,n

(1 — 2®)ro(z) LE(x)
(1 - y]%)rn(yk)

By () + c1,C () (3.6)

where Ly (x) are given by (2.13),

—2uyrn (k) + (1 — y2)rn (k) + 2(1 — y2)rn (ui) L, (yr)

- _ 3.7
“ (1= y2)ra(un) G
and Cy(z) are given by (3.5). For k = n + 1, we have
(= a)r(z)sy(2)
Bn-i—l(x) - 27“n(—1)5%(—1) (38)

Theorem 3.3. The fundamental polynomials { Ay (x)}}_, satisfying the conditions (3.2) are given by
fork =0,
(1 +a)rn(2)s} (@)

D) = = aem) (39)

andfork =1,2,---.n

(1 — a?)sp (@)l ()

A = T 2 ()

(3.10)
where li,(x) are given by (2.14).

The proofs of the Theorems 3.1, 3.2 and 3.3 are quite similar to that of theorems in [3].

3.2 Pal Type (0;0, 1)-Interpolation with interchanged nodes

In this section we consider the problem defined in the previous section when the nodes are inter-
changed, that is when Lagrange data is prescribed on the zeros of s,,(z) given by (1.7) and Hermite data
is prescribed on the zeros r,,(x) given by (1.6). Precisely we have that, for (2n + 1) points given by

(1.5) and to the prescribed numbers {a }} 1, {8;}7_, and {7} }7_,, there exists a unique polynomial
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R} (z) of degree < 3n + 1 satisfying the conditions

Ry(yy)=0of, k=1--- ,nn+1
Ri(zp) =B, k=0,1,---,n (3.11)
(R;)/(J}k):’}/z, k‘:1,2,"',’l7,

The polynomial R} (z) satisfying the above conditions can be explicitly represented as

n+1

Ry(x) =) ajAi(2) + ) BiBi(x) + Y 7Cil(e) (3.12)
k=1 k=0 k=1

where { A% (z)}721, {B}(x)}7_, and {C}(z)}7_, are uniquely determined polynomial each of degree
< 3n + 1 satisfying the following conditions: For k = 1,2,--- ,n,n +1

A;:;(y]): k> j:1727"'7n7n+1

Fork=0,1,--- ,n
Bj(zj) =01, j=0,1,2---,n (3.14)
(By) (z;) =0, j=12---,n

andfork=1,2,---,n
Ci(ly;) =0, j=1--- ,nn+1
Ci(xzj) =0, j=0,1,2---,n (3.15)
(CZ;)/(%)Z ik, J=12---,n

The explicit forms of the Aj(x),k = 1,--- ,n,n + 1, Bj(x),k = 0,1,--- ,n and C}(x),k =

1,--- ,n are given in the following theorems.

Theorem 3.4. The fundamental polynomial { A%(z)}}*1 satisfying conditions (3.13) are given by

fork=1,2,---,n
(1 — 2?)r3(z)Ly()

Al (x) = L 3.16
N (TS 1o
Ly(x) are given by (2.13) and fork =n + 1
. _ (L =a2)ra(a)sn(2)
n+1(2) = 52 (—1)s,(=1) (3.17)

Theorem 3.5. The fundamental polynomials {C};(x)}}_, satisfying the conditions (3.15) are given by

(1 = 2%)sn(@)rn (@)l (2)
(1 —a3)sn(xr)r), (2r)

Cr(z) (3.18)
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where lj;(x) are given by (2.14).

Theorem 3.6. The fundamental polynomials { B}(x)}}._, satisfying the conditions (3.14) are given by
fork =0

ooy (L 2)rh(z)se()
By(x) = 22 (1), (1) (3.19)
andfork=1,2,---,n
Bi(x) (1= 22)sm(ar) + ¢, C () (3.20)
where ~ ) ,
oy — —2xpsp(xr) + (1 —2g)sy, (o) + 2(1 — x3) sn(r) 1), (Tr) (3.21)

(1 — 23)sn(z)

and [y (x) are given by (2.14).

3.3 Convergence Theorems

In this section we state the main theorems which deal with convergence of the interpolatory polyno-
mials R, (z) and R} () defined by (3.1) and (3.12) respectively.

Theorem 3.7. If f : R — R is a continuously differentiable function then

n n+1 n
Ru(f,2) = fle)Ai(x) + > fyi)Bi(z) + Y f'(y:)Ci(x) (3.22)
=0 =1 =1

satisfies the relation

() — Rulfo2)] < bl (72 00(2) + <2> o (', 5u(an)

k=1 K
" B (3.23)
Cq C5 /
2 — )
+;xf T Tl (A CRTA )
where c, are constants independent of n and x, w(f, .) is the modulus of continuity and
V1 — 2
On(z) = yvo-r (3.24)
n

Theorem 3.8. If f : R — R is a continuously differentiable function then

n+1

Ri(f,x) = flx)Ai(z)+ > fly)Bi(x)+ > f'(i)Ci(x) (3.25)
1=1 1=0 =1
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satisfies the relation

n

£(2) = By (f,)] < cobu(a)e (F6a(2) + Y (5) @ (F6alu)

k=1
cs V2¢9
k 2n+1

(3.26)

n

2

k=1

w (f',dn(xk))

where w(f,.) is the modulus of continuity, ¢, are constants independent of n and x and § is given by
(3.24).

We prove only Theorem 3.7 as the proof of Theorem 3.8 is quite similar to that of Theorem 3.7. To
prove Theorem 3.7 we need the estimates of the fundamental polynomials, which are discussed in the

next section.
4 Estimation of the Fundamental Polynomials
Lemma 4.1. Let C(x) be given by (3.5) For —1 < x < 1, we have

c

= 4.1
Cul)] = 5= @)
where c is a contant independent of n and x.
Proof. Since for x = cos 6, we have
2 1
|(1 = 2®)rp(@)sp(a)| = 5 |cos 2nf — cos2(n + 1)0| < 1.
Hence by using (2.6), (2.11) and (2.15) in (3.5), (4.1) follows. [ |
Lemma 4.2. Let Bi(z),k = 1,2, ....n be given by (3.6) then for —1 < x < 1, we have
| [ el
Bip(z)| < |————| |24+ — 4.2
Proof. Let By(x) be given by (3.6), then
[Bi()] < ‘ A= L@ ey o) (4.3)
E\T)| > c1rCk (@ .
(1 - y[?)rn(yk)
where
—2Yk 7 (Uk) /
C1i| = + + 2L5 (Y
ol = | s ) T

For finding the value of L} (x}), differentiating (2.13) with respect to =, we have

"

2L (yk) =
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Also by differentiating (2.2) with respect to x and using (2.6), (2.9) and (2.11), we have

which implies

2y, + 1
2Ly (yk) = (4.4)
Hence
—2up 1 2 + 1 1
lc1k] = ‘ - + < (4.5)
(T—y) 2004+wk) 20—y |~ 201 —y3)

Hence by using ‘ V(1 + x)rn(x)‘ < 2,(2.15), (4.5) and Lemma 4.1 in the equation (4.3), (4.2) follows.

]
Lemma 4.3. Let Ay(z),k =1,--- ,n be given by (3.10), then for —1 < x < 1, we have
An(@)] < — 4.6)
xr -7 .
S (1= a})
Proof. By using |(1+ z)s2(z)| < 1,(2.7) and (2.15) in (3.10), (4.6) follows. |

5 Proof of theorem 3.7

In order to prove Theorem 3.7, we need the following result due to I.LE. Gopengaus [2].

Let f € C"[—1,1], then for n > 4r + 5, there exists a polynomial Q),,(z) of degree at most n such
that forall z € [-1,1] and for k = 0,1,--- ,r

(@) = QP(@)| < ek (Bula)) e (£, 60 (x)) (5.1

where 6, () are given by (3.24) and ¢} s are constants independent of f, n and x.

Proof. From the uniqueness of R, (z) in (3.1) it follows that every polynomial @, (z) of degree <
3n + 1 with the property (5.1) satisfies the relation

Qn(z) = Qulr) Ax(@) + Y Qnlyr) Br(x) + Y Q) () Ci () (5.2)
k=0

k=1 k=1
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Therefore

| (x) = Ru(f, )!<!f()— (@) + [Bn(f, ) — Qn()|

n+1

+Z|f yz Qn yz HB ’+Z}f yz _Q;z(yz)“cz(x)

(5.3)

By (5.1) forr = 1 and k£ = 0 we have f(z¢) — Qn(z0) = f(Yn+1) — @n(Yn+1) = 0 which implies that

[f(x) = Rn(f, )| < [f(2 |+Z|fxz — @n(z)| [Ai(2)]

+Z!f yi) — Qn(vi)||Bi(x !+Z\f yi) — Qn(yi)| |Ci(x)

=h++Jd3+ 0

By (5.1) forr = 1 and k£ = 0 we have

J1 < cop(x)w (f’,én(x))

Again by (5.1) forr = 1 and k = 0, (2.16) and (4.6) we have

Jy < ch(sn(xk>w (f/,5n($k)) ’Ak’(x”

<; (n \/21017) w (f8n(a1))
gfj(i?) (' n(a))

Again by (5.1) for r = 1 and k = 0, (2.16) and (4.2) we have

J3 < Zc3an(yk>w (f,a(sn(yk» | Bi(z)]

k=1

= V2c3
k=1 n4/1—y3

< 3 (1.6, )
k=1

1
2+

<
= 2(2n + 1)

w (f/a 6n(yk))

5.4)

(5.5)

(5.6)

(5.7)
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Again by (5.1) forr = 1 and k = 1, (2.16) and (4.1) we have

Ji <Y esw (f,0n(ur)) [Cr(=)]

k=1

n NG (5.8)
c5V2 /
<
< Z:: M + 1W (f 75n(yk))
By substituting the values of (5.5), (5.6), (5.7) and (5.8) in (5.4), the theorem follows. [ |
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