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Abstract

Let G = (V,E) be a graph without isolates. A subsetS of V (G) is called a total dominating set

of G if for every v ∈ V , there existsu ∈ S such thatu andv are adjacent.S is called a total com-

plementary acyclic dominating set ofG, if S is a total dominating set ofG and〈V − S〉 is acyclic.

V (G) is a total complementary acyclic dominating set ofG (sinceG has no isolates). The minimum

cardinality of a total complementary acyclic dominating set ofG is called the total complementary

acyclic domination number ofG and is denoted byγt
c−a(G). In this paper, characterization of

graphs for whichγt
c−a(G) takes specific values are found.

Keywords: Domination, total domination, total complementary acyclic dominating set, total com-

plementary acyclic domination number.
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1 Introduction

By a graph, we mean a finite, undirected, without loops and multiple edges. A setS of vertices of

a graphG = (V,E) is a dominating set ofG if every vertex inV − S is adjacent to some vertex ofS.

The domination numberγ(G) is the minimum cardinality of a dominating set ofG. Let G be a graph

without isolated vertices. A setS ⊆ V (G) is a total dominating set if every vertex inV (G) is adjacent

to a vertex inS. Every graph without isolated vertices has a total dominating set , sinceS = V (G) is

such a set. The total domination number ofG, denoted byγt(G), is the minimum cardinality of a total

dominating set ofG. A total dominating set of cardinalityγt(G), we call aγt(G)-set. Total domination

in graphs was introduced by Cockayne, Dawes and Hedetniemi[1] and is well studied in graph theory.

A detailed survey on this subject is available in Slater[3,4].

Definition 1.1. Let G be a graph without isolates. A subsetS of V (G) is said to be a total comple-

mentary acyclic dominating set(total c-a dominating set) ofG if S is a total dominating set ofG and

〈V − S〉 is acyclic.

For any graphG without isolates,V (G) is a total c-a dominating set ofG.
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Definition 1.2. The minimum cardinality of a total c-a dominating set ofG is called the total c-a domi-

nation number ofG and is denoted byγt
c−a(G).

Example 1.3. A total c-a dominating set of a graphG is given below.
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Figure 1: Total c-a dominating set ofG.

S = {3, 4} is a total dominating set and〈V − S〉 is acyclic. Therefore,S is a total c-a dominating set.

Definition 1.4. A total c-a dominating setS of G is minimal if no proper subset ofS is a total c-a

dominating set ofG.

Remark 1.5. Any superset of a total c-a dominating set ofG is also a total c-a dominating set ofG,

since ifS is a total c-a dominating set ofG andu ∈ V − S, thenS ∪ {u} is a total c-a dominating set

of G. Therefore, total c-a domination is superhereditary.

Remark 1.6. A total c-a dominating set ofG is minimal iff it is 1-minimal.

2 Main Results

In this section, some results on minimal total c-a dominating set andγt
c−a(G) for standard graphs are

discussed.

Theorem 2.1. A total c-a dominating setD of G is minimal if and only if for each vertexu ∈ D, one

of the following conditions holds.

1. u has a private neighbour inV −D.

2. 〈(V −D) ∪ {u}〉 contains a cycle.

Proof: Let D be a total c-a dominating set ofG. SupposeD is minimal.

Let u ∈ D. ThenD − {u} is not a total c-a dominating set ofG.

Therefore,〈(V −D) ∪ {u}〉 contains a cycle oru has a private neighbour inV −D with respect toD.

Conversely, suppose for everyu in D, one of the conditions holds.

If (1) holds, thenD − {u} is not a dominating set.

If (2) holds, thenD − {u} is not a complementary acyclic. Therefore,D is a minimal total c-a domi-

nating set ofG.

Lemma 2.2.

1. γt
c−a(Kn) = n− 2, n ≥ 4.

2. γt
c−a(K1,n) = 2

3. γt
c−a(Dr,s) = 2
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4. γt
c−a(Wn) = 2

5. γt
c−a(Pn) =


n
2 if n ≡ 0 (mod 4)

⌊
n
2

⌋
+ 1 otherwise

Theorem 2.3. For any cycleCn,

γt
c−a(Cn) =



n
2 if n ≡ 0 (mod 4)

n
2 + 1 if n ≡ 2 (mod 4)

⌈
n
2

⌉
if n is odd, n ≥ 3

Proof: Case (i): n ≡ 0(mod 4).
Let n = 4k, k ≥ 1.

Let V (Cn) = {v1, v2, ..., v4k} andD = {v1, v2, v5, v6, ..., v4k−3, v4k−2}. Then|D| = 2k. Clearly D is

a total c-a dominating set ofCn. Therefore,γt
c−a(Cn) ≤ 2k.

Let D1 be a minimum total c-a dominating set ofCn. Let vi ∈ D1. Then eithervi−1 or vi+1 ∈ D1.

If D1 containsk − 1 pairs of adjacent vertices, thenD1 can totally dominate at most 4k-4 vertices of

Cn, which is a contradiction. Therefore,|D1| ≥ 2k.

Hence,γt
c−a(Cn) = 2k = n

2 .

Case (ii): n ≡ 2(mod 4).
Let n = 4k + 2, k ≥ 1.

Let V (Cn) = {v1, v2, ..., v4k+2} and D = {v1, v2, v5, v6, ..., v4k+1, v4k+2}. Then |D| = 2k + 2.

ClearlyD is a total c-a dominating set ofCn. Therefore,γt
c−a(Cn) ≤ 2k + 2.

Let D1 be a minimum total c-a dominating set ofCn. Letvi ∈ D1. Then eithervi−1 or vi+1 ∈ D1. If

D1 contains k pairs of adjacent vertices, thenD1 can totally dominate at most 4k vertices ofCn, which

is a contradiction. Therefore,|D1| ≥ 2k + 2.

Hence,γt
c−a(Cn) = 2k + 2 = n

2 + 1.

Case (iii): n ≡ 1(mod 4).
Let n = 4k + 1, k ≥ 1.

Let V (Cn) = {v1, v2, ..., v4k+1} andD = {v1, v2, v5, v6, ..., v4k+1}. Then|D| = 2k + 1. ClearlyD is

a total c-a dominating set ofCn. Therefore,γt
c−a(Cn) ≤ 2k + 1.

Let D1 be a minimum total c-a dominating set ofCn. Let vi ∈ D1. Then eithervi−1 or vi+1 ∈ D1.

If D1 contains k pairs of adjacent vertices, thenD1 can totally dominate at most 4k vertices ofCn, a

contradiction. Therefore,|D1| ≥ 2k + 1.

Hence,γt
c−a(Cn) = 2k + 1 =

⌈
n
2

⌉
.

Case (iv):n ≡ 3(mod 4).
Let n = 4k + 3, k ≥ 0.

Let V (Cn) = {v1, v2, ......, v4k+3} andD = {v1, v2, v5, v6, .........., v4k+1, v4k+2}. Then|D| = 2k +2.
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ClearlyD is a total c-a dominating set ofCn. Therefore,γt
c−a(Cn) ≤ 2k + 2.

Let D1 be a minimum total c-a dominating set ofCn. Let vi ∈ D1. Then eithervi−1 or vi+1 ∈ D1.

If D1 containsk pairs of adjacent vertices, thenD1 can totally dominate at most 4k vertices ofCn, a

contradiction. Therefore,|D1| ≥ 2k + 2.

Hence,γt
c−a(Cn) = 2k + 2 =

⌈
n
2

⌉
.

Theorem 2.4. γt
c−a(Km,n) = min{m,n}, m,n ≥ 2.

Proof: Let G = Km,n, m,n ≥ 2.

Let m ≤ n Let V1, V2 be the bipartite sets ofG.

Let |V1| = m and|V2| = n.

Case (i):m = 2.

Choose a vertexu from V1 and a vertexv from V2. Then{u, v} is a total c-a dominating set ofG.

Hence,γt
c−a(G) = 2 = min{m,n}.

Case (ii): m ≥ 3.

Let D = V1 − {u} ∪ {v}, whereu ∈ V1 andv ∈ V2. ThenD is a total c-a dominating set ofG.

Therefore,γt
c−a(G) ≤ m.

Let D1 be a minimum total c-a dominating set ofG. If D1 containsm − 2 or less points fromV1,

then the remaining vertices ofV1 will form a cycle with any set of vertices ofV2 of cardinality greater

than or equal to 2. Therefore,D1 contains at leastm − 1 vertices fromV1. For total domination,D1

contains at least one vertex fromV2 and hence|D1| ≥ m = min{m,n}. Therefore,γt
c−a(G) = m =

min{m,n}.

Theorem 2.5. γt
c−a(G) = 2 iff G is obtained from an acyclic graphH of cardinalityn− 2 and adding

two vertices toH and making them adjacent and dominatingH.

Proof: Obvious.

Theorem 2.6. γt
c−a(G) = n if and only if G = n

2 K2

Proof: Supposeγt
c−a(G) = n

Case(i):G is connected.

If G is of order 2, thenG = K2 andγt
c−a(G) = 2. SupposeG is of order greater than or equal to 3.

Then for anyu in V (G), V (G)-{u} is an acyclic dominating set ofG. If V (G)-{u} is independent, then

u is adjacent with every vertex ofV (G)-{u}. Therefore,G is a star of order greater than or equal to 3. In

this caseγt
c−a(G) = 2 < |V (G)|, a contradiction. Therefore,V (G)-{u} is not independent. Therefore,

V (G)-{u} is a c-a dominating set ofG. LetNi(u) be the set all independent neighbours ofu. If Ni(u) ≥
2 and any vertex inNi(u) is not adjacent with any vertex inV (G)-{u},then(V (G)−Ni(u))∪ {u, u1}
is a total c-a dominating set ofG. If Ni(u) = {u1} and|N(u)| ≥ 3, then there are atleast two adjacent

neighbours ofu sayu2, u3. ThenV (G)-{u2, u3} is a total c-a dominating set ofG.If |N(u)| = 2, then

Ni(u) = {u1, u2} , a contradiction. IfN(u) = 1,then〈{u, u1}〉 is a component ofG, a contradiction.In



Total complementary acyclic domination in graphs 9

this caseγt
c−a(G) < n, a contradiction.Therefore,G is of order 2 and henceG = K2.

Case(ii): G is disonnected.

γt
c−a(G) =

∑k
i=1 γt

c−a(Gi), whereG1, G2, ..., Gk are the components ofG, k ≥ 2. Sinceγt
c−a(G) =

n, γt
c−a(Gi) = |V (Gi|, 1 ≤ i ≤ k. Arguing as in Case(i), we get thatGi = K2 for 1 ≤ i ≤ k. There-

fore,G is of even order andG = n
2 K2.

The converse is obvious.
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