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Abstract

A simple graph G is called felicitous if there exists a one-to-one function f: V(G) — {0,1,2, ..
., 0} such that the set of induced edge labels f *(uv) = (f(u) + f(v)) (mod q) are all distinct. In this
paper we show that P, ,m:+1 P°™ and C, x P, are felicitous graphs.
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1 Introduction

In this paper we consider only simple graphs. For notation and terminology, we refer to [2]. Lee,
Schmeichel and Shee [7] introduced the concept of a felicitous graph as a generalization of a
harmonious graph. A graph G with g edges is called harmonious if there is an injection f: V(G) —
Z,, the additive group of integers modulo q such that when each edge xy of G is assigned the label (f(x)
+ f(y)) (mod q), the resulting edge labels are all distinct. A felicitous labeling of a graph G, with g
edges is an injection f : V(G) — {0.,1,2, . . . ,q} so that the induced edge labels f “(xy) = (f(x) + f(y))
(mod q) are distinct. Clearly, a harmonious graph is felicitous. An example of a felicitous graph
which is not harmonious is the graph Ky, ,, wherem, n > 1.

Throughout this paper, f denotes a 1-1 function from V(G) to a subset of the set of non-negative
integers and for any edge e = xy € E(G), f (e) = f(x) + f(y).
In [4, 5, 6], Kathiresan introduced new classes of graphs denoted by P, and P.° and discussed the

magic labeling of P, [5]. In [8], the gracefulness of P, was discussed. It motivates us to discuss the
felicitousness of the graphs P, and P>,

2 Definitions and basic results

Definition 2.1. Let u and v be two fixed vertices. We connect u and v by means of b > 2 internally
disjoint paths of length a >2 each. The resulting graph embedded in a plane is denoted by P,,. Let
Vo, Vi', Vo', . .., Va4 be the vertices of the i copy of the path of length a, wherei=1,2,3,...,b. v,' =
uand v, =vforalli.

We observe that the graph P, has (a — 1)b + 2 vertices and ab edges.
Definition 2.2. Let a and b be integers such that a > 2 and b > 2. Let y1, ¥», . . . , Ya be the fixed
vertices. We connect the vertices y; and yi.1 by means of b internally disjoint paths P of length i+1
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each, 1 <i<a-1 and 1 <j<Db. Lety; Xij1, Xij2 - - -, Xiji» Yi+1 D€ the vertices of the path Pl 1<i<
a—1 and 1 <j<b. The resulting graph embedded in a plane is denoted by P.”, where V(P.?) = {y; :

a-1 b a-1 a-1 b
1<i _<a} (o4 U U {Xi,j,k, 11 <k _<|} and E(Pab) = U {y, Xij1 - 1_q5b} (o2 U U {Xi,j,k Xijk+1 -
i=1 j=1 i=1 i=1 j=1
a-1
1<k<i-— 1} (&4 U {Xi,j,i Yi+1 - 1 _<j _<b}
i=1
. b .. ba(a-1)
We observe that the number of vertices of the graph P,” is — +a and the number of edges

i b(a-1)(a+2) .

2
Definition 2.3. A subgraph H of a graph G is said to be an even subgraph of G, if the degree of every
vertex of H is even in H.

Result 2.4. [1] An even subgraph of a felicitous graph with an even number of edges contains an even
number of odd labelled edges.

Result 2.5. [1] No even graph with 4n + 2 edges is felicitous.

Lemma 2.6. [1] Let G be a graph with an odd number of edges and let f: V(G) — {0, 1, 2, . .., g} be
an odd edge labeling of G. Then, fis a felicitous labeling for G.

Proof. Asfis an odd edge labeling of a graph G with odd number of edges, f(E(G)) ={1, 3,5, ...,
2q — 1}. After taking mod q, f(E(G)) ={1, 2,3, ..., q}. So, f becomes felicitous labeling of G.

Remark 2.7. It is observed that as in Result 2.5, most of the even graphs are not felicitous. So,
finding felicitous graphs with even number of edges are very difficult.

3 Main Results

Theorem 3.1. Py, 2n+1 IS @ felicitous graph for all values of m and for odd values of r.

Proof: Let u and v be the origin and the terminal vertices of the (2m + 1) internally disjoint paths of
length r in Py, ome1. Let Vo, vi', Vo', . .., v, be the vertices of the i copy of the path, wherei=1,2, 3, .
..,2m+1, v, =uandv, =vforall i. The number of vertices of the graph Py oms1 is (r—1) (2m + 1)+2
and the number of edges is (2m + 1)r.

It is enough to show that Py ,n+1 admits odd edge labeling.

Define f on the vertex set of Py om+1 as follows:

fw=0 f(v)=2m+ Dr

Forlgjgr—_l,
2
f(vi,,)=(@m+2)(j-)+(2i-1), 1<i<2m+1,

()= (6m+2)+(@Am+2)(j-D)—-431-1), 1<i<m+1
2771 em+ (Am+2)(j-1) - 43— (m+2)), m+2<i<2m+1
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Let Er={vhvi:l<i<2m+1}.

Ez = {ij+l Vj+1m+l, ij Vj+lm, . le Vj+1l, Vj2m+l Vj+12m+l, Vj2m Vj+12m’ . ij+2 Vj+1m+2 1< jS r— 2}
—_ oM+l o m+1 ,2m+1,2m+1 ., m m ,,2m .,2m 2 2 . m+2 m+2 .1 1
Es={v,_; Vvr "V Vr Ne_g Ve Ve Ve o Ve Ve V" Ve TV Vi b

The labels of the edges inE;are 2i —1, 1 <i<2m+ 1.

For1<j<r-2,thelabels of the edgesinE,are2j 2m+1)+1,2j(2m+1)+3,...,2(j +1)(2m + 1)
—(@m-1),2(+1)@m+1)—(2m-3), ..., 2(j + 1)em+ 1) - 1.

The labels of the edges in Egare 2(r — 1)(2m +1) +1, 2(r—-1)2m+1)+3,...,2r(2m+1)-1.

f(E) = {1,3,5, ...,22m+1)-1) = {1,3,5, ..., 4m+ 1}.

f(E) = {2@2m+1)+1,22m+1)+3, ...,42m+1)—(2m-1),42m+1)— (2m-3), ..., 4(2m
+1)-1,...,2(r-2)2m+1)+1,2(r—-2)2m+1)+3, ..., (2(r-2)+2)2m+1) -1} = {4m+ 3,
dm+5, ...,6m+56m+7, ....8m+3,...,2(r-2)2m+1)+1,2(r-2)2m+1)+3, ...,2(r—

1)(2m + 1) - 1}.
f(Es) ={2(r-1)2m+ 1)+ 1, 2(r—-1)(2m+1)+3, ...,2r(2m+1) -1}
Now, f(E(G)) = f(E;) v f(Ep) L f(E3).

f(E(G) ={1,3,5 ..., 4m+1,4m+3,4m+5, ..., 6m+ 5, 6m+7, ..., 8m+3,...,2(r-
22m+ 1) +1,2(r-2)2m+ 1) +3, ..., 2(r-1)2m+1)-1,2(r-1)2m+ 1)+ 1, 2(r—1)(2m + 1)
+3, ...,2r2m+1)-1}={1,3,5...,29-1}.

Clearly, the above edge labelings are distinct and odd and hence G admits odd edge labeling.

Therefore, by Lemma 2.6, P, om.1 is a felicitous graph for all the values of m and for odd values of r.
[}

Example 3.2. A felicitous labeling of P;s is shown in Figure 1.

Figure 1: A felicitous labeling of P;s.

Corollary 3.3. P, is not a felicitous graph when a = 1(mod 2) and b = 2(mod 4).
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Proof. The number of edges of P, , = ab = (2k + 1) (4m + 2) = (8km + 4k + 4m + 2)= 4(2km + k + m) +
2 =41+ 2 where | = 2km + k + m and | € Z*. Further, the graph P, ,, is even. Hence, P, , is not a
felicitous graph when a = 1(mod 4) and b = 2(mod 4). [ |

Theorem 3.4. P>™ is a felicitous graph for all values of m and r = 0, 3(mod 4).

Proof. Letyy, ¥o ..., Y be the fixed vertices. We connect the vertices y; and y;.; by means of 2m + 1
internally disjoint paths P{ of length i+l each, 1<i<r—1 and 1<j<2m+1. Lety, Xij1, Xij2, - -
.y Xiji» Yi+1 be the vertices of the path P/, 1<i<r-1 and 1<j<2m+ 1. We observe that the
p2m (2m+Dr(r-1)

is +rand the number of edges is

number of vertices of the graph >

@2m+1)(r-(r+2)

> :
It is enough to show that P,>™*! admits odd edge labeling.
Define f on V(P,*™*) as follows :

m+1

fy) = (@—1} @m+1),1<i<r,
f(lejyl) = 2j—1, 1<j<2m+1,
(4, )= 5(2m+1)—1—4(j-2), 1< j<m+1
21277 152m+1)—3-4(j—(Mm+2)), m+2<j<2m+1

For 1<j<2m+1,
f(Xi_yj)+(@m+D)i ifk=12andk +1<i<r-1;

f(x)=1f(x ) +(k-D@m+1) ifkisodd,3<k <r-landk <i<r-1;
f(x;2)+(k=-2)2m+1) if kiseven,4<k<r-landk <i<r-1.

Let Ex = {yi X1, YiXiz2n YiXigs - - YiXiomerd - L<T <1 =1} BEo = {Ximerk Ximerkets Ximk Ximksds -« +
XitkXitk+s1,  Xi2meikXiom+ik+l,  Xi2mk Xi2mk+1, ooy Ximezk Ximezke s 2<i<r—1 and1<k<i-1},

Es = {Xivi Yier, Xi2iViens XigiYiets - - oo Xizmesi Yirr - L <1< 1= 1} and Eg = {Ximei Yier, Xizmesi Yiets Ximi
Vit XizmiYisds - - Xi2i Yieds Xime2,i Yist, XigiVisar L<i<r—1}

The edge labels of P,2™ are as follows:

For 1<i<r-1,the labels of the edges in E;are (i(i + 1) -2)2m + 1) + 1, (i(i +1)-2)(2m + 1) + 3,
LI+ -2)(@2m+ 1) +2(2m + 1) - 1.

For 2<i<r-1 and1<k<i-1, the labels of the edges in E, are (i(i +1)—-2 +2k)(2m +1) +1,
(i(i+1) — 2 + 2k)(2m + 1) +3, ... , (i(i+1) + 2k — 1)(2m + 1), (i(i+1) + 2k - 1)2m + 1) + 2, ...,
(i(i+1) + 2k)(2m + 1) — 1.

Forl<i<r-—1andi= l(mod?2), the labels of the edges in E; are (i(i + 3) —2)(2m + 1) + 1, (i(i + 3)
-2)2m+1)+3, ..., (i(i+3)-2)2m+1)+2(2m+ 1) - 1.
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Forl1<i<r-—1andi=0 (mod2), the labels of the edges in E;are (i(i + 3)—2)(2m + 1) + 1, (i(i + 3)
-2)2m+1)+3, ..., (i(i+3)—2)(2m+ 1) + 2(2m + 1) — 1 respectively.

Now, f(E(G)) = f(E,) U f(E;) U f(Es) Uf(Es) = {1,3,5, ...,22m+1)-1, 4(2m+1)+1,4(2m
+1)+3, ...,4@2m+1)+22m+1)-1,...,(r(r-1)-2)2m+ 1) +1,(r(r—1)-2)(2m + 1) + 3,...,
(rr=1)-2)2m+1)+22m+1)-1} u {62m+1)+1,6(2m+1)+3, ..., 72m+ 1), 72m + 1) +

2, ..., ((rr=)-2)+2r-2)2m+1)+1, (r(r-1)-2)+2(r-2))2m+1)+3, ..., (r(r-1)+
2r—=2))2m+1)-1} U {2@2m+1)+1, 22m+1)+3, ..., 22m+1)+22m+1)-1, ..., ((r—
Dr+2)-2)Cm+1)+1, (r-1)(r+2)-2)2m+1)+3, ..., (r=1)(r+2)-2)(2m+1)+2(2m +
1) - 1}.

Thatis, f(E(G))=4{1,3,5, ... ,22m+1)-1,22m+1)+1, 22m+1)+3, ...,4((2m+1)-1,
42m+ 1) +1,42m+1)+3, ...,6(2m+1)-1,6(2m+ 1) +1,6(2m+ 1)+ 3, ..., 7(2m + 1),
72m+1)+2, ..., (r(r-1)-2)+2(r-2)@2m+21)+1,((r(r-1)-2)+ 2(r—2))(2m + 1) + 3,
o (=) +2(r-2)@2m+ 1) -1, ..., (r-D(r+2)-2)2m+1)+ 1, ((r—1)(r+2)-2)(2m + 1)

+3, ... (r=D(r+2)(2m+1)-1}
={1,3,5, ...,29-1}.

Clearly, the above edge labelings are distinct and odd and hence G admits odd edge labeling.
Therefore, P,*™! is a felicitous graph for all values of m and r = 0, 3 (mod 4). [ |

Example 3.5. A felicitous labeling of P4’ is shown in Figure 2.

Figure 2: A felicitous labeling of P,°.

Corollary 3.6. P,” is not felicitous when b = 2(mod 4) and (i) a = 0(mod 4) or (ii) a = 3(mod 4).
Proof. (i) Let a=0(mod 4) and b = 2(mod 4).
b(a-D(@+2) _ (4k+2)(4m-1)(4m+2)

2 2

The number of edges of P,° =

2(2k +1)(4m —1)(4m + 2)
2

2(8m* + 2m —1) (2k + 1)
= 2(16m’k + 8m? + 4mk + 2m — 2k — 1)
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= 4(8m°k + 4m* + 2mk + m —k— 1) + 2 = 41 + 2 where | = 8m*k + 4m*+ 2mk+ m—k—1and | € Z".

(ii) Let a = 3(mod 4) and b = 2(mod 4).
The number of edges of P,° = W

(4k +2)(4m+3-1)(4m+3+2)
2

2(2k +1)(4m + 2)(4m +5)
2
2(2k +1) (2m + 1) (4m + 5)
=2 (2k + 1) (8m” + 14m + 5)
= 2(16m’k + 28km + 10k + 8m? + 14m + 5)
= 4(8m°k + 4m” + 14mk + 7Tm + 5k + 2) + 2 =41 + 2 where | = 8m% + 4m* + 14mk + 7m + 5k + 2 and
leZ". [ |

Remark 3.7. Let G be a (p, q) graph. Let f be a felicitous labeling. Define fi(uv) = f(u) + f(v) for
every uv € E(G). Then f*(uv) = f;(uv)(mod q).
Theorem 3.8. C,, x Py, is felicitous for m > 1 and n = 1(mod 2).
Proof. Case (i): whenn = 3.
Let V(Csx Pp) ={uj: 1<i<3and1<j<m}.
Define f: V(C3 x Py) — {0,1,2,...,0=6m -3} by
f(up) =i-1,1<i<3;
f(up) =3+0,1<i<2 and f(uxg) = 3;
f(us) =5+i,1<i<3.
f(u, y)+1  , 5<j<mand j=1(mod 2);
fuy) = { f (u:((ljll))) +o,(i), 4<j<mand j=0(mod2); """ 717 (132)
Let E; = {(uyuy), (ujug), (Uguy) : 1<j<m and j=1(mod?2)},
Ez = {(U12 U32), (Us2 Uzz), (Ua2 Ur2), (UgjUz), (Uziuy), (Ugjug) :4<j<m andj=0(mod2)} and
Es = {(u11 U12), (Us1Us2), (Uz1 Uzz), (U12Us13), (Us2 Uss), (Uzz Uga), (Uz2j Uz +p), (UnjUs j+1)), (UsjUssy) - 3 <]
<m-1}
Now, E=Elu E,u Es.
The labels of the edges in E; and E, are fy(E;) U fi(E;) = {6j—5,6j—4,6]—3 :1<j<m}.
The labels of the edges in E; are fy(E3) ={6j —2,6j—1,6j: 1<j<m-1}
Clearly, f (E(G)) = fi(Ey) U fy(Ex) U fi(Es) = {1,2,3, ...,6m—6,6m—5, 6m—4, 6m—3}.
After taking (mod q), f*(E(G)) = fi,(E(G)) (mod ) ={0, 1, 2,3, ...,6m—5, 6m —4}.

Case (ii): whenn > 5.



On felicitous labelings of P, ome1, P2 and C, x Py, 103

Let V(Co X Pp) ={uj: 1<i<nandl<j<m}.
Define f: V(C, x Pp) — {0,1,2,....,9=(2m-1)n} by
flup) =i—-1,1<i<n.

Throughout this proof, addition being taken modulo n with residues 1, 2, 3, ..., n.

1 2 3 Co n
Let o, = ) . . )
"\n-j+2 n-j+3 n-j+4 . . . n-j+1
f(uaj(i)’j) = nj-2)+(n-1)+ i, 1<i<nand2<j<m.
The labels of the edges are,
For1<j<m,
n2j-2)+(2i-1), 1<i<n-1
f ( o). Yo (i+1)j): : :
n2j-2)+(-1), i=n
For2<j<m-1,

fl(uaj (i Yo, (i),j+1) ( o (I)J) o), J+1) ( oj(i),j)f (Uoj+1(i+1),j+l) by the definition of o ;.

lu
{(2] D)+(2i-1), 1<i<n-1
<i

Therefore. fl( 3 (|)J o (i) j+1

n2j-)+((m-1), i=n

Let E = { (G(,)Jua (.+1),)1 <n- 1and1<J<m} {fl(ugj(n)’jucj(l)]j):lgjSm} and

E, _{f(llulz)lsiSn}u{fl(u i iUs iy i ):1£i§n—1and2§j£m—1}.

oj(i).j o (i), j+1
The labels of the edges in E; are,
fi(Ey) =41,3,57,9,...,20-)-L,n-1,2n+1,2n+3,...,2n+2(n-1)-1,2n+n-1,...,
2nm-1)+L,2n(m-1)+3,...,2n(m-1)+2(n-2)-1,2n(m-1)+2(n-1)-1,2n(m-1) + (n -
1)}
Thatis, fi(E;) ={1,3,5,7,9,...,2n-3,n-1,2n+1,2n+3,...,3n-1,...,4n-3, ..., 2mn-
2n+1,2mn-2n+3,...,2mn-5,2mn-3, 2mn -n-1}.

The labels of the edges in E; are,

fi(E)) = {8,10,12,14,16, ...,2(n-1)+6,2n-1,3n+1,3n+3, ..., 3n+2(n-1)-1,3n+n-
L ....,n2m-)-D+1,n2m-1)-1)+2n-2)-1,n2m-1)-1)+2(n-1)-1,n2(m-1) -
D+n-1)}={8,10,12,14,16, ...,2n-1,2n+4,3n+1,3n+3, ...,4n-1, ..., 5n—3,2mn
-3n+1,2mn-3n+3, ...,2mn-n->5,2mn—-n-3, 2mn —2n-—1}.

fi(E) v fi(Ex) = {1,3,7,8,9,10,...,2n-3,2n-2,2n-1,2n,2n+1,2n+2,2n+3,2n+4, ...,
3n—-1,3n,3n+1,3n+2,...,4n-3,4n -2, 4n-1, ..., 2mn-3n+1,2mn—-3n+ 2, 2mn—3n + 3,
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o, 2mn=-2n-1,2mn-2n,2mn-2n+1...,2mn-n-3,2mn-n-2,2mn-n-1, 2mn-n, 2mn —
5, 2mn —3}.

After taking (mod q), f*(E(G)) = f((E(G)) (mod q) ={1,2,3, ..., n—-3,n-2,n-1,n, n+1 n+2,

on2n=12n2n+1,2n+3,...,3n-1,3n,3n+1, ... ,4n-2,4n-1, n(2m-3) + 1, n(2m - 3)
+2, ...,2n(m-1), 2n(m-1)+1, ..., n(2m-1)-1, n(2m-1)}.
Hence, C, x Py, is a felicitous graph for m>1n >5and n = I(mod 2). [ |

Example 3.9. A felicitous labeling of C3 x P, is shown in Figure 3.

Figure 3: A felicitous labeling of C;z X P,.

Example 3.10. A felicitous labeling of C; x Py is shown in Figure 4.

Figure 4: A felicitous labeling of C; X Py.
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