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Abstract
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1 Introduction and Definitions

Nordhaus and Gaddum[2] established the inequality for the chromatic numbersχ(G) andχ(G) as

2
√

p ≤ χ(G) + χ(G) ≤ p + 1 andp ≤ χ(G)χ(G) ≤ (p+1)2

4 . In 1972, Jaeger and Payan[3] published

the first Nordhaus-Gaddum type result involving domination. In this paper we find Nordhaus-Gaddum

type results in majority domination.

By a graph we mean a finite undirected graph without loops or multiple edges. LetG = (V,E) be a

finite graph withp vertices andq edges andv be a vertex inV . The closed neighborhood ofv is defined

by N [v] = N(v) ∪ {v}.

Definition 1.1. [4] A subset S ⊆ V (G) of vertices in a graph G = (V,E) is called a majority dominat-

ing set if at least half of the vertices of V (G) are either in S or adjacent to the elements of S.

That is, |N [S]| ≥
⌈
|V (G)|

2

⌉
.

Definition 1.2. A majority dominating set S is minimal if no proper subset of S is a majority dominating

set. The minimum cardinality of a minimal majority dominating set is called the majority domination

number and is denoted by γM (G). The maximum cardinality of a minimal majority dominating set is

denoted by ΓM (G). Also, majority dominating sets have superhereditary property.

Theorem 1.3.[4] Let S be a majority dominating set of G. S is minimal if and only if for every v ∈ S

one of the following conditions holds:

(i) |N [S]| >
⌈p

2

⌉
and |Pn[v, S]| > |N [S]| −

⌈p
2

⌉
.

(ii) |N [S]| =
⌈p

2

⌉
and either v is an isolate of S or Pn[v, S] ∩ (V − S) 6= φ.
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Definition 1.4. [5] The majority domatic number dM (G) of a graph G is the maximum number of

elements in a partition of V (G) into majority dominating sets.

2 Nordhaus-Gaddum type results in majority domination ofG and G

Theorem 2.1.[6] Let G be a graph without isolates. Then γM (G) ≤
⌈p

4

⌉
.

Proposition 2.2.[4] Let G be any graph with p vertices. Then γM (G) = 1 if and only if there exists a

vertex of degree ≥
⌈p

2

⌉
− 1.

Theorem 2.3.For any graph G , γM (G)+γM (G) ≤
⌈p

2

⌉
+1 and equality holds if and only if G = Kp

or Kp.

Proof. Case(i) :Let G or G has an isolate. If G has an isolate, thenγM (G) ≤
⌈p

2

⌉
and γM (G) = 1.

A similar result holds whenG has an isolate. Therefore, in both the casesγM (G) + γM (G) ≤
⌈p

2

⌉
+ 1.

Case(ii) : Neither G nor G has isolates. By Theorem 2.1,

γM (G) ≤
⌈p

4

⌉
and γM (G) ≤

⌈p
4

⌉
. HenceγM (G) + γM (G) ≤

⌈p
2

⌉
+ 1.

Let γM (G) + γM (G) =
⌈p

2

⌉
+ 1.

Suppose G has an isolate, thenγM (G) = 1. ThenγM (G) =
⌈p

2

⌉
⇒ G = Kp.

SupposeG has an isolate, thenγM (G) = 1. ThenγM (G) =
⌈p

2

⌉
⇒ G = Kp. HenceG = Kp.

SupposeG or G has no isolates. Then by Theorem,γM (G) ≤
⌈p

4

⌉
andγM (G) ≤

⌈p
4

⌉
. ThenγM (G) +

γM (G) ≤ 2
⌈p

4

⌉
.

Case(i) : Whenp ≡ 0, 3(mod 4).
Then,2

⌈p
4

⌉
<

⌈p
2

⌉
+ 1. Therefore,γM (G) + γM (G) <

⌈p
2

⌉
+ 1, which is a contradiction.

Case(ii) : Whenp ≡ 1, 2(mod 4).
SupposeG or G is disconnected. ThenγM (G) + γM (G) ≤

⌈p
4

⌉
+ 1 <

⌈p
2

⌉
+ 1 p ≥ 3, which is a

contradiction. Ifp = 2 thenG = K2. Therefore,G andG are connected graphs with out isolates. Then

γM (G) + γM (G) ≤ 2
⌈p

4

⌉
.

By assumption,
⌈p

2

⌉
+ 1 ≤ 2

⌈p
4

⌉
.

If p ≡ 1, 2(mod 4), then
⌈p

2

⌉
+ 1 = 2

⌈p
4

⌉
. This implies thatγM (G) ≤

⌈p
4

⌉
andγM (G) ≤

⌈p
4

⌉
. Since

G andG are connected graphs withγM (G) ≤
⌈p

4

⌉
andγM (G) ≤

⌈p
4

⌉
, we have p = 3, 4, 7, 8. But

p ≡ 1, 2(mod 4), a contradiction. ThereforeG = Kp or Kp.

The converse is obvious.

Theorem 2.4.For any graph G, γM (G)γM (G) ≤
⌈p

2

⌉
.

Proof. For a set of verticesX ⊆ V (G), defineDe(X) = {v ∈ V − X : v is adjacent to at least⌈
|X|
2

⌉
vertices inX} andDi(X) = {u ∈ X : u is adjacent to at least

⌈
|X|
2

⌉
vertices of X other than

u}.
Let de(X) = |De(X)| anddi(X) = |Di(X)|. LetS = {x1, x2, x3, · · · , xγM (G)} be aγM -set of G.

Choose a setW ⊆ V (G) such that|W | =
⌈p

2

⌉
andW containsS. Now partitionW into sub-

sets B1, B2, ....BγM (G) such thatxj ∈ Bj and at least
⌈
|Bj |
2

⌉
vertices ofBj are adjacent toxj .
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Choose a partitionP for which di(B1)+di(B2)+ ........+di(BγM (G)) is maximum. Suppose that

de(Bj) ≥ 1. Then there existsx ∈ V − (Bj) such thatx is adjacent to at least
⌈
|Bj |
2

⌉
vertices of Bj .

Then there exists an uniquek such thatx ∈ Bk. Supposex ∈ Di(Bk). Then(S −{xj , xk})∪ {x} is a

majority dominating set, a contradiction to the assumption thatS is aγM -set. Therefore,x /∈ Di(Bk).

Construct a new partitionP ′ with B′
r = Br except r = j, k. B′

j = Bj ∪ {x} andB′
k = Bk − {x},

for which di(B′
r) = di(Br), r 6= j, k. di(B′

j) = di(Bj) + 1 anddi(B′
k) ≥ di(Bk). Then

∑
di(B′

l) >∑
di(Bj) which is a contradiction to the choice ofP . Therefore,de(Bj) = 0.

If de(X) = 0 thenX is a majority dominating set inG. HenceBj is a majority dominating set inG

for all j. ThereforeγM (G) ≤ |Bj |, for all j. γM (G)γM (G) ≤ |B1|+ |B2|+ .........+
∣∣BγM (G)

∣∣ =
⌈p

2

⌉
.

Hence,γM (G)γM (G) ≤
⌈p

2

⌉
.

Corollary 2.5. For any graph G, dM (G) ≥ γM (G).

Proof. The proof follows since{B1, B2, ......, BγM (G)} is a partition ofV (G) into majority dominating

sets ofG.

Corollary 2.6. For any graph G, dM (G) ≥ γM (G).

Theorem 2.7.Let G and G have no isolates. Then γM (G) + γM (G) ≤
⌈p

4

⌉
+ 1. The bound is sharp.

Remark 2.8.If γM (G) =
⌈p

4

⌉
then γM (G) need not be equal to 2. For example, let G = C4. Then,

γM (G) =
⌈p

4

⌉
where as γM (G) = 1.

3 Nordhaus-Gaddum type results in majority domatic number ofG and G

Proposition 3.1.[5] Let G be any graph with p vertices. Then 1 ≤ dM (G) ≤ p and the bounds are

sharp.

Theorem 3.2.[5] For any graph G, dM (G) = p if and only if δ(G) ≥
⌈p

2

⌉
− 1.

Theorem 3.3.Let G be any graph with p vertices. Then

(i) dM (G) + dM (G) ≤ 2p.

(ii) dM (G)dM (G) ≤ p2 and equality holds if and only if all the vertices of G and G have degree⌈p
2

⌉
− 1 or

⌊p
2

⌋
.

Proof. The two inequalities can be obtained using Proposition 3.1.

Let dM (G) + dM (G) = 2p. ThendM (G) = p = dM (G). By Theorem 3.2, δ(G) ≥
⌈p

2

⌉
− 1

and δ(G) ≥
⌈p

2

⌉
− 1. It implies that

⌈p
2

⌉
− 1 ≤ δ(G) ≤ ∆(G) ≤ p− 1−

⌈p
2

⌉
+ 1 =

⌊p
2

⌋
. Hence all

the vertices ofG and G have degree
⌈p

2

⌉
− 1 or

⌊p
2

⌋
. [ Whenp is odd, every vertex ofG as well as

G has degree(p−1
2 ). Whenp is even, every vertex ofG as well asG has degree(p

2)− 1 or (p
2) ].

Conversely, let all the vertices ofG and G have degree
⌈p

2

⌉
− 1 or

⌊p
2

⌋
. Thenδ(G) ≥

⌈p
2

⌉
− 1

and δ(G) ≥
⌈p

2

⌉
− 1. ThereforedM (G) = p = dM (G). HencedM (G) + dM (G) = 2p.
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Theorem 3.4.Let G be any graph with p vertices. Then dM (G) + dM (G) ≥ p + 1 and equality holds

if and only if G = Kp or Kp, (p odd).

Proof. Suppose there exists t-vertices with degree≥
⌈p

2

⌉
− 1. Whent = 0 or t = p then dM (G) ≥

1 anddM (G) = p or dM (G) = p and dM (G) ≥ 1 respectively. In either case,dM (G) + dM (G) ≥
p + 1. Let 0 < t < p. ThendM (G) ≥ t + 1. In G, p− t vertices have degree greater than

⌊p
2

⌋
. That

impliesdM (G) ≥ (p− t) + 1. Hence,dM (G) + dM (G) ≥ p + 2 > p + 1. Let G = Kp or (Kp, p

is odd). ThendM (G) + dM (G) = p + 1.

Conversely, suppose thatdM (G) + dM (G) = p + 1 and there exist t-vertices with degree≥
⌈p

2

⌉
− 1.

Clearlyt = 0 or t = p, which is a contradiction.

Supposet = 0, thendM (G) = p anddM (G) = 1. It implies thatG = Kp, p odd. Supposet = p, then

dM (G) = p anddM (G) = 1 which implies thatG = Kp, p is odd. Hence,G = Kp, p is odd.

4 Bounds forγM(G) + dM(G) and γM(G)dM(G)

Cockayne and Hedetniemi [1] established a bound on the sum and product of the domination number

and the domatic number of a graphG. In this section, we establish a bound for the sum (product) of

majority domination number and majority domatic number of a graphG.

Theorem 4.1.[5] dM (G) = 1 if and only if G = Kp, p odd.

Theorem 4.2.[5] For any graph G, dM (G) ≤
⌊

p
γM (G)

⌋
and γM (G) ≤

⌊
p

dM (G)

⌋
.

Theorem 4.3.[4] For any graph G,
⌈

p
2(∆(G)+1)

⌉
≤ γM (G) ≤

⌈p
2

⌉
−∆(G). The bounds are sharp.

Theorem 4.4.For any graph G,

(i) γM (G) + dM (G) ≤
⌈p

2

⌉
+

⌊
3∆(G)

2

⌋
+ 2 if ∆(G) ≥

⌈p
2

⌉
− 1.

(ii) γM (G) + dM (G) ≤
⌈p

2

⌉
+ ∆(G) + 2 if ∆(G) <

⌈p
2

⌉
− 1 and equality holds if and only if

G = Kp, p even.

Proof. By Theorem 4.2,dM (G) ≤
⌊

p
γM (G)

⌋
.

SinceγM (G) ≥
⌈

p
2(∆(G)+1)

⌉
, we havedM (G) ≤

⌊
p 2(∆(G)+1)

p

⌋
.

Therefore,dM (G) ≤ 2∆(G) + 2.

If ∆(G) ≥
⌈p

2

⌉
− 1 then γM (G) = 1 ≤

⌈
p−∆(G)

2

⌉
.

Adding we get,γM (G) + dM (G) ≤
⌈

p−∆(G)
2

⌉
+ 2∆(G) + 2.

Hence,γM (G) + dM (G) ≤
⌈p

2

⌉
+

⌊
3∆(G)

2

⌋
+ 2.

If ∆(G) <
⌈p

2

⌉
− 1, then γM (G) ≤

⌈p
2

⌉
−∆(G).

Therefore,γM (G) + dM (G) ≤
⌈p

2

⌉
− ∆(G) + 2∆(G) + 2, which givesγM (G) + dM (G) ≤

⌈p
2

⌉
+

∆(G) + 2. Hence (i) and (ii) are proved.

Next we prove equality holds if and only ifG = Kp, p even.

Let γM (G) + dM (G) =
⌈p

2

⌉
+ ∆(G) + 2. Then γM (G) =

⌈p
2

⌉
and dM (G) = ∆(G) +
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2, since γM (G) ≤
⌈p

2

⌉
−∆(G).

Suppose thatG 6= Kp, p even. ThenG = Kp, p odd and∆(G) = 0. By Theorem 4.1,G = Kp, p

odd if and only ifdM (G) = 1. Hence,γM (G) + dM (G) <
⌈p

2

⌉
+ 2, which is a contradiction.

SupposeG 6= Kp, then ∆(G) ≥ 1. If G has no isolates, thenγM (G) ≤
⌈p

4

⌉
<

⌈p
2

⌉
and if

γM (G) <
⌈p

2

⌉
thendM (G) ≥ 3, since dM (G) ≤

⌊
p

γM (G)

⌋
. HenceγM (G) + dM (G) ≤

⌈p
4

⌉
+

∆(G) + 2 <
⌈p

2

⌉
+ ∆(G) + 2, a contradiction.

Suppose G has isolates and∆(G) ≥ 1. ThenγM (G) <
⌈p

2

⌉
anddM (G) ≥ 2. Hence,γM (G) +

dM (G) <
⌈p

2

⌉
+ ∆(G) + 2, which is a contradiction.

Therefore,G = Kp, p even, is the required graph to satisfyγM (G) =
⌈p

2

⌉
anddM (G) = 2. Thus

G = Kp, p even.

The converse is obvious.

Theorem 4.5.For a graph G, γM (G)dM (G) ≥ 3 if and only if G /∈ {K1, K2, K2, K3}.

Proof. If γM (G) ≥ 3 or dM (G) ≥ 3, then γM (G)dM (G) ≥ 3.

SupposeγM (G) < 3. (i. e.),γM (G) ≤ 2.

Case (i):γM (G) = 1. Let {u} be a majority dominating set. Then

|N(u)| ≥
⌈p

2

⌉
− 1 ≥

⌊p
2

⌋
.

Subcase (i):Let |N(u)| >
⌊p

2

⌋
.

Suppose that|N(u)| =
⌊p

2

⌋
+ t (t ≥ 1). Let A = {u}, B be a subset ofN(u) containing exactly

⌊p
2

⌋
vertices. Let C =V (G)−A−B. Then|C| =

⌊p
2

⌋
. Sinceu belongs toN(B) as well asN(C), A, B,C

are majority dominating sets. ThereforedM (G) ≥ 3.

Subcase (ii):Let |N(u)| =
⌊p

2

⌋
and V (G)− {u} is totally disconnected.

LetA = {u}, B be subset ofN(u) containing exactly
⌈p

4

⌉
vertices and

⌈p
4

⌉
K1 vertices. Sinceu belongs

to N(B) and {N(C), A, B,C} are all majority dominating sets,dM (G) ≥ 3.

Here the following three cases arise.

(i) If B 6= φ, C = φ then G = K2.

(ii) If B = φ, C = φ then G = K1.

(iii) If B = φ, C = φ then G = K2.

In all these cases,γM (G) = 1 anddM (G) = 1 or 2. γM (G)dM (G) = 1 or 2.

HenceG /∈ {K1,K2,K2}.
Subcase (iii):Let |N(u)| =

⌊p
2

⌋
andV (G)− {u} be not totally disconnected.

Let A = {u}. SinceV (G) − {u} is not totally disconnected, there exists an edgee = xy, where

x, y ∈ V (G)− {u}. Partition V (G)− {u, x, y} into two disjoint subsetsB,C such that|B| =
⌈

p−3
2

⌉
and |C| =

⌊
p−3
2

⌋
. ThenA,B ∪ {x} andC ∪ {y} form a majority domatic partitions of G. Therefore

dM (G) ≥ 3.

From sub cases (i), (ii) and (iii), ifγM (G) = 1 then dM (G) ≥ 3 if and only if G /∈
{
K1,K2, K2

}
.

Case (ii): Let γM (G) = 2. If dM (G) ≥ 2 then we are through. SupposedM (G) = 1. ThenG = Kp,

where p is odd. SinceγM (G) = 2 and dM (G) = 1, thenG = K3 and γM (G)dM (G) ≤ 2, a

contradiction. It implies that, ifG 6= K3 then dM (G) = 1 implies γM (G) ≥ 3. Therefore,
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γM (G)dM (G) ≥ 3.

Hence,γM (G)dM (G) ≥ 3 if and only if G /∈
{
K1, K2, K2, K3

}
.

Proposition 4.6.Let G be a graph of order p. Then γM (G)dM (G) = p if and only if δ(G) ≥
⌈p

2

⌉
− 1.

Proof. By Proposition 2.2, γM (G) = 1 if and only if δ(G) ≥
⌈p

2

⌉
− 1 and by Theorem 3.2,

γM (G)dM (G) = p if and only if δ(G) ≥
⌈p

2

⌉
− 1.
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