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Abstract

In this paper Quasi-complemented lattices are characterized in terms of dominator ideals. A
closure operator is introduced on the ideal lattice and with the help of this operator the concept of
closure ideals is introduced and then these ideals are characterized. Further, a one-to-one correspon-
dence between the class of all prime closure ideals of a lattice and the ideal lattice of the lattice of
all dominator ideals is established.
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1 Introduction

In 1968, the theory of relative annihilators was introduced in lattices by Mark Mandelker[3] and he
characterized distributive lattices in terms of their relative annihilators. Several authors introduced the
concept of annihilators in the structures of rings as well as lattices and characterized many algebraic
structures in terms of annihilators. In this paper we study the structure of closure ideals in distributive
lattices with the support of annihilators.

Also the concept of closure ideals is introduced and characterized. The class of distributive
lattices[4] are also characterized in terms of dominator ideals. Finally, an isomorphism is obtained
between the lattices of closure ideals and the ideal lattice of dominator ideals.

2 Definition and Preliminary results

For the elementary notions one can refer to [1] and [2]. We give some of the preliminary definitions
and results which are useful for the present study.

For anya € L in a distributive latticg L, v, A, 0) with zero, we define the annihilator afby the set
(a]* ={x € L|zAa =0} where the principle ideal generated &ys written as(a]. An element
d € Lis called dense ifd]* = (0] and the seD of all dense elements is a filter wheneveiis non-
empty. An ideall of L is called proper ifl # L. A proper idealP is called prime if for anye,y € L,
x ANy € Pimpliesz € Pory € P.

A distributive latticeL is called quasi-complemented if to eagche L, there existyy € L such
thatz Ay = 0 andx vV y € D. Clearly every quasi-complemented lattice contains a dense element.
Throughout this papel, stands for a distributive lattice with 0, unless or otherwise specified.
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3 Main Results

In this section we begin with the definition of a dominator ideal. Then we introduce the notion
of closure ideals and obtain an isomorphism between the lattice of closure ideals and ideal lattice of
dominator ideals.

Definition 3.1. For any a € L, the dominator of a is defied as

(@) ={z e L|(a]" C (a]}.
The following lemma is a direct consequence of the above definition.

Lemma 3.2.For any a,b € L, we have the following:

(1) (a)€ is an ideal of L.

) (d] € (a)".

(3) a =0 ifand only if (a)¢ = (0].
(4) a € (b)¢ implies (a)¢ C (b)°.
(5) a < bimplies (a)¢ C (b)°.
(6) a € D ifand only if (a)® = L.
(7) (a)° N1 (b)° = (a A b

For anya € L, the ideal(a)€ is called as a dominator ideal. Then the g€&(L) of all dominator
ideals ofL is not a sublattice of the latticE( L) of all ideals ofL. It can be observed from the following
example.

Consider the following distributive lattice = {0, a, b, ¢, 1} whose Hasse diagram is given by:

1

c

Fora,b € L, it can be observed thét)® = {0,a} and(b)® = {0,b}. Also (a V b)¢ = (¢)¢ = L. But
(a)¢ Vv (b)¢ = {0,a,b,c}. Therefore,A°(L) is not a sublattice of the ideal lattiG& ). However, we
have the following:

Theorem 3.3.For any distributive lattice L, A°(L) forms a complete distributive lattice with smallest

element {0}. Moreover, A°(L) has the greatest element if and only if L has a dense element.

Proof. For anya,b € L, define(a)® N (b) = (a A b) and(a)® U (b)¢ = (a V b)°. Then clearly
(A°(L),n,U) is a lattice. By the extension of the propeifty) of Lemma 3.2,(A4°(L),N,U) is a
complete lattice with respect to the partial ordering definethgs < (b)€ if and only if (a)¢ C (b)°.
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Now, for anya,b,c € L, we have(a)® U {(b)* N (¢)¢} = (a)* LU (b Ac)¢ = {aV (bAc)} =
{lavb)n(aVve)}=(aVvbn(aVe)={(a)UL(d)}N{(a)l (c)¢}. Therefore{A(L),N,L)
is a complete distributive lattice with the smallest elemfgrjt

Suppose thal has greatest element, s&y)¢. Letxz € (d|*. Thenxz A d = 0. Since(d)® is the
greatest element od°(L), we get(z)¢ = ()¢ N (d)® = (z A d)¢ = (0)° = (0]. Hencez = 0. Hence
d is a dense element. Conversely, assume thhas a dense element, sdy Then by Lemma 3.2,
(d)¢ = L. Therefore(d)® is the greatest element gf(L). [ |

The quasi-complemented distributive lattice is now characterized in terms of the Jat(i€e of all
dominator ideals.

Theorem 3.4.Let L be a distributive lattice with a dense element. Then L is quasi-complemented if
and only if (A°(L),N, ) is a Boolean algebra.

Proof. Supposel has a dense element, séy Then(d)€ is the greatest element of°(L) and hence
(A°(L),N, L) is a bounded distributive lattice. Now, assume tha quasi-complemented. Lé&t)¢ €
A¢(L), wherea € L. Then there exista’ € L such thata A «’ = 0 anda V o is dense. Now
(@) N (a)¢ = (and)®=(0)¢={0}. Also(a)°U (a’)® = (aV a')® = L(sincea V d’ is dense). Thus
(a")¢ is the complement ofa)® in (A°(L),N, ). Hence(A°(L), N, L)) is a Boolean algebra.
Conversely assume that®(L), N, L) is a Boolean algebra. Letc L. Then(a)¢ € A°(L). Then
there existgb)¢ € A°(L) such thata)¢ N (b)¢ = {0} and(a)€ U (b)¢ = L. Hence(a A b)¢ = {0} and
(a vV b)¢ = L. Thus we get: A b = 0 anda V b is dense. Thereford, is quasi-complemented. |

We now introduce a closure operationB(L).
Definition 3.5. For any ideal I of L, define o(I) = { (a)¢ |a € 1 }.
Definition 3.6. For any ideal I of A¢(L), define 3(I) = {a € L | (a)¢ €1 }.

Lemma 3.7.Let L be a distributive lattice. Then we have the following:

(a) For any ideal I of L, a(I) is an ideal in A°(L).
(b) For any ideal I of A°(L), 3(I) is an ideal in L.

(c) « and (3 are isotones.

Proof. (a). LetI be an ideal of_. Clearly(0)¢ € «(I). Let(a)¢, (b)¢ € a(I). Then(a)® = (a')¢ and
(b)e = (V)¢ for somed’, b’ € I. Hence(a)® U (b)¢ = (a/)¢ U (V)¢ = (' V¥)© € (). Again, let
(x)¢ € a(I)and(r)¢ € A°(L). Then(z)¢ = ()¢ for somez’ € I. Now (z)¢ N (r)¢ = (/)¢ N (r)¢ =

(' Ar)e € a(I). Thereforen(I) is an ideal in4¢(L).

(b). Let I be an ideal in4°(L). Clearly0 € 3(I). Leta,b € S(I). Then we geta)¢, (b)¢ € I. Since
Iis an ideal, we geta Vv b)¢ = (a)¢ U (b)¢ € I. Hence we get: vV b € B(I). Again, letz € 8(I)
andr € L. Then(z)¢ e I. Sincel is an ideal inA¢(L), we get(z A r)¢ = (z)¢ A ()¢ € I. Thus
z Ar e B(I). Therefore3(I) is an ideal inL.
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(c). LetI,J be two ideals ofL such thatl C J. Let(x)¢ € a(I). Then we gefz)¢ = (y)¢ for some
y € I C J. Hence(z)° € a(J). Thusa is an isotone. Again, lek, J be two ideals of4¢(L) such that
IC J. Letz € B(I). Then(z)¢ € I C J. Thusz € 8(J). Therefore is isotone. n

It can be easily observed that the gé#°(L)] of all ideals of A°(L) also forms a complete dis-
tributive lattice under set inclusion, in which infimum (i$.J;, the set-theoretic intersection and the
supremum of any two ideals .J of .A¢(L) is given by{ (i)¢ U ()¢ | (i)¢ € I and(j)¢ € J }. Hence,

a homomorphism is obtained between the latfi¢&) of all ideals ofZ and the latticeZ[.A°(L)] of all
ideals of A¢(L).

Theorem 3.8.The mapping « is a homomorphism of Z(L) into Z[A°(L)].

Proof. LetI, J be two ideals inL. It is enough to prove that(/ vV J) = o(I) Ua(J) anda(INJ) =
a(l) Na(J). Sincea is isotone, we get (1) L a(J) C (I Vv J). Conversely, letz)¢ € a(I V J).
Then(z)¢ = (y)¢ for somey € I vV J. Hence(y)¢ = (i VV j)¢ for somei € [ andj € J. Thus we get
()= ()= (1)°U (5)¢ € a(I) Ua(J). Thereforea(I VvV J) C (1) U x(J).

Sincea is an isotone, we get(/ N J) C a(l) Na(J). Conversely, letx)¢ € a(l) Na(J). Then
(x)¢ = ()¢ and(x)¢ = (j)¢ forsomei € [ andj € J. Now (z)¢ = () N (x)¢ = (i) N (§)° =
(itNg)eaInJ). Thusa(l)Na(J) C a(l N J). Thereforeq is a homomorphism. [ |

Lemma 3.9.For any ideal I of L, the map I — [3 o (1) is a closure operator on Z(L). That is,

(@ ICBoa(l)
(b) Boalfoa(l)]=pBoa(l)
(¢c) ICJ = Boa(l) C PBoa(t) forany two ideals I, J of L.

Proof. (a). Letz € I. Then we gefx)¢ € «(I). Sincea([) is anideal ind¢(L), we getr € Soa(l).
Therefore,I C o ().

(b). Sincef o a(I) is an ideal inL, by the condition(a), we get3 o o C 3 o a3 o a(I)]. Conversely,
letz € Boa[foa(l)]. Then we ge{z)® € o[58 o a(I)]. Hence it is obtainedx)¢ = (y)° for some
y € foa(l). Thus(z)® = (y)¢ € a(I), which yields that: € 5o «(I). Therefores o o[ o a(I)] C
Boal).

(c). Supposd, J are the two ideals of such thatl C J. Letx € §o «(I). Then we gefz)¢ € a(1).
Hence(z)¢ = (y)¢ forsomey € I C J. Thus(x)¢ = (y)¢ € a(I). Thereforex € 5o a(l). |

Definition 3.10. An ideal I of L is called a closure ideal if I = [3 o «(I).

Theorem 3.11.Let I be an ideal of the lattice L. Then the following conditions are equivalent.

(a) I is a closure ideal.
(b) Forz,y € L,(x)¢ = (y)¢ and x € I imply thaty € I.
© I=U @)

zel



Ideals of a distributive lattice with respect to a closure operator 47

Proof. (a) = (b): Assume thaf is a closure ideal of.. ThenI = o a(l). Letz,y € L be such
that ()¢ = (y)¢. Suppose that € I = o «a(l). Then we gefy)® = (x)¢ € «(I). Therefore,
yepoa(l)=1.

(b) = (c): Foranyz € I, we have(z] C (z)¢. Hencel = J,;(x] € U, (x)°. Again, letz € I and
y € (z)°. Now,

e

= ()< (@)
= @) =@) N =@y
= yel by condition (2)

y € (z)

Hence(z)¢ C I forall » € I. Therefore| J,.;(z)¢ C I.
(¢) = (a): We have always C fo«(l). Letz € foa(l). Then(z)® € o(I). Hence(z)® = (y)° for
somey € I. Thus we getr € (z)° = (y)® € U,¢,(y)® = I. Therefore[ is a closure ideal. [ |

From the above Lemma, it can be observed that the class of all closure ideals forms a complete
distributive lattice in which the infimum of a set of closure ideilis N1;, their set-theoretic intersection.
The supremum ig o «(VI;) whereVI; is their supremum in the lattice of all ideals bf

In the following theorem, a one-to-one correspondence is obtained between the class of all closure
ideals ofL and the class of all ideals of°(L). For this we need the following Lemma.

Lemma 3.12.The following conditions hold in a distributive lattice:

(i) For any ideal I of L, 3 o a(I) = |J,cs(a)®.
(i) For any ideal I of A¢(L), oo B(I) = I.

Proof. (i) Letz € (U, (a)®. Then we getr € (a)® for somea € I. Hence(x)® C (a)® for some
a € 1. Now,

acl = (a)€al)
= (v)°€a(l) (sincea(])isanideal(x)® C (a)?)

= z€foa(l)

Therefore| J,.;(a)® C Boa(l).

Conversely, letr € 5o «(I). Then we getx)© € a(I). Hence(z)¢ = (y)e for somey € I. Thus
z € (2)° = (y)° € U,es(a), whichyields that3 o a(I) C |J,;(a)¢. HenceB o a(I) = |J e (a)®.
(ii). LetI be an ideal of4¢(L). Let (z)¢ € I. Then we get: € B(I). Hence(z)¢ € a o ().
Therefore,] C o o B(I). Conversely, letz)¢ € a o B(I). Then(z)¢ = (y)¢ for somey € 3(I). Since
y € B(I), we get(z)¢ = (y)¢ € I. Hencea o 3(I) C I. Thereforeq o B(I) = I. |

Theorem 3.13.Let L be a distributive lattice. Then the class of all closure ideals of L are isomorphic
to the class of all ideals of A°(L). Under this isomorphism the prime closed ideals corresponds to the

prime ideals of A°(L).
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Proof. Let © be the restriction ofv to the classZ (L) of all closure ideals of. LetI,J € CZ(L).
ThenO(I) = ©(J) = a(l) = a(J) = Boa(l) = foa(J) = I = J(sincel,J € CI(L)).
Hence® is one-one. Again, lef be an ideal of4¢(L). Then3(I) is an ideal inL. We now show that
B(I) is a closure ideal irl.. We have always(I) C 8o a[3(I)]. Letz € 3o a[8(I)]. Then we get
(z)¢ € awo B(I) = I(by Lemma 3.12). Hence € (3(I). Therefore3(I) = 3 o a[B(I)]. Now for this

B(I) € L, we getO[3(I)] = a0 3(I) = I. Therefore® is onto. Now, for anyl, J € CZ(L),

O(IV.J) = Ofoa(l

Alsoo(INJ)=a(INJ)=a(l)Na(J) =06(I)NO(J). ThereforeO is an isomorphism of Z(L)
onto the lattice of ideals ofl°(L).

We have obtained a one-to-one correspondence between prime closure ideasdfthe prime
ideals of A°(L). Let I be a prime closure ideal df. Suppos€z A y)¢ = (z)° N (y)¢ =€ o).
Thenz Ay € S o«a(l) = I(sincel is a closed ideal). Thus we gete I ory € I, which implies
that (z)¢ € «o(I) or (y)¢ € a(l). Therefore,©(I) = «(I) is a prime ideal in4°(L). Conversely,
suppose thaf is an ideal in4¢(L). Since® is onto, there exists a closure iddain CZ(L) such that
I =0() = a(). Letz,y € Lsuchthat Ay € I. Then(z) N (y)¢ = (z A y)® € a(I). Hence
(x)¢ € a(I)or(y)¢ € a(l). Sincel is a closure ideal, we getc foa(l) =Iory € foa(l) =1.
Therefore,l is a prime ideal in_. |
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