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Abstract

A graphG is called(r, 2, r(r − 1))-regular if each vertex in the graphG is at a distance one

away from exactlyr number of vertices and at a distance two away from exactlyr(r − 1) number

of vertices. That is,d(v) = r andd2(v) = r(r − 1), for all v in G. In this paper, we prove that for

anyr > 0, r-regular graph with girth at least five is(r, 2, r(r − 1))-regular and vice versa and also

suggest a method to construct(r, 2, r(r − 1))-regular graph onn× 2r−2 vertices.

Keywords: Distance degree regular graph,(d, k)-regular graph, girth, diameter, semiregular,(r, 2, k)-
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1 Introduction

In this paper, we consider only finite, simple, connected graphs. We follow graph theoretic termi-

nology proposed in the works of J. A. Bondy and U.S.R. Murty [4] and Harary [6]. We denote the

vertex set and the edge set of a graphG by V (G) andE(G) respectively. The degree of a vertexv is the

number of edges incident atv. A graphG is regular if all its vertices have the same degree.

For a connected graphG, the distanced(u, v) between two verticesu andv is the length of a shortest

(u, v) path. Therefore, the degree of a vertexv is the number of vertices at a distance1 from v, and it

is denoted byd(v). The set of all verticees at a distance one fromv is called the neighbourhood ofv

and is denoted byN(v). This observation suggests a generalization of degree. That is,dd(v) is defined

as the number of vertices at a distanced from v. Henced1(v) = d(v) andNd(v) denote the set of all

vertices that are at a distanced away fromv in a graphG. HenceN1(v) = N(v). Girth of a graph is

the smallest cycle in the graph and the diameter of graphG = max{d(u, v)/u, v ∈ V (G)}. For any

S ⊆ V (G), G(S) is the subgraph ofG induced by the vertices ofS.

A graphG is called distanced-regular[4] if every vertex ofG has the same number of vertices at a

distanced from it. We call this graph by(d, k)-regular if every vertex ofG hask number of vertices

at a distanced from it. That is, a graphG is said to be(d, k) - regular graph ifdd(v) = k , for all v

in G. The(1, k)-regular graphs are nothing but thek-regular graphs. A graphG is (2, k) - regular if

d2(v) = k, for all v ∈ G.
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The concept of the semiregular graph was introduced and studied by Alison Northup [2]. A graphG

is said to bek-semiregular graph if each vertex ofG is at a distance two away from exactlyk vertices

of G. We observe that(2, k)-regular graphs arek-semiregular graphs. Note that a(2, k)-regular graph

may be regular or non-regular. Among the four(2, k)-regular graphs given in Figure 1, (i) and (ii) are

regular whereas (iii) and (iv) are non-regular.
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Figure 1.

In this paper, we consider only regular graphs with(2, k)-regular. We callr-regular graph with

(2, k)-regular by(r, 2, k)-regular graph. A graph is called(r, 2, k)-regular ifd(v) = r andd2(v) = k,

for all v in G. If a graphG is (r, 2, k)-regular, then0 ≤ k ≤ r(r− 1). We have shown that anr-regular

graph with girth at least five is(r, 2, r(r − 1))-regular and vice versa. This result motivates to suggest

some methods to constructr-regular graphs for anyr > 1 with girth at least five.

2 (r, 2, r(r − 1))-regular graphs

Definition 2.1. A graph G is called (r, 2, r(r − 1))-regular if each vertex in the graph G is at a distance

one away from exactly r number of vertices and each vertex in the graph G is at a distance two away

from exactly r(r − 1) number of vertices. That is, d(v) = r and d2(v) = r(r − 1), for all v ∈ V (G).

Example 2.2. (i) K2 is a (1, 2, 1(1− 1))-regular graph.

(ii) Any cycle Cn (n ≥ 5) is (2, 2, 2(2− 1))-regular graph.

(iii) (3, 2, 3(3− 1))-regular graphs are shown in Figure 2.

r r
r r

r

r
s

r
r

s

r r r p r rrrrrssrr

Figure 2.

3 (r, 2, r(r − 1))-regular graphs related with girth

Theorem 3.1.For any r > 1, a graph G is (r, 2, r(r−1))-regular if and only if G is r-regular with girth

at least five.
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Proof. For any r > 1, let G be a (r, 2, r(r − 1))-regular graph andv ∈ V (G). Let N(v) =
{v1, v2, v3, · · · , vr}. Thend(v) = r andd2(v) = r(r − 1), for all v ∈ V (G) if and only if G is

r-regular graph andN(v) has distinct neighbours if and only ifG is r-regular graph withG(N(v)) has

no edge andN(vi) ∩ N(vj) = {v}, for 1 ≤ i < j ≤ r if and only if G is r-regular graph which does

not contain triangle and four cycle if and only ifG is anr-regular graph and has girth at least five.

Note that construction of(r, 2, r(r − 1))-regular graph is equivalent to the construction ofr-regular

graphs with girth at least five. With this characterization, we can easily construct(r, 2, r(r−1))-regular

graphs.

4 Construction of (r, 2, r(r − 1))-regular graphs

Theorem 4.1.For any n ≥ 5, (n 6= 6, 8) and any r > 1, there exists a (r, 2, r(r − 1))-regular graph on

n× 2r−2 vertices with girth five.

Proof. Let us prove this result by induction onr. Whenr = 2, anyn-cycle (n ≥ 5) is the required

graph. LetG be the Peterson graphP (n, 2) with the vertex setV (G) = {x(1)
i , x

(2)
i /0 ≤ i ≤ n − 1}

and the edge setE(G) = {x(1)
i x

(2)
i , x

(2)
i x

(2)
i+1, x

(1)
i x

(1)
i+2/0 ≤ i ≤ n− 1} where the subscripts are taken

modulon. If n = 6, thenG is a graph with girth three, and ifn = 8, G is a graph with girth four as

shown in Figure 3.
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Figure 3.

Therefore, we cannot taken = 6, 8 for constructing a graph with girth five. For anyn 6= 6, 8 we have

for 0 ≤ i ≤ n− 1,

N2(x
(1)
i ) = {x(1)

i+n−4, x
(1)
i+4, x

(2)
i+1, x

(2)
i+2, x

(2)
i+n−2, x

(2)
i+n−1} andd2(x

(1)
i ) = 6 = 3(3− 1).

N2(x
(2)
i ) = {x(2)

i+2, x
(2)
i+n−2, x

(1)
i+1, x

(1)
i+2, x

(1)
i+n−2, x

(1)
i+n−1} andd2(x

(2)
i ) = 6 = 3(3− 1).

G is a(3, 2, 3(3− 1))-regular graph onn× 23−2 vertices with girth 5.

Step 1: Take another copy ofG asG′. Let V (G′) = {x(3)
i , x

(4)
i /0 ≤ i ≤ n − 1} andE(G′) =

{x(3)
i x

(4)
i , x

(4)
i x

(4)
i+1, x

(3)
i x

(3)
i+2/0 ≤ i ≤ n − 1}, the subscripts being taken modulon. The desired

graphG1 has the vertex setV (G1) = V (G) ∪ V (G′) and the edge setE(G1) = E(G) ∪ E(G′) ∪
{x(1)

i x
(4)
i+1, x

(2)
i x

(3)
i /0 ≤ i ≤ n− 1}. Now the resulting graphG1 is a4-regular graph havingn× 24−2

vertices with girth five.

Now consider the edgesx(1)
i x

(4)
i+1, for 0 ≤ i ≤ n− 1.

N(x(1)
i ) = {x(1)

i+2, x
(1)
i+n−2, x

(2)
i } in G and|N(x(1)

i )| = 3 in G, 0 ≤ i ≤ n− 1 .
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N(N(x(1)
i )) = {x(4)

i+n−2, x
(4)
i+n−1, x

(3)
i } in G′ and|N(N(x(1)

i ))| = 3 in G′, 0 ≤ i ≤ n− 1.

N(x(4)
i+1) = {x(4)

i , x
(4)
i+2, x

(3)
i+1} in G′ and|N(x(4)

i+1)| = 3 in G′, 0 ≤ i ≤ n− 1.

N(N(x(4)
i+1)) = {x(1)

i+n−1, x
(1)
i+1, x

(2)
i+1} in G and|N(N(x(4)

i+1))| = 3 in G, 0 ≤ i ≤ n− 1.

d2 of each vertex inC(1), whereC(1) is the cycle induced by the vertices{x(1)
i /0 ≤ i ≤ n − 1} in

G1.

d2(x
(1)
i ) in G1 = d2(x

(1)
i ) in G + |N(x(4)

i+1)| in G′ + |N(N(x(1)
i ))| in G′ =6 + 3 + 3 = 12 = 4(4− 1),

(0 ≤ i ≤ n− 1).
d2 of each vertex inC(4), whereC(4) is the cycle induced by the vertices{x(4)

i /0 ≤ i ≤ n− 1} in G1.

d2(x
(4)
i+1) in G1 = (d2(x

(4)
i+1)) in G′ + |N(x(1)

i )| in G + |N(N(x(4)
i+1))| in G = 6+3+3 = 12 = 4(4−1),

0 ≤ i ≤ n− 1.

Next consider the edgesx(2)
i x

(3)
i , for 0 ≤ i ≤ n− 1.

N(x(2)
i ) = {x(2)

i+1, x
(2)
i+n−1, x

(1)
i } in G and|N(x(2)

i )| = 3 in G, 0 ≤ i ≤ n− 1.

N(N(x(2)
i )) = {x(3)

i+1, x
(3)
i+n−1, x

(4)
i+1} in G′ and|N(N(x(2)

i ))| = 3 in G′, 0 ≤ i ≤ n− 1.

N(x(3)
i ) = {x(3)

i+2, x
(3)
i+n−2, x

(4)
i } in G′ and|N(x(3)

i )| = 3 in G′, 0 ≤ i ≤ n− 1.

N(N(x(3)
i )) = {x(2)

i+2, x
(2)
i+n−2, x

(1)
i+n−1} in G and|N(N(x(3)

i | = 3 in G, 0 ≤ i ≤ n− 1.

d2 of each vertex inC(2), whereC(2) is the cycle induced by the vertices{x(2)
i /0 ≤ i ≤ n − 1} in

G1.

d2(x
(2)
i ) in G1 = d2(x

(2)
i ) in G + |N(x(3)

i )| in G′ + |N(N(x(2)
i ))| in G′ = 6 + 3 + 3 = 12 = 4(4− 1),

0 ≤ i ≤ n− 1.

d2 of each vertex inC(3), whereC(3) is the cycle induced by the vertices{x(3)
i /0 ≤ i ≤ n− 1} in G1.

d2(x
(3)
i ) in G1 = d2(x

(3)
i ) in G′ + |N(x(2)

i )| in G + |N(N(x(3)
i | in G = 6 + 3 + 3 = 12 = 4(4 − 1),

0 ≤ i ≤ n− 1.

In G1, for 1 ≤ t ≤ 4, d2(x
(t)
i ) = 4(4 − 1), for 0 ≤ i ≤ n − 1. G1 is d(4, 4(4 − 1))-regular on

n× 24−2 vertices with the vertex set.V (G1) = {x(t)
i /1 ≤ t ≤ 24−2, 0 ≤ i ≤ n− 1} and the edge set

E(G1) = E(G) ∪ E(G′) ∪ {x(1)
i x

(4)
i+1, x

(2)
i x

(3)
i /0 ≤ i ≤ n− 1} of girth 5.

That is, the result is true forr = 4.

Step 2: Take another copy ofG1 asG′
1 with the vertex setV (G′

1) = {x(t)
i /24−2 + 1 ≤ t ≤ 24−1, 0 ≤

i ≤ n − 1} and eachx(t)
i , 24−2 + 1 ≤ t ≤ 24−1 corresponds tox(t)

i , 1 ≤ t ≤ 24−2 for 0 ≤
i ≤ n − 1. The desired graphG2 has the vertex setV (G2) = V (G1) ∪ V (G′

1) and the edge set

E(G2) = E(G1) ∪ E(G′
1) ∪ {x

(1)
i x

(8)
i+1, x

(2)
i x

(7)
i , x

(3)
i x

(6)
i+1, x

(4)
i x

(5)
i }. Now the resulting graphG2 is a

5-regular graph havingn× 25−2 vertices with girth5.

Consider the edgesx(1)
i x

(8)
i+1 for 0 ≤ i ≤ n− 1.

N(x(1)
i ) = {x(1)

i+2, x
(1)
i+n−1, x

(2)
i , x

(4)
i+1} in G1 and|N(x(1)

i )| = 4 in G1.



(r, 2, r(r − 1))-regular graphs 29

N(N(x(1)
i )) = {x(8)

i+n−2, x
(8)
i+n−1, x

(7)
i , x

(5)
i+1} in G′

1 and|N(N(x(1)
i ))| = 4 in G′

1.

N(x(8)
i+1) = {x(8)

i , x
(8)
i+2, x

(7)
i+1, x

(5)
i } in G′

1 and|N(x(8)
i+1)| = 4 in G′

1.

N(N(x(8)
i+1)) = {x(1)

i+1, x
(1)
i+n−1, x

(2)
i+1, x

(4)
i } in G1 and|N(N(x(8)

i−1))| = 4 in G1.

d2 of each vertex inC(1), whereC(1) is the cycle induced by the vertices{x(1)
i /0 ≤ i ≤ n− 1} in G2.

d2(x
(1)
i ) in G2 = d2(x

(1)
i ) in G1 + |N(x(8)

i+1)| in G′
1 + |N(N(x(1)

i ))| in G′
1 = 12+4+4 = 20 = 5(5−1),

0 ≤ i ≤ n− 1.

d2 of each vertex inC(8), whereC(8) is the cycle induced by the vertices{x(8)
i /0 ≤ i ≤ n− 1} in G2.

d2(x
(8)
i+1) in G2 = (d2(x

(8)
i+1 in G′

1 +|N(x(1)
i )| in G1 + |(N(N(x(8)

i+1))| in G1 = 12+4+4 = 20 = 5(5−1),
0 ≤ i ≤ n− 1.

Next consider the edgex(2)
i x

(7)
i , for 0 ≤ i ≤ n− 1.

N(x(2)
i ) = {x(2)

i+1, x
(2)
i+n−1, x

(1)
i , x

(3)
i } in G1 and|N(x(2)

i )| = 4 in G1.

N(N(x(2)
i )) = {x(7)

i+1, x
(7)
i+n−1, x

(8)
i+1, x

(6)
i+1} in G′

1 and|N(N(x(2)
i ))| = 4 in G′

1.

N(x(7)
i ) = {x(7)

i+2, x
(7)
i+n−2, x

(8)
i , x

(6)
i } in G′

1 and|N(x(7)
i )| = 4 in G′

1.

N(N(x(7)
i )) = {x(2)

i+2, x
(2)
i+n−2, x

(1)
i+n−1, x

(3)
i+n−1} in G1 and|N(N(x(7)

i ))| = 4 in G1.

d2 of each vertex inC(2), whereC(2) is the cycle induced by the vertices{x(2)
i /0 ≤ i ≤ n− 1} in G2.

d2(x
(2)
i ) in G2 = d2(x

(2)
i ) in G1 + |N(x(7)

i )| in G′
1 + |N(N(x(2)

i ))| in G′
1 = 12+4+4 = 20 = 5(5−1),

for 0 ≤ i ≤ n− 1.

d2 of each vertex inC(7), whereC(7) is the cycle induced by the vertices{x(7)
i /0 ≤ i ≤ n− 1} in G2.

d2(x
(7)
i ) in G2 = d2(x

(7)
i ) in G′

1 + |N(x(2)
i )| in G1 + |N(N(x(7)

i ))| in G1. = 12+4+4 = 20 = 5(5−1),
for 0 ≤ i ≤ n− 1.

Next consider the edgex(3)
i x

(6)
i+1, for 0 ≤ i ≤ n− 1.

N(x(3)
i ) = {x(3)

i+2, x
(3)
i+n−2, x

(4)
i , x

(2)
i } in G1 and|N(x(3)

i )| = 4 in G1.

N(N(x(3)
i )) = {x(6)

i+n−2, x
(6)
i+n−1, x

(5)
i , x

(7)
i } in G′

1 and|N(N(x(3)
i ))| = 4 in G′

1.

N(x(6)
i+1) = {x(6)

i+2, x
(6)
i , x

(5)
i+1, x

(7)
i+1} in G′

1 and|N(x(6)
i+1)| = 4 in G′

1.

N(N(x(6)
i+1)) = {x(3)

i+n−1, x
(3)
i+1, x

(4)
i+1, x

(2)
i+1} in G1 and|N(N(x(6)

i+1))| = 4 in G1.

d2 of each vertex inC(3), whereC(3) is the cycle induced by the vertices{x(3)
i /0 ≤ i ≤ n− 1} in G2.

d2(x
(3)
i ) in G2=d2(x

(3)
i ) in G1+ |N(x(6)

i+1)| in G′
1 + |N(N(x(3)

i ))| in G′
1. = 12+4+4 = 20 = 5(5−1),

for 0 ≤ i ≤ n− 1.

d2 of each vertex inC(6), whereC(6) is the cycle induced by the vertices{x(6)
i /0 ≤ i ≤ n− 1} in G2.

d2(x
(6)
i+1) in G2 = d2(x

(6)
i+1) in G′

1 + |N(x(3)
i )| in G1 + |N(N(x(6)

i+1))| in G1 = 12+4+4 = 20 = 5(5−1),
for 0 ≤ i ≤ n− 1.

Next consider the edgex(4)
i x

(5)
i , for 0 ≤ i ≤ n− 1.

N(x(4)
i ) = {x(4)

i+1, x
(4)
i+n−1, x

(3)
i , x

(1)
i+n−1} in G1 and|N(x(4)

i )| = 4 in G1.

N(N(x(4)
i )) = {x(5)

i+1, x
(5)
i+n−1, x

(6)
i+1, x

(8)
i } in G′

1 and|N(N(x(4)
i ))| = 4 in G′

1.

N(x(5)
i ) = {x(5)

i+2, x
(5)
i+n−2, x

(6)
i , x

(8)
i+1} in G′

1 and|N(x(5)
i )| = 4 in G′

1.
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N(N(x(5)
i )) = {x(4)

i+2, x
(4)
i+n−2, x

(3)
i+n−1, x

(1)
i } in G1 and|N(N(x(5)

i ))| = 4 in G1.

d2 of each vertex inC(4), whereC(4) is the cycle induced by the vertices{x(4)
i /0 ≤ i ≤ n− 1} in G2.

d2(x
(4)
i ) in G2 = d2(x

(4)
i ) in G1 + |N(x(5)

i )| in G′
1 + |N(N(x(4)

i ))| in G′
1 = 12+4+4 = 20 = 5(5−1),

for 0 ≤ i ≤ n− 1.

d2 of each vertex inC(5), whereC(5) is the cycle induced by the vertices{x(5)
i /0 ≤ i ≤ n− 1} in G2.

d2(x
(5)
i ) in G2 = d2(x

(5)
i ) in G′

1 +|N(x(4)
i )| in G1 +|N(N(x(5)

i ))| in G1 = 12+4+4 = 20 = 5(5−1),
for (0 ≤ i ≤ n− 1).
In G2, for 1 ≤ t ≤ 8, d2(x

(t)
i ) = 5(5− 1), for 0 ≤ i ≤ n− 1.

Therefore,G2 is ad(5, 2, 5(5− 1))-regular graph onn× 25−2 vertices with the vertex set

V (G2) = {x(t)
i /1 ≤ t ≤ 25−2, 0 ≤ i ≤ n− 1} and the edge set

E(G2) = E(G1) ∪ E(G′
1) ∪ {x(1)

i x
(8)
i+1, x

(2)
i x

(7)
i , x

(3)
i x

(6)
i+1, x

(4)
i x

(5)
i /0 ≤ i ≤ n − 1} is of girth five.

That is, the result is true forr = 5.

Assume that the result is true forr = m + 3. There exists a(m + 3, 2, (m + 3)(m + 2))-regular

graph onn × 2m+1 vertices with the vertex setV (Gm) = {x(t)
i /1 ≤ t ≤ 2m+1, 0 ≤ i ≤ n − 1} and

the edge setE(Gm) = E(Gm−1) ∪ E(G′
m−1)

2m⋃
t=1

{x(t)
i x2m+1−t+1

i+t(mod2) /0 ≤ i ≤ n− 1} of girth 5.

That is,d2(x
(t)
i ) = (m + 3)(m + 2) for 1 ≤ t ≤ 2m+1 andd(x(t)

i ) = m + 3 for 0 ≤ i ≤ n− 1.

Take another copy ofGm asG′
m with the vertex setV (G′

m) = {x(t)
i /2m+1 + 1 ≤ t ≤ 2m+2,

0 ≤ i ≤ n − 1} and eachx(t)
i , 2m+1 + 1 ≤ t ≤ 2m+2 corresponds tox(t)

i , 1 ≤ t ≤ 2m+1 for

0 ≤ i ≤ n− 1.

The desired graphGm+1 has the vertex setV (Gm+1) = V (Gm) ∪ V (G′
m) and the edge set

E(Gm+1) = E(Gm) ∪ E(G′
m)

2m+1⋃
t=1

{x(t)
i x2m+2−t+1

i+t(mod2) /0 ≤ i ≤ n− 1}. Now the resulting graphGm+1

is a(m + 4)-regular graph havingn× 2m+2 vertices with girth5.

Consider the edges
2m+1⋃
t=1

{x(t)
i x2m+2−t+1

i+t(mod2) /0 ≤ i ≤ n− 1}. d2 of each vertex inC(t), 1 ≤ t ≤ 2m+1

whereC(t) is the cycle induced by the vertices{x(t)
i /0 ≤ i ≤ n− 1} in Gm+1.

d2(x
(t)
i ) in Gm+1 = d2(x

(t)
i ) in Gm + |N(x2m+2−t+1

i+t(mod2) )| in G′
m + |N(N(x(t)

i ))| in G′
m = (m + 3)(m +

2) + (m + 3) + (m + 3) = (m + 3)(m + 2 + 1 + 1) = (m + 3)(m + 4), for 0 ≤ i ≤ n− 1.

d2 of each vertex inC(2m+2−t+1), 2m+1 + 1 ≤ t ≤ 2m+2, whereC(2m+2−t+1) is the cycle induced by

the vertices{x(2m+2−t+1)
i /0 ≤ i ≤ n− 1} in Gm+1.

d2(x2m+2−t+1
i+t(mod2) ) in Gm+1 = d2(x2m+2−t+1

i+t(mod2) ) in G′
m + |N(x(t)

i )| in Gm+ |N(N(x2m+2−t+1
i+t(mod2) ))| in Gm

= (m + 3)(m + 2) + (m + 3) + (m + 3) = (m + 3)(m + 4), for 1 ≤ i ≤ n− 1.

In Gm+1, for 1 ≤ t ≤ 2m+2, d2(x
(t)
i ) = (m + 3)(m + 4), 0 ≤ i ≤ n− 1.

Thus, there exists a(m + 4, 2, (m + 3)(m + 4))-regular graph onn× 2m+2 vertices with the vertex

set V (Gm) = {x(t)
i /1 ≤ t ≤ 2m+2, 0 ≤ i ≤ n − 1} and the edge setE(Gm+1) = E(Gm) ∪

E(G′
m)

2m+1⋃
t=1

{x(t)
i x2m+2−t+1

i+t(mod2) /0 ≤ i ≤ n− 1} of girth 5.
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Thus, for1 ≤ t ≤ 2m+2, d2(x
(t)
i ) = (m + 3)(m + 4) for 0 ≤ i ≤ n− 1 anddeg(x(t)

i ) = m + 4. If

the result is true forr = m + 3, then it is true forr = m + 4. Therefore, the result is true for allr > 2.

That is, for any n ≥ 5 (n 6= 6, 8) and for any r > 1, there is a

(r, 2, r(r − 1))-regular graph onn× 2r−2 vertices with girth5.

Corollary 4.2. For any r > 1, there is a (r, 2, r(r − 1))-regular graph on 5× 2r−2 vertices.

Example 4.3.Figure 4. illustrates Corollary 4.2 for n = 5 and r = 3, 4.
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Figure 4.

Corollary 4.4. For any r > 1, there is a (r, 2, r(r− 1))-regular graph on 7× 2r−2 vertices with girth 5.

Corollary 4.5. For any r > 1, there is a (r, 2, r(r− 1))-regular graph on 9× 2r−2 vertices with girth 5.

Corollary 4.6. For any r > 1, there exists a (r, 2, r(r − 1))-regular graph on 10 × 2r−2 vertices with

girth 5.

We observe that if the value ofn increases then the order of the graph also increases.

5 Construction of (r, 2, r(r − 1))-regular graphs of girth six

The Peterson graphP (n, 3) has vertex set{x(1)
i , x

(2)
i /0 ≤ i ≤ n−1} and the edge set{x(2)

i x
(2)
i+1/i =

0, 1, 2, 3, · · ·n − 1} ∪ {x(1)
i x

(2)
i /i = 0, 1, 2, 3, · · ·n − 1} ∪ {x(1)

i x
(1)
i+3/i = 0, 1, 2, 3, · · ·n − 1} where

the subscripts are taken modulon.

Theorem 5.1.For any n ≥ 7, n 6= 9, 12, 15 and r > 1, there is a

(r, 2, r(r − 1))-regular graph on n× 2r−2 vertices with girth six.

Proof. ReplaceP (n, 2) with P (n, 3) in Theorem 4.1. The result follows.

Remark 5.2.When n = 15, we get a (r, 2, r(r − 1))-regular graph of order n × 2r−2 with girth 5. If
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n = 9, 12, then we have graphs with girth 3, 4 respectively as shown in Figure 5.
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6 Construction of (r, 2, r(r − 1))-regular graphs of girth seven

Consider the Peterson graphP (n, 4), which has the vertex set{x(1)
i , x

(2)
i /0 ≤ i ≤ n − 1} and the

edge set{x(2)
i x

(2)
i+1/i = 0, 1, 2, 3, · · ·n − 1} ∪ {x(1)

i x
(2)
i /i = 0, 1, 2, 3, · · ·n − 1} ∪ {x(1)

i x
(1)
i+4/i =

0, 1, 2, 3, · · ·n− 1} (where the subscripts are taken modulon).

Theorem 6.1.For any n ≥ 9, n 6= 12, 16, 20, 24 and any r > 1, there is a (r, 2, r(r− 1))-regular graph

on n× 2r−2 vertices with girth seven.

Proof. TakeP (n, 4) instead of takingP (n, 2) in Theorem 4.1. The result follows.

Remark 6.2.When n = 20, 24, we get a (r, 2, r(r − 1))-regular graph of order n × 2r−2 with girth 5,

6 respectively. If n = 12, 16, then we have graphs with girth 3, 4 respectively as shown in Figure 6.

r rrrr r r r
r r r
rrrrrr

r r
rrr

##

�
� q

q q q q q q q q qqqqqqqqqqqq
qqqq q qqqqqqqqqqq

q q
q q q q qqqqqqqqqq

q
�

�
�

E
E
EE

q q q q q q qqqqqqqqqqq
q q q

girth 3 girth 4 girth 5

n=12 n=16 n=20

Figure 6.

Consider the generalized Peterson graphP (n, k), for n ≥ 5 and(2 ≤ k < n/2), having vertex set

V (G) = {x(1)
i , x

(2)
i /0 ≤ i ≤ n− 1} and the edge set{x(2)

i x
(2)
i+1/0 ≤ i ≤ n− 1} ∪{x(1)

i x
(2)
i /0 ≤ i ≤

n− 1} ∪{x(1)
i x

(1)
i+k/0 ≤ i ≤ n− 1}, where the subscripts are taken modulon.

Theorem 6.3.For any n ≥ 5 and 2 ≤ k < n/2 ( n 6= (2 + t)k where 1 ≤ t ≤ 2) and for any r ≥ 2,

there is a (r, 2, r(r − 1))-regular graph on (n × 2r−2) vertices with girth k + 3. In particular, when

n = (2+ t)k, 2 < t ≤ k there exist a (r, 2, r(r− 1))-regular graph of order n× 2r−2 with girth (2+ t).
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Proof. We take the generalized Peterson graphP (n, k), whenn ≥ 5 and1 ≤ k < n/2 instead of

takingP (n, 2) in Theorem 4.1.

Remark 6.4.If n = (2 + t)k, t = 1, 2, then we have graphs with girth 3 and 4 respectively. Therefore,

we cannot have a (r, 2, r(r − 1))-regular graph for n = (2 + t)k, for t = 1, 2 by this construction.
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