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Abstract

In this paper, we study the total edge irregularity strength of some well known graphs. An edge
irregular totalk-labelingy : VUE — {1,2,...,k} ofagraphG = (V, E) is a labeling of vertices
and edges of7 in such a way that for any different edgeg andx’y’ their weights are distinct.
The total edge irregularity strengths(G) is defined as the minimurh for which G has an edge
irregular totalk-labeling. Also, we determine the exact value of the total edge irregularity strength
of subdivision of stafs,,.
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1 Introduction

Bata, Jendrb Miller and Ryan [3] defined the notion of adge irregular totalk-labeling of a graph
G = (V, E) to be a labeling of the vertices and edgesfy : VU E — {1,2,...,k} such that, the
edge weightsit, (uv) = ¢(u) +¢(uv) +¢(v) are different for all edges. The minimukrfor which the
graphG has an edge irregular totedlabeling is calledhe total edge irregularity strength of, tes(G).

The motivation for the definition of the total edge irregularity strength came from irregular assign-
ments and the irregularity strength of graphs introduced by Chartrand, Jacobson, Lehel, Oellermann,
Ruiz and Saba [6]. Airregular assignments a k-labeling of the edges : E — {1,2,...,k} such
that the sum of the labels of edges incident with a vertex is different for all the verticdsaafl the
smallest: for which there is an irregular assignments isithegularity strengtfand is denoted by(G).

Finding the irregularity strength of a graph seems to be hard even for graphs with simple structure,
see [4,7,9, 14]. Kaifzski, Luczak and Thomason [12] conjectured that the edges of every connected
graph of order at least can be assigned labels frofii, 2,3} such that for all the pairs of adjacent
vertices, the sums of the labels of the incident edges are different.

We mention the following result from [3] giving a lower bound on the total edge irregularity strength
of a graph:

tes(G)zmax{PE(Gg‘Jrz-‘, {A(G2)+1"}, 0

whereA(G) is the maximum degree @f. The exact values of the total edge irregularity strength for
paths, cycles, stars, wheels and friendship graphs are determined in [3].
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Recently Ivaio and Jendid8] posed the following conjecture:

Conjecture 1.1.[8] Let G be an arbitrary graph different from K5. Then
1
tes(G) = max{ PE(G;‘ + 2-‘ , {A(GQ) + -‘ } . 2

Conjecture 1 has been verified for trees in [8], for complete graphs and complete bipartite graphs in
[10] and [11], for the Cartesian product of two patRd 1P, in [13], for corona product of a path with
certain graphs in [15], for large dense graphs 3)|+2 < % in [5], for the categorical product
of two pathsP,, x P, in [2] and for the categorical product of a cycle and a gaghx P, in [1].

Motivated by [1],[3] and [15] we investigate the total edge irregularity strength of subdivision of a star
Sp. In[16], form > 0 andn > 3, let S]" be a graph obtained by inserting vertices to every edge of
a starS,,. Thus, the stas,, can be written a$?. The graphS™ is given in Figurel.
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Figure 1: The graph of)"

We define the vertex set and the edge set of the gé&phs follows:
V(Sy) ={e,xij i€ ln],jel,m+1]},
and

E(Sm) = {Cfxi,la$i,jfl$i,j 11 € [1,n},j S [2,m + ]_]}

n
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Clearly, a graphS)* hasmn + n + 1 vertices andnn + n edges. Among these vertices, one vertex
has degree, n vertices have degree one, and the remaining vertices have degree two. As the maximum
degree/\ (1) = n, then (1) implies thates(S7) > [m1£142] To show thaf ™£™+2] is an upper
bound for thetes(.S)"), we describe an edge irregular tofﬁf%"“] -labeling forS}".
Theorem 1.2.Forn > 3, tes(S}) = [2%:2] .
Proof. The inequalitytes(S;) > [24E2] follows from (1). To provetes(S)) < [24E2], we split the
edge set of5} in mutually disjoint subsets:
Aj ={cxjp}tforl <i<nandB; = {z;j1z;2} forl <i<mn.
Letk = [2%£2] and define a total-labelingy; : V U E — {1,2,...,k} with ¢1(c) = 1 as follows:
Case l.when n = 0(mod3)

1, fl<i<?j=1
r(ig) =4 1+i—2, if24+1<i<n,j=1
k, if1<i<n,j=2

i, if1<i<ng?
V1(4;) =

bBy=4 ° E

Under the labeling)y, the total weights of the edges are as follows:

(i) edges inA4; receive2 + i for 1 < i <mn,

(ii) edges inB; receive2 31143t for | < j < 2 and EE3=n for 283 < <,
Case 2.when n = 1(mod3)

1, 1f1<i§%,j:1

(i) = 2—|—Z—”T+2, 1f”§r2§1§n,j:
k, ifl1<i<n, j=2
1, if1<q<nzl

B <@ Ty
P1(Bi) =
k-2, if"2<i<n

Under the labeling);, the total weights of the edges are as follows:
(i) edges inA; receive2 + i for 1 < i <mn,
(ii) edges inB; receive2t2ntdt for | < j < 2ol andSh3ion=2 for b2 < j < p
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Case 3.when n = 2(mod3)

1, if1<i< ™ j=1

Unlwig) = 24+i—ag i <isn =1
k) if1<i<mn, j=2
i, ifl<i<nil

V1(4;) =
nilgf < i<p
ntdikl ] << nil

V1(B;) =
k, if 1 <i<n

Under the labeling)y, the total weights of the edges are as follows:
(i) edges inA; receive the intege? + i for 1 < i < n,
(ii) edges inB; receive the integef 43 for 1 < j < 2L and SE3E=nt2 for ntd < < gy,
It can be easily verified that the vertex and edge labels are attreosd the edge-weights are pairwise

distinct. Thus, the resulting total labeling is the desired edge irregulabeling. This concludes the
proof. |

Theorem 1.3.Forn > 3, tes(S2) = [252].

Proof. The ineqalitytes(S2) > [%1 follows from (1). To prove the equality we split the edge set
of S2 in mutually disjoint subsets:

A; = {cmi,l}, B;, = {xmxi’g} andCi = {(L‘iga}i’g} forl1 <i<n.

Let k = [2%£2]. Define a totak-labelings, : V U E — {1,2,...,k} such thatys(c) = 1 and for
1<i<n,

i, if j =1
Yo(wij) = i+1, ifj=2
k, ifj—=3

Vo(A;) =1, Ya(B;) =k —i, a(C;) =k — 1,

Under the labeling)-, the total weights of the edges are as follows:

(i) edges inA; receive2 + i for 1 < i < mn,

(i) edges inB; receivek + 1 +ifor 1 <i <n,

(i) edges inC; receive2k + i for 1 < i < n.

It can be easily verified, is an edge irregular total labeling having the required property. =R

Theorem 1.4.Forn > 3, tes(S3) = [4%42].

Proof. The inequalitytes(S3) > [4%2] from (1). To prove the equality we split the edge sefpfin
mutually disjoint subsets:

AZ‘ = {Cl‘i’l}, Bz = {xi,l$i,2}’ Cz = {l'i,Q-Ti,B} andDi = {$i73$i74} for 1 <7 <n.
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Letk = [4%27. We define a totak-labelingys such thats(c) = 1 and forl <i < n,
i, ifj=1
Ps(wi;) =4 i+1, ifj=2
k,  ifj=34
¥3(4;) = L 4p3(B;) =n+1—4,
Zn when n = 0(mod3)
V3(Ci) = % when n = 1(mod3)
)

2"3_1 when n = 2(mod3

g+ when n = 0(mod3)
Y3(D;) = ¢ 2 — g+ when n = 1(mod3)

% —k+1 when n=2(mod3)

Under the labeling)s,
(i) edges inA4; receive2 +ifor1 < i < mn,
(i) edges inB; receiven + 2 +ifor1 <i < n.
Case l.when n = 0(mod3)
(i) edges inC; receivek + 1 + 2 +ifor 1 <i < n,
(iedges inD; receive2k + 5 +ifor1 <i < n.
Case 2.when n = 1(mod3)
(i) edges inC; receivek + 2 4+ 22 4 ifor 1 < i < n,
(iledges inD; receivek + % + i for 1 <i < n.
Case 3.when n = 2(mod3)
(i) edges inC; receivek + 1 + 221 + i for 1 <i <mn,
(iledges inD; receivek + 2%t2 + i for 1 < i < n.

It can be easily verified that the vertex and edge labels are atnaost the edge-weights are pairwise
distinct. Thus, the resulting total labeling is the desired edge irregtikaneling. |

TmmmmLaﬂn4gmg5mmn2&mq$ﬁ:{@##ﬂ]

Proof. The inequalitytes(S)") > {MW . follows from (1). To prove the equality we split the
edge set ob]" in mutually disjoint subsets:

Aig ={cziptforl <i<n

Aijj=A{zijzijtforl1 <i<n, 2<j<m+1

Letk = [MW Define a totak-labelingy, such that)s(c¢) = 1 and forl < i < n,

i, ifj=1

i+1, ifj=2
Ya(wij) =

n, if j=3

k, if j =4,5,6
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Ya(Ain) = 1, Ya(Aip) = n+1—14,
1/)4(141‘73) =n-+1, 1/)4(/11‘74) =2n—k+2+71,
Ya(Ais) =4n — 2k + 2+, YPa(Aig) = dn — 2k + 2 + 14,

Under the labeling)y, the edges iM4; ; receive weightgj — 1)n +2 +ifor1 < i < n and
1<j<m+1.

It is easy to verify that), is an edge irregular total labeling having the required property. &

Theorem 1.6.Forn > 3, tes(S5) = [12].

Proof. We havetes(SS) > [74t2] from (1). To prove the equality we split the edge setSfin
mutually disjoint subsets:

Aii={cxjtforl <i<n

Aij={zijzjpforl <i<n, 2<j5<7.

Letk = [ 727, Define the total k-labelings such that)s(c) = 1 and forl < i < n,

i ifj=1

1+ 1, ifj=2
7/)5(%,]'): n—1414, ifj=3

n -+, ifj=4

k it j =5,6,7

V5(Ai1) =1, P5(Ai2) =n+1—1,

VP5(Aiz) =n+2—1i,s5(Aj4) =n+3 —1,

Ps5(Aip) =3n—k+2, ¥s(Aie) =5n — 2k +2+14, ¥5(A;7) = 6n — 2k +2+14,

Under the labeling’s, the edges im; ; receive weight$j — 1)n+2 +ifor1 <i<n,1 <j <7,

It can be easily verified thats is an edge irregular total labeling having the required property
Theorem 1.7.For7 < m < 8 andn > 3, tes(S)"") = {W—‘
Proof. The inequalitytes(S)") > {W] follows from (1). To prove the equality we split the
edge set ob)" in mutually disjoint subsets:
Ajg ={czjpforl1 <i<n
Aij={zijzijtfor1<i<n, 2<j<m+1

First we construct the vertex labeling for 1 < i < n with ¢4(c) = 1 andk = [MW

i, if j =1

i+1, if j =2

Po(zij) =4 n—1+i, ifj=3
n+i, if j =4

n+1+i, ifj=5
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Case 1.when m =7
Volwig) = { b if1<i<nj=6738
Case 2.when m = 8
n+2+1 ifl1<i<n,j=6
VYe(wi5) =
k, ifl1<i<n,j=71,8,9
Now we define edge labeling; as follows:
Ye(Ai1) =1, Ye(Aiz) =n+1—1,
VY6(Aiz) =n+2—1i, Ye(Aia) =n+3—1i, Pe(Ais) =2n+1—1,

e whenm=1"17
¢6(Ai,6) =4n — k+ 1, ¢6(Ai,7) =6n—2k+2+71, wﬁ(Ai,B) ="Tn—2k+2+1,

e when m =8
1/}6(141',6) =3n—1-— i, 1/16(141‘,7) =bn — k‘, 1/}6(141',8) =Tn—2k+2+ i,
’(ﬁﬁ(A@g) =8n — 2k + 2 + i,

Under the labeling)s, the edges iM; ; receive weightgj — 1)n+2 +iforl1 <i<n,1 <j <
(m+1).

It can be easily verified that the vertex and edge labels are attnastl the edge-weights of the
edges from the setd; ; for i € [1,n — 1], j € [1,m + 1] are pairwise distinct. Thus, the resulting total
labeling is the desired edge irregulatabeling. This concludes the proof. |

Open Problem. We conclude the paper with the following open problem.

Form > 9, n > 3, determine the total edge irregular strength of subdivision of Star

Acknowledgement: The author is thankful to the anonymous referee for valuable comments and sug-
gestions.
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