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ABSTRACT

In this study we aimed to perform an exact simulation based on the combination of Vortex Panel Method and
Falkner Skan Method for NACA 0006 in low angle of attacks. As it is obvious, lift coefficient is governed by the
pressure distribution around the airfoil. Besides, skin friction coefficient (related to skin drag coefficient) is highly
depended on the distribution of velocity in viscos region. Therefore, in the present work, a hybrid solver is derived
in which couples the Vortex Panel Method with Falkner Skan Method for simultaneously solving the boundary
layer and invisid region. Dealing with Falkner Skan and Panel method, we have already assumed that the flow is
incompressible and also the self- similarity assumption exists for the entire boundary layer, which means that flow
separation is simply ignored. This last assumption is mostly valid for low Reynolds numbers and/ or low angle of
attacks and/ or thin airfoils as NACA 0006.

Key words: Falkner Skan coupled with Vortex Panel Methodhsuic flows, NACA0006, Skin friction and lift
Coefficient, Non- mesh solution

INTRODUCTION

Finding exact solutions for external flow probletrass been controversial so far. Many years of rebehas not
been yet concluded to the exact solution of Nav8iekes equations but only for a few specific peofs.
Numerical approaches were then born as an alteenttiovercome this issue. But as it is crystahcléhe basis of
these solvers is doing an iterative process whsckonsiderably a time consuming process. Similaitglysis
allowed us to convert the governing PDEs (PartidfeBential Equations) of momentum equations int®@E
(Ordinary Differential Equations) ones. This metblogdyy led us to some more exact solutions for sonoge
specific problems. Transformation of PDEs to OD&sisually considered as non- mesh methods. Therafas
sensible to attempt finding similarities in fluitbdv problems. External flows are in the attentimtause they are
applicable in many industries especially for alrfdésign [1- 6]. Assessing the performance of afoigi it is
essential to have exact information of especidffyahd drag coefficient. The exerted forces oraafoil are caused
by shear stresses and pressure. Order of magaettgsis reveals that pressure gradients are riggliqn the
boundary layer of a flat plate and it is only degesh on the pressure gradients over the boundagyr lafyany
external flow. So, pressure gradients can be siroplgulated using Euler momentum equation overbtheéndary
layer. Therefore, one must seek for the velocipd@gnts over the boundary layer of a streamline/b®tle velocity
gradients (over the boundary layer where the pisteflow dominates) are quantified using the pagnflow
algorithms such as Panel Methods [4]. For calaulpthe shear forces, boundary layer must be fidses. Blasius
developed a similarity solution for solving the bdary layer over a flat plate. After that, thiswmn was applied
for wedges. This methodology is known as FalknerSkansformation [6]. Doing this method, the vélpprofiles
in the boundary layer of a wedge would be obtaiftzhce, shear stresses would be easily calculatetthit case.
By having this over review, it is possible to cafthe Panel method with Falkner Skan method. Bggltiis, both
pressure forces and shear forces exerted on andimeabody can be achieved by dividing the extebwdy into
finite numbers of attached wedges. In the presemkwve have developed a solver for simultaneosslying the
Panel Method and Falkner Skan transformation eguaiihe streamline body is assumed to be NACA 000&.
study has been pursued in zer8, 2, 3, 4 and 8 angle of attacks. In the next sections, we dedh whie
implementation of this solver after a brief diséasson both Panel Method and Falkner Skan methqadsented.
In further research, we will introduce a simple arser- friendly software for calculations relatedtiie bluff and
streamline bodies and also an optimized airfoik (tighest ¢ Cy) will be introduced by employing Genetic
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Algorithm. Considering that drag coefficient in @nlinar and incompressible flow regime is affectgdsbveral
factors including shape drag, skin drag (causeshmar forces) and induced drag, in the mentiontaework, the
effect of induced drag will be also included. Inddadrag exists because airfoils are actually thdimensional.
Therefore, this factor includes the three- dimemasi@ffect of airfoil. Fortunately, this factorasso can be obtained
by non- mesh methods. But as it is obvious, thiscefis ignored in the present work and we have delalt with
the skin friction coefficient. Further explanatioms this factor will be presented in our futuredstu

A Brief Discussion on Panel M ethod

Panel methods are technique for solving incompoésgiotential flows over 2D or 3D thick bluff bodieThere are
several of these Panel Method techniques. Thes@oghetare applied especially for calculating thesguee
distribution over an airfoil. Among them, Vortex igd Method has the advantage of application fofo#sr in
different angle of attacks. Other Panel Methods sehdo not consider the vortex potential flow initlsgmulation
procedure, cannot be applied for asymmetric agfoil airfoils in different angles of attacks. hetpresent work,
Vortex Panel Method is introduced briefly. In 24#De airfoil surface is divided into piecewise gif#iline segments
or panels or “boundary elements” and vortex shetetrengthl’ are placed on each panel. The philosophy of the
existence of lift force on an airfoil comes fronistifact that the upper surface boundary layer éostan general,
clockwise rotating vorticity and the lower surfaoeundary layer contains, in general, counter clasgworticity.
Because there is more clockwise vorticity than ¢eualockwise vorticity (simply, for existence dft/Jthe length of
the upper surface should be greater than thatvegrgurface), there is net clockwise circulatioousd the airfoil.
In panel methods, we replace this boundary layhighvhas a small but finite thickness with a thieet of vorticity
placed just outside the airfoil. This net clockwiseeulation around the airfoil can be understoedhe existence of
lift force on the airfoil. In this model, the varify around the airfoil is modeled by assuming gges in each panel
around the airfoil. At first, the strength of thesmtex flows is not identified. So by consideriagpecific value for
the airfoil as the stream line, and using the supstion method for calculating the effect of othpamels on a
certain panel, the main equation of Vortex Panethidé is obtained. Finally, because we have assuanggttain
value for the airfoil as a stream line, this valest be also identified. So, for n numbers of pane have n
equations and n+ 1 unknown. Here, Kutta conditisrapplied to balance the number of equations wigh t
unknowns. Kutta condition states that the presabmve and below the airfoil trailing edge must baat, and then
the flow must smoothly leave the trailing edge e same direction at the upper and lower edge. Becthe
methodology of Vortex Panel Method is simply foundhe literature of classical methods for solvthg potential
flow [4], we have skipped from a detailed discussim this subject in the present work. Main govwegrequations
of the Vortex Panel Method can be written as:

1 _
u_y —v_x —Elﬂyolnﬂr ~T,|)ds, =C

yUpper = _ylower

In which Eq. 1 is for the cumulative effect of othpanel's vortexes on a specific panel and Egardst as the Kutta
condition. A self- developed Panel Method Code amployed for solving the potential flow over thefail. In this
work, this code is applied for NACA0006 after thia¢ code has been validated for the flow arounccitede (the
flow around the circle can be solved analyticaljythe assumptions of potential flows and so it idely found in
the literature of Fluid Mechanics). Fig. 1 show® tmentioned validation. Fig. 2 indicates the geoyneff
NACAO0006 and in Fig. 3 as the result of Vortex Ravethod, the pressure coefficient around thisadlirih six
different angles of attack (zero’, 2°, 3, 4° and 5) is shown. In Fig. 4, the acquired lift coefficisrare compared
to that of thin airfoil theory.
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Fig. 1 Pressure coefficient (Cp) around a circle compar ed with the theor etical solution
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Fig. 3 Pressure distribution over NACAOQ006; First row: zero and 1° angle of attack; Second row: 2° and 3° angle of attack; Third row: 4°
and 5° angle of attack: Red lineisfor thelower surface and Bluelineisfor the upper surface
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Fig. 4 Lift Coefficient (vertical axis) vs. angle of attack (horizontal axis); Red isfor analytical solution of thin airfoilsand Blueisthe
solution of Panel Method
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A brief introduction on Falkner Skan Method, Solver M ethodology and Results

Blasius developed a similarity solution for boundbyer over a semi- infinite plate. After that kaér and Skan
used this methodology for solving the boundary layeer a wedge. They developed a new transformdtox-

momentum equation. In this transformation equattbe, effect of pressure gradient was also inclu@gdusing
order of magnitude technique it can be shown thatpressure gradients happen just for curved and/iedged
plates). Since as well as Panel Method, this metardbe also widely found in the literature of HltWlechanics
[6]. This procedure is only briefly explained ingtpaper:

Navier Stokes equations for an incompressible gtetate flow are as follow:

ou ov
—+—=0
ox oy
2
uau Vau 10_p+u(6u 02u2 a)
ox  0Xx £ 0X x> dy
ov_ov _ 1dp 0N 0¥
+v — +U(=—+—)
X ox p oy ox*° oy
Using the order of magnitude technique, the bountdgser thickness over a flat plate can be obtaased
o) 1
20— 4)

X ,/Re><
In EqQ. (4), the boundary layer thickness is a fiamcof x direction.
Moreover, order of magnetite reveals that y- momentquation can be simply ignored. Furthermoreorsgc
derivative of x- component velocity in x- momenteuation would be eliminated. So, for a flat plateonly deal
with transforming the following PDE equations:

Lo
ox oy -
du du _ 0w
U—+V —=0U
ox o0x oy?

The only difference between Blasius transformatidth Falkner Skan technique is to substitute theetivative of
pressure with the derivate of velocity over the rary layer where the potential flow dominates énttat for
potential flows, this velocity derivative existslpiif the geometry of bluff or streamline body erdes the curvature
of stream lines in that region). This substitutisfased on this fact that in potential flow, tlevgrning momentum
equation is defined by Bernoulli equation. Therefdhe final engaged PDEs for the flow over a wef@gea shape
which has curvatures) can be denoted as follow:

v o
ox oy .
v, du du, . o«
+v—=U +U

ax ox  ° dx ay?
By definition of stream function based on the samil function [6], x and y- component velocity cha achieved
as:

u=u."'(®)
f'(n) f'(mydu, 1 /UU )
v=—-=Uyy- € —— ef
2X o 2 dx 2V x )
In which f (#7) is the similarity function andy is the similarity parameter which is defined atofw:
n=% ®)
The final Falkner Skan transformation equation h:arwritten as:
dU ' ff " "
o -D)- (— ) e - 9)
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It is worth to site that Eq. (9) stands as x- motmenequation. And therefore, the effect of contiygiquation has
been considered in this equation by definition team function based on the similarity function.rtRar
explanation on Eq. (9) is extensively presentef@jn

Eq. (9) is a third order ODE equation and then sdhacke initial or boundary conditions. Based am physics of
flow, the appropriate initial/ boundary conditiofias this ordinary problem can be assumed to be:

an=0f (7)&f'(n) =0
atry =oco,f'(7)=1
f '(r7), merely indicated /U , so in solving process, the value gf in which f '(/7) Reaches 0.99, can be

assumed as the thickness factor of the boundaey.l&yrthermorego is assumed to be 10 in the present work. In
addition, the simulation has been continued fordl@@mber of panels in which for solving Falkner Skguation.

(10)

Each panel possesses a certain pressure (relateel velocity just above the boundary layer asréiseilt of Vortex
Panel Method). Since Eqg. (9) is not an initial wal@DE problem, it is usually solved by SHOOTINGheiques
[7]. Considering that an airfoil is not a uniformedge, it should be divided into lines or segmep@néls).
Therefore it can be simply assumed that each gdags the role of a wedge and each wedge requiteimg of Eq.
(9) by SHOOTING technique. Coming to the SHOOTIN@thod, it must be sited that Eq. (9) is a non-dine
equation. Then by interpolating or extrapolatingwd assumptions of initial values, the preciseisoh will not be
achieved. So, in the present work for being absblusure about the precision of the outcome resufitshe
numerical procedure, the interpolation processdeae based on the 3*106 assumptions of extra liniiaies. The
solution of each wedge represents the boundary layer its length. Accumulating these solutiong Houndary
layer shape for the entire airfoil is achieved.iBplementing the skin friction coefficient for eashction, the total
skin friction coefficient of airfoil is obtained.ufthermore, in this work, Eq. (9) was discretizgdusing a direct
forward algorithm. For validating the developedveo code, it was applied for Blasius problem (Bég 5). As it
can be seen from Eq. (9), Falkner- Skan equatibigidy depended on free stream velocity over thenolary layer
which is governed by potential flow regime. Usimpther Falkner- Skan transformation, the free strealocity
and its gradient can be easily related to the amigieedge by potential flow analysis. The factoitha$ relation i3
which is defined as:

L=2m/(m+1) (11)
Or, itisdefinedas: =8/ In whic# is the wedge angle (12)

Douglas Hartree [8] showed that physical soluticas only be found in the range — 0.030f < 2. In which, m <
0 corresponds to an adverse pressure gradientt{vigigesually happens in boundary layer separatidiile m > 0
indicates a favorable pressure gradient. This m#widor airfoils which possess sharp negativdeanghere is not
exact physical solutions (this results cannot hmaged that Navier- Stokes equations fail to prtesesact solutions
for this condition; and it just indicates that Fatk- Skan method has its limit which cannot be iggplor all the
desired angles of wedge because after the separtim similarity factor would change). Based om ¢igometrical
data of NACAOQOOQG6, all the panels angles are in @dbheve- mentioned range. So, in this case, therotisany
limitation for applying Falkner- Skan analysis. Aptimized self- developed Falkner- Skan code wasl us the
present work for simulating the flow over NACAOOOBemi- Infinite Plate is simulated by Blasius edprat

f"(n7) and f '(77) as functions of7) are derived in this case. In whichi,”(77) relates to the y- direction
derivative of x- component velocity anfi’(7) stands as the ratio of x- component velocity to flee stream
velocity. Based on the simulation results, these tactors fall within about 0% error with the exactution of
Blasius equation (see Fig. 5). For calculatdg (x) as a function of cord direction, we have used tilwing
procedure:

In general, for a straight line (oblique or flat)is factor can be defined as:

k
Cf (X) i —— (13)

JRe,

In which, k is a constant related to the anglehefdblique line (this constant is 0.644 for flatpl (angle of 0)). But
according to this fact that an airfoil can be daddinto finite numbers of attached lines (all oérthare almost

oblique), k will be then a factor of cord directidrhis factor is equal to 2[*"(/7)‘,720 in each panel. The total skin

friction coefficient can be simply derived by intaging the local values o€, (X) . For this,C, (X ) was fitted by
ninth order polynomials for each case study usiegdt Square technique [9- 13] with R- Square oluaB®9.
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Finally, the total skin friction coefficient (fﬁf was obtained as a function of Reynolds numberaHtat plate, this

1.328

~ JRe

factor is: C,

(14)

Based on the results of the present simulationgcéimstant of this factor for NACA0006 varied witietvariation of
angle of attack for both upper and lower surfacthefairfoil (Fig. 6). In the case of zero angleatthck, this factor

_1.503

JRe

was obtained as foIIowsCf

(15)

The cumulative results for the first and secondvagive of similarity function are gathered in Figand 8.
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Fig. 5 Semi- Infinite Plate (Blasius Solution); Red Line: T "'(17)
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Fig. 6 Cf vV Re(vertical axis) for the upper (blueline) and lower (red
line) surface of NACAOQO006 in different angle of attacks (horizontal axis)
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Fig. 7 NACAO0006 in zero angle of attack (coupled Solution); Red Line: f ”(/7) (vertical axis) vs. /] (horizontal axis); BlueLine:

f '(/7) (vertical axis) vs. /] (horizontal axis); Note: The results are shown with theinterval of 9 panelsfrom thefirst panel to the almost
last one. Also note that thisfigure standsfor the both lower and upper surface of the airfoil
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Fig. 8 NACAQOQO6 in different angle of attacks (1° 2° 3° 4° and 5° respectively) for the upper (left) and lower (right) surface of the airfail
(coupled Solution); Red Line: f ”(l]) (vertical axis) vs. /] (horizontal axis); BlueLine: f '(/7) (vertical axis) vs. /] (horizontal axis);
Note: Theresultsare shown with the interval of 9 panelsfrom thefirst panel to the almost last one

CONCLUSIONS

Vortex Panel Method and Falkner- Skan Methods werailtaneously used to simulate the flow over NAOBSO
in an incompressible steady state flow regime. fAssiclear, these methodologies can be only appled
incompressible flows. In this work, the simulatibas been conducted in two- dimensional geometmncesilift
coefficient is highly depended on pressure distiittuand besides drag coefficient is related to skia friction
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coefficient, an optimized self- developed Vortexn®a Falkner Skan coupled solver was used for taicg these
factors for NACAOOO06. The first and second derivesi of similarity function are shown for differeabgle of
attacks. Moreover, the lift coefficient for the died airfoil is shown and compared to that of thirfoil theory.
Finally, it is worth to state that this work starasa primary attempt for achieving the most edfitiairfoil shape
for every desired flight condition. In the nearurd, by expanding the present methodology and diretu the
induced drag effect and other engaged parametessrfimil performance, we will proceed to reach tigove-
mentioned goal by assistance of Genetic Algorithm.
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