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ABSTRACT

In this paper, we study existence and uniqueness of solutions for a coupled
system of multi-point boundary value problems for fractional di¤erential
equations. Applying principle contraction and Shaefer�s �xed point theo-
rem new existence results are obtained.
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1. Introduction

Di¤erential equations of fractional order have been of great interest for the last three
decades. It is caused both by the intensive development of the theory of fractional calculus
itself and by the applications of such constructions in the modelling of many phenomena
in various �elds of science and engineering. Indeed, we can �nd numerous applications in
viscoelasticity, electrochemistry, control, porous media, and so forth. Therefore, the theory
of fractional di¤erential equations has been developed very quickly. Many qualitative
theories of fractional di¤erential equations have been obtained. Many important results
can be found in [ 4, 5, 7, 9, 16, 17, 20, 21, 25] and the references cited therein. Multi-
point nonlinear boundary value problems, which refer to a di¤erent family of boundary
conditions in the study of disconjugacy theory [ 3] and take into account the boundary
data at intermediate points of the interval under consideration, have been addressed by
many authors, for example, see [ 1, 6, 8, 10, 11, 24, 28, 29] and the references therein.
Multi-point boundary conditions are important in various physical problems of applied
science when the controllers at the end points of the interval dissipate or add energy
according to the censors located at intermediate points. Moreover, the study of coupled
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systems of fractional order is also important in various problems of applied nature [
2, 12, 13, 14, 18, 25, 26, 30, 31]. Recently, many people have established the existence and
uniqueness of solutions for the multipoint boundary value problems of some fractional
systems, see [ 19, 27] and the reference therein. This paper deals with the existence and
uniqueness of solutions to the following coupled system of fractional di¤erential equations :8>>>>>><>>>>>>:

D�x (t) =  1 (t) f1 (t; y (t) ; (�1y) (t) ; (�2y) (t)) ; t 2 J;
D�y (t) =  2 (t) f2 (t; x (t) ; ('1x) (t) ; ('2x) (t)) ; t 2 J;

x (0) = x�0;
��x0 (0)��+ ��x00 (0)��+ :::+

���x(n�2) (0)��� = 0; x (T ) = mP
i=1

�ix (�i) ;

y (0) = y�0;
��y0 (0)��+ ��y00 (0)��+ :::+

���y(n�2) (0)��� = 0; y (T ) = mP
j=1

�jy
�
�j
�
;

(1)

where D� and D�; denote the Caputo fractional derivatives, with n � 1 < � < n and
n � 1 < � < n; n 2 N�; n 6= 1; J = [0; 1] ; �i; �j 2 R+; i; j = 1; :::;m;  1;  2 are two
continuous functions, �hx; 'hy; h = 1; 2 are integral operators, x�0; y

�
0 2 R; 0 < �i; �j <

1; i; j = 1; :::;m; f1; f2; are two functions which will be speci�ed later, and for h; �h; h =
1; 2 : [0; 1]� [0; 1]! [0;1) ;

('hx) (t) =

Z t

0

h (t; s)x (s) ds; (�hy) (t) =

Z t

0

�h (t; s) y (s) ds; h = 1; 2:

The rest of this paper is organized as follows. In section 2, we present some preliminaries
and lemmas. Section 3 is devoted to existence of solution of problem (1). In section 4 an
example is treated illustrating our results.

2. Preliminaries

The following notations, de�nitions, and preliminary facts will be used throughout this
paper.

De�nition 1 The Riemann-Liouville fractional integral operator of order � � 0, for a
continuous function f on [0;1[ is de�ned as :

J�f (t) =
1

� (�)

Z t

0

(t� �)��1 f (�) d� ; � > 0; (2)

J0f (t) = f (t) ;

where � (�) =
R1
0
e�uu��1du:

De�nition 2 The fractional derivative of f 2 Cn ([0;1[) in the Caputo�s sense is de�ned
as :

D�f (t) =
1

� (n� �)

Z t

0

(t� �)n���1 f (n) (�) d� ; n� 1 < � < n; n 2 N�: (3)

For more details about fractional calculus, we refer the reader to [ 22, 23].

Let us now introduce the spaces X = fx : x 2 C ([0; T ])g and Y = fy : y 2 C ([0; T ])g
endowed with the norm k x k= sup

t2J
jx (t)j and k y k= sup

t2J
jy (t)j :
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Obviously, (X; k : k) and (Y; k : k) ; are Banach spases. The product space (X � Y; k(x; y)k)
is also Banach space with norm k(x; y)k = kxk+ kyk :

We give the following lemmas [ 15] :

Lemma 3 For � > 0; the general solution of the fractional di¤erential equation D�x (t) =
0 is given by

x (t) = c0 + c1t+ c2t
2 + :::+ cn�1t

n�1; (4)

where ci 2 R; i = 0; 1; 2; ::; n� 1; n = [�] + 1:

Lemma 4 Let � > 0: Then
J�D�x (t) = x (t) + c0 + c1t+ c2t

2 + :::+ cn�1t
n�1; (5)

for some ci 2 R; i = 0; 1; 2; :::; n� 1; n = [�] + 1:

We need also the following auxiliary result :

Lemma 5 Let
mP
i=1

�i�
n�1
i 6= T n�1: Then for a given g 2 C ([0; T ]) ; the solution of the

equation
D�x (t) = ( 1g) (t) ; t 2 J; n� 1 < � � n; (6)

subject to the boundary condition

x (0) = x�0;
���x0 (0)���+ ���x00 (0)���+ :::+

���x(n�2) (0)��� = 0; x (T ) = mX
i=1

�ix (�i) ; (7)

is given by

x (t) =
1

� (�)

Z t

0

(t� s)��1 ( 1g) (s) ds+ x�0 (8)

+
tn�1

� (�)

�
mP
i=1

�i�
n�1
i � T n�1

� Z T

0

(T � s)��1 ( 1g) (s) ds

� tn�1

� (�)

�
mP
i=1

�i�
n�1
i � T n�1

� mX
i=1

�i

Z �i

0

(�i � s)��1 ( 1g) (s) ds:

Proof. By lemmas 3 and Lemma 4, the general solution of (6 is written as

x (t) =
1

� (�)

Z t

0

(t� s)��1 ( 1g) (s) ds� c0 � c1t� c2t
2 � :::� cn�1t

n�1: (9)

Using the boundary condition (7); we have c1 = ::: = cn�2 = 0 and c0 = �x�0:
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For cn�1; we have

cn�1 = � 1

� (�)

�
mP
i=1

�i�
n�1
i � T n�1

� Z T

0

(T � s)��1 ( 1g) (s) ds (10)

+
1

� (�)

�
mP
i=1

�i�
n�1
i � T n�1

� mX
i=1

�i

Z �i

0

(�i � s)��1 ( 1g) (s) ds:

Substituting the value of c0; c1; :::; cn�2 and cn�1 in (10); we get (9).

3. Main Results

Let us introduce the quantities :

!h = sup
t2[0;T ]

����Z t

0

�h (t; s) ds

���� ; $h = sup
t2[0;T ]

����Z t

0

h (t; s) ds

���� ; h = 1; 2;
�1 =

k 1k1
� (�+ 1)

0BB@1 + T� +
mP
i=1

j�ij ��i���� mP
i=1

�i�
n�1
i � T n�1

����
1CCA ; (11)

�2 =
k 2k1
� (� + 1)

0BBBB@1 +
T � +

mP
j=1

���j�� ��j����� mPj=1�j�n�1j � T n�1

�����

1CCCCA :

We list also the following hypotheses :
(H1) : The functions f1; f2 : [0; T ]� R3 ! R are continuous.
(H2) : There exist non negative continuous functions ai; bi 2 C ([0; T ]) ; i = 1; 3 such

that for all t 2 [0; T ] and (x; y; z) ; (x1; y1; z1) 2 R3; we have

jf1 (t; x; y; z)� f1 (t; x1; y1; z1)j � a1 (t) jx� x1j+ a2 (t) jy � y1j+ a3 (t) jz � z1j ;
jf2 (t; x; y; z)� f1 (t; x1; y1; z1)j � b1 (t) jx� x1j+ b2 (t) jy � y1j+ b3 (t) jz � z1j ;

with

A1 = sup
t2J

a1 (t) ; A2 = sup
t2J

a2 (t) ; A3 = sup
t2J

a3 (t)

B1 = sup
t2J

b1 (t) ; B2 = sup
t2J

b2 (t) ; B3 = sup
t2J

b3 (t) :

(H3) : There exists non negative continuous functions l1 and l2 such that
jf1 (t; x; y; z)j � l1 (t) ; jf2 (t; x; y; z)j � l2 (t) for each t 2 J and all, (x; y; z) 2 R3 with

L1 = sup
t2J

l1 (t) ; L2 = sup
t2J

l2 (t) :

Our �rst result is based on Banach contraction principle :
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Theorem 6 Suppose that
mP
i=1

�i�
n�1
i 6= T n�1;

mP
j=1

�j�
n�1
j 6= T n�1 and assume that the

hypothesis (H1) and (H2) hold.
If

�1 (A1 + A2�1 + A3�2) + �2 (B1 +B21 +B32) < 1; (12)

then the boundary value problem (1) has a unique solution on J .

Proof. Consider the operator R : X � Y ! X � Y de�ned by :
R (x; y) (t) := (R1y (t) ; R2x (t)) ; (13)

where

R1y (t) =
1

�(�)

R t
0
(t� s)��1  1 (s) f1 (s; y (s) ; (�1y) (s) ; (�2y) (s)) ds+ x�0

+ tn�1

�(�)

�
mP
i=1

�i�
n�1
i �Tn�1

� R T
0
(T � s)��1  1 (s) f1 (s; y (s) ; (�1y) (s) ; (�2y) (s)) ds

� tn�1

�(�)

 
mP
j=1

�j�
n�1
j �Tn�1

! mP
j=1

�j
R �j
0

�
�j � s

���1
 1 (s) f2 (s; x (s) ; (�1x) (s) ; (�2x) (s)) ds

(14)

and

R2x (t) =
1

�(�)

R t
0
(t� s)��1  2 (s) f2 (s; x (s) ; ('1x) (s) ; ('2x) (s)) ds+ y�0

+ tn�1

�(�)

 
mP
j=1

�j�
n�1
j �Tn�1

! R T
0
(T � s)��1  2 (s) f2 (s; x (s) ; ('1x) (s) ; ('2x) (s)) ds

� tn�1

�(�)

 
mP
j=1

�j�
n�1
j �Tn�1

! mP
j=1

�j
R �j
0

�
�j � s

���1
 1 (s) f2 (s; x (s) ; (�1x) (s) ; (�2x) (s)) ds

(15)

We shall prove that R is contraction mapping :
Let us set supt2[0;T ] f1 (t; 0; 0; 0) =M1 and supt2[0;T ] f2 (t; 0; 0; 0) =M2 such that

r � �1M1 + �2M2 + jx�0j+ jy�0j
1� �1 (A1 + A2�1 + A3�2)� �2 (B1 +B21 +B32)

(16)

We show that RBr � Br, where Br = f(x; y) 2 X � Y; k(x; y)k � rg :
For (x; y) 2 Br; we have :
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jR1y (t)j �
� 1

�(�)

R t
0
(t� s)��1 sup0�s�T j 1 (s)j jf1 (s; y (s) ; (�1y) (s) ; (�2y) (s))j ds

+ jx�0j+ tn�1

�(�)

���� mP
i=1

�i�
n�1
i �Tn�1

����
R T
0
(T � s)��1

� sup0�s�T j 1 (s)j jf1 (s; y (s) ; (�1y) (s) ; (�2y) (s))j ds
+ tn�1

�(�)

���� mP
i=1

�i�
n�1
i �Tn�1

����
mP
i=1

j�ij
R �i
0
(�i � s)��1

� sup0�s�T j 1 (s)j jf1 (s; y (s) ; (�1y) (s) ; (�2y) (s))j ds

(17)

Hence

jR1y (t)j � 1
�(�)

R t
0
(t� s)��1 sup0�s�T j 1 (s)j

� (jf1 (s; y (s) ; (�1y) (s) ; (�2y) (s))� f1 (s; 0; 0; 0)j+ jf1 (s; 0; 0; 0)j) ds
+ jx�0j+ tn�1

�(�)

���� mP
i=1

�i�
n�1
i �Tn�1

����
R T
0
(T � s)��1

��sup0�s�T  1 (s)��
� (jf1 (s; y (s) ; (�1y) (s) ; (�2y) (s))� f1 (s; 0; 0; 0)j+ jf1 (s; 0; 0; 0)j) ds
+ tn�1

�(�)

���� mP
i=1

�i�
n�1
i �Tn�1

����
mP
i=1

j�ij
R �i
0
(�i � s)��1

��sup0�s�T  1 (s)��
� (jf1 (s; y (s) ; (�1y) (s) ; (�2y) (s))� f1 (s; 0; 0; 0)j+ jf1 (s; 0; 0; 0)j) ds

(18)

Thanks to (H2) ;we obtain

jR1y (t)j �
k 1k1
�(�+1)

�
supt2[0;T ] a1 (t) ky (s)k+ supt2[0;T ] a2 (t) k�1y (s)k+ supt2[0;T ] a3 (t) k�3y (s)k+M1

�
+ jx�0j+

k 1k1T�

�(�+1)

���� mP
i=1

�i�
n�1
i �Tn�1

����
�
supt2[0;T ] a1 (t) ky (s)k+ supt2[0;T ] a2 (t) k�1y (s)k

+supt2[0;T ] a3 (t) k�3y (s)k+M1

�
+

k 1k1
mP
i=1
j�ij��i

�(�+1)

���� mP
i=1

�i�
n�1
i �Tn�1

����
�
supt2[0;T ] a1 (t) ky (s)k

+ supt2[0;T ] a2 (t) k�1y (s)k+ supt2[0;T ] a3 (t) k�3y (s)k+M1

�
(19)

Consequently,

jR1y (t)j � k 1k1
�(�+1)

[(A1 + A2�1 + A3�2) kyk+M1] + jx�0j
+

k 1k1T�

�(�+1)

���� mP
i=1

�i�
n�1
i �Tn�1

���� [(A1 + A2�1 + A3�2) kyk+M1]

+
k 1k1

mP
i=1
j�ij��i

�(�+1)

���� mP
i=1

�i�
n�1
i �Tn�1

���� [(A1 + A2�1 + A3�2) kyk+M1]

� k 1k1
�(�+1)

0@1 + T�+
mP
i=1
j�ij��i���� mP

i=1
�i�

n�1
i �Tn�1

����
1A [(A1 + A2�1 + A3�2) kyk+M1] + jx�0j

(20)
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which implies that
jR1y (t)j � �1 [(A1 + A2�1 + A3�2) r +M1] + jx�0j ; t [0; T ] ; (21)

Hence,
kR1 (y)k � �1 [(A1 + A2�1 + A3�2) r +M1] + jx�0j : (22)

With the same arguments as before, we have
kR2 (x)k � �2 [(B1 +B21 +B32) r +M2] + jy�0j : (23)

And by (22) and (23); we obtain

kR (x; y)k �
�1 [(A1 + A2�1 + A3�2) r +M1] + �2 [(B1 +B21 +B32) r +M2] + jx�0j+ jy�0j

(24)

Consequently,
kR (x; y)k � r: (25)

Now for (x1; y1) ; (x2; y2) 2 X � Y; and for any t 2 [0; T ] ; we get

jR1y1 (t)�R1y2 (t)j �
1

�(�)

R t
0
(t� s)��1 sup0�s�T j 1 (s)j

� jf1 (s; y1 (s) ; (�1y1) (s) ; (�2y1) (s))� f1 (s; y2 (s) ; (�1y2) (s) ; (�2y2) (s))j ds
+ tn�1

�(�)

���� mP
i=1

�i�
n�1
i �Tn�1

����
R T
0
(T � s)��1 sup0�s�T j 1 (s)j

� jf1 (s; y1 (s) ; (�1y1) (s) ; (�2y1) (s))� f1 (s; y2 (s) ; (�1y2) (s) ; (�2y2) (s))j ds
tn�1

�(�)

���� mP
i=1

�i�
n�1
i �Tn�1

����
mP
i=1

j�ij
R �i
0
(�i � s)��1 sup0�s�T j 1 (s)j

� jf1 (s; y1 (s) ; (�1y1) (s) ; (�2y1) (s))� f1 (s; y2 (s) ; (�1y2) (s) ; (�2y2) (s))j ds

(26)

Thanks to (H2), we can write

jR1y1 (t)�R1y2 (t)j �
k 1k1
�(�)

R t
0
(t� s)��1

�
�
supt2[0;T ] a1 (t) ky1 (s)� y2 (s)k+ supt2[0;T ] a2 (t) k�1y1 (s)� �1y2 (s)k

+supt2[0;T ] a3 (t) k�3y1 (s)� �3y2 (s)k
�
ds+

k 1k1
�(�)

���� mP
i=1

�i�
n�1
i �Tn�1

����
R T
0
(T � s)��1

�
�
supt2[0;T ] a1 (t) ky1 (s)� y2 (s)k+ supt2[0;T ] a2 (t) k�1y1 (s)� �1y2 (s)k

+supt2[0;T ] a3 (t) k�3y1 (s)� �3y2 (s)k
�
ds+

k 1k1
�(�)

���� mP
i=1

�i�
n�1
i �Tn�1

����
mP
i=1

j�ij
R �i
0
(�i � s)��1

� supt2[0;T ] a1 (t) ky1 (s)� y2 (s)k+ supt2[0;T ] a2 (t) k�1y1 (s)� �1y2 (s)k
+supt2[0;T ] a3 (t) k�3y1 (s)� �3y2 (s)k

�
ds

(27)

Therefore,

51



M. Houas et al./ Med. J. Model. Simul. 10 (2018) 045-059

jR1y1 (t)�R1y2 (t)j �
k 1k1
�(�+1)

(A1 + A2�1 + A3�2) ky1 � y2k
+

k 1k1T�

�(�+1)

���� mP
i=1

�i�
n�1
i �Tn�1

���� (A1 + A2�1 + A3�2) ky1 � y2k

+
k 1k1

mP
i=1
j�ij��i

�(�+1)

���� mP
i=1

�i�
n�1
i �Tn�1

���� (A1 + A2�1 + A3�2) ky1 � y2k

� k 1k1
�(�+1)

0@1 + T�+
mP
i=1
j�ij��i���� mP

i=1
�i�

n�1
i �Tn�1

����
1A (A1 + A2�1 + A3�2) ky1 � y2k

(28)

and consequently we obtain
kR1 (y1)�R1 (y2)k � �1 (A1 + A2�1 + A3�2) ky1 � y2k : (29)

Similarly,
kR2 (x1)�R2 (x2)k � �2 (B1 +B21 +B32) kx1 � x2k : (30)

It follows from (29) and (30) that

kR (x1; y1)�R (x2; y2)k �
[�1 (A1 + A2�1 + A3�2) + �2 (B1 +B21 +B32)] k(x1 � x2; y1 � y2)k

(31)

Thanks to (12); we conclude that R is contraction. As a consequence of Banach �xed
point theorem, we deduce that R has a �xed point which is a solution of the problem (1):

The second main result is the following theorem :

Theorem 7 Suppose that
mP
i=1

�i�
n�1
i 6= T n�1;

mP
j=1

�j�
n�1
j 6= T n�1 and assume that the

hypotheses (H1) and (H3) are satis�ed.
Then, the coupled system (1) has at least a solution on J:

Proof. We shall use Scheafer�s �xed point theorem to prove that R has at least a �xed
point on X � Y: The continuity of f1 and f2 (hypothesis (H1)) implies that the operator
R is continuous on X � Y .
[1� :] : We shall prove that R maps bounded sets into bounded sets in X � Y : Taking

� > 0; and (x; y) 2 B� := f(x; y) 2 X � Y ; k(x; y)k � �g; then for each t 2 J , we have

jR1y (t)j �
1

�(�)

R t
0
(t� s)��1 sup0�s�T j 1 (s)j jf1 (s; y (s) ; (�1y) (s) ; (�2y) (s))j ds

+ jx�0j+ tn�1

�(�)

���� mP
i=1

�i�
n�1
i �Tn�1

����
R T
0
(T � s)��1

� sup0�s�T j 1 (s)j jf1 (s; y (s) ; (�1y) (s) ; (�2y) (s))j ds
+ tn�1

�(�)

���� mP
i=1

�i�
n�1
i �Tn�1

����
mP
i=1

j�ij
R �i
0
(�i � s)��1

� sup0�s�T j 1 (s)j jf1 (s; y (s) ; (�1y) (s) ; (�2y) (s))j ds

(32)
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Thanks to (H3), we can write

jR1y (t)j �
k 1k1 sup

t2J
l1 (t)

� (�+ 1)
+

k 1k1 T� sup
t2J

l1 (t)

� (�+ 1)

���� mP
i=1

�i�
n�1
i � T n�1

����
+

k 1k1
mP
i=1

j�ij ��i sup
t2J

l1 (t)

� (�+ 1)

���� mP
i=1

�i�
n�1
i � T n�1

���� + jx
�
0j (33)

� sup
t2J

l1 (t)

2664 k 1k1
� (�+ 1)

0BB@1 + T� +
mP
i=1

j�ij ��i���� mP
i=1

�i�
n�1
i � T n�1

����
1CCA
3775+ jx�0j :

Therefore,
jR1y (t)j � L1�1 + jx�0j ; t 2 [0; T ] : (34)

Hence, we have
kR1 (y)k � L1�1 + jx�0j : (35)

Similarly, it can be shown that,
kR2 (x)k � L2�2 + jy�0j : (36)

It follows from (35) and (36) that
kR (x; y)k � L1�1 + L2�2 + jx�0j+ jy�0j : (37)

Consequently
kR (x; y)k <1: (38)

[2� :] : Now, we will prove that R is equicontinuous on J : For (x; y) 2 B�; and t1; t2 2 J;
such that t1 < t2. We have :

jR1y (t2)�R1y (t1)j (39)

� k 1k1
� (�)

Z t1

0

�
(t1 � s)��1 � (t2 � s)��1

�
jf1 (s; y (s) ; (�1y) (s) ; (�2y) (s))j ds

+
k 1k1
� (�)

Z t2

t1

(t2 � s)��1 jf1 (s; y (s) ; (�1y) (s) ; (�2y) (s))j ds

+

�
tn�12 � tn�11

�
� (�)

���� mP
i=1

�i�
n�1
i � T n�1

����
Z T

0

(T � s)��1 jf1 (s; y (s) ; (�1y) (s) ; (�2y) (s))j ds

+

�
tn�11 � tn�12

�
� (�)

���� mP
i=1

�i�
n�1
i � T n�1

����
mX
i=1

j�ij
Z �i

0

(�i � s)��1 jf1 (s; y (s) ; (�1y) (s) ; (�2y) (s))j ds:
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Thus,

kR1y (t2)�R1y (t1)k

�
k 1k1 sup

t2J
l1 (t)

� (�+ 1)
(t�1 � t�2 ) +

2 k 1k1 sup
t2J

l1 (t)

� (�+ 1)
(t2 � t1)

�

+

k 1k1 T� sup
t2J

l1 (t)

� (�+ 1)

���� mP
i=1

�i�
n�1
i � T n�1

����
�
tn�12 � tn�11

�

+

k 1k1
mP
i=1

j�ij ��i sup
t2J

l1 (t)

� (�+ 1)

���� mP
i=1

�i�
n�1
i � T n�1

����
�
tn�11 � tn�12

�
(40)

� L1 k 1k1
� (�+ 1)

(t�1 � t�2 ) +
2L1 k 1k1
� (�+ 1)

(t2 � t1)
�

+
L1 k 1k1 T�

� (�+ 1)

���� mP
i=1

�i�
n�1
i � T n�1

����
�
tn�12 � tn�11

�

+

L1 k 1k1
mP
i=1

j�ij ��i

� (�+ 1)

���� mP
i=1

�i�
n�1
i � T n�1

����
�
tn�11 � tn�12

�
:

With the same arguments as before, we get

kR2x (t2)�R2x (t1)k � L2 k 2k1
� (� + 1)

�
t�1 � t�2

�
+
2L2 k 2k1
� (� + 1)

(t2 � t1)
�

+
L2 k 2k1 T �

� (� + 1)

����� mPj=1�j�n�1j � T n�1

�����
�
tn�12 � tn�11

�
(41)

+

L2 k 2k1
mP
j=1

���j�� ��j
� (� + 1)

����� mPj=1�j�n�1j � T n�1

�����
�
tn�11 � tn�12

�
:

Thanks to (40) and (41), we can state that kR (x; y) (t2)�R (x; y) (t1)k ! 0 as t2 !
t1: Combining [1� :] and [2� :] and using Arzela-Ascoli theorem, we conclude that R is
completely continuous operator.
[3� :] : Finally, we shall show that the set 
 de�ned by

 = f(x; y) 2 X � Y; (x; y) = �R (x; y) ; 0 < � < 1g; (42)

is bounded :
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Let (x; y) 2 
, then (x; y) = �R (x; y) ; for some 0 < � < 1: Thus, for each t 2 J; we
have :

x (t) = �R1y (t) ; y (t) = �R2x (t) :

Then

1

�
jx (t)j � 1

� (�)

Z t

0

(t� s)��1 sup
0�s�T

j 1 (s)j jf1 (s; y (s) ; (�1y) (s) ; (�2y) (s))j ds

+ jx�0j+
tn�1

� (�)

���� mP
i=1

�i�
n�1
i � T n�1

����
Z T

0

(T � s)��1 (43)

� sup
0�s�T

j 1 (s)j jf1 (s; y (s) ; (�1y) (s) ; (�2y) (s))j ds

+
tn�1

� (�)

���� mP
i=1

�i�
n�1
i � T n�1

����
mX
i=1

j�ij
Z �i

0

(�i � s)��1

� sup
0�s�T

j 1 (s)j jf1 (s; y (s) ; (�1y) (s) ; (�2y) (s))j ds:

Thanks to (H3), we can write

1

�
jx (t)j �

k 1k1 sup
t2J

l1 (t)

� (�+ 1)
+

k 1k1 T� sup
t2J

l1 (t)

� (�+ 1)

���� mP
i=1

�i�
n�1
i � T n�1

���� (44)

+

k 1k1
mP
i=1

j�ij ��i sup
t2J

l1 (t)

� (�+ 1)

���� mP
i=1

�i�
n�1
i � T n�1

���� + jx
�
0j :

Therefore,

jx (t)j � �

0BB@L1
2664 k 1k1
� (�+ 1)

0BB@1 + T� +
mP
i=1

j�ij ��i���� mP
i=1

�i�
n�1
i � T n�1

����
1CCA
3775+ jx�0j

1CCA : (45)

Hence, we have
kxk � � (L1�1 + jx�0j) ; (46)

Analogously, we can obtain
kyk � � (L2�2 + jy�0j) : (47)

It follows from (46) and (47) that
k(x; y)k � � (L1�1 + L2�2 + jx�0j+ jy�0j) : (48)

Hence,
kR (x; y)k <1: (49)
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This shows that the set 
 is bounded.
Thanks to [1� :] ; [2� :] and [3� :] ; we deduce that R has at least one �xed point, which

is a solution of the problem (1):

Corollary 8 Suppose that
mP
i=1

�i�
n�1
i 6= T n�1;

mP
j=1

�j�
n�1
j 6= T n�1 and and there exist non

negative real numbers k1; k2; such that for all t 2 [0; T ] and (x1; y1; z1) ; (x2; y2; z2) 2 R3;
we have

jf1 (t; x1; y1; z1)� f1 (t; x2; y2; z2)j � k1 (jx1 � x2j+ jy1 � y2j+ jz1 � z2j) ;
jf2 (t; x1; y1; z1)� f1 (t; x2; y2; z2)j � k2 (jx1 � x2j+ jy1 � y2j+ jz1 � z2j) :

If
�1k1 (1 + �1 + �2) + �2k2 (1 + 1 + 2) < 1;

then the fractional system (1) has a unique solution on J:

Corollary 9 Assume that (H1) holds and
mP
i=1

�i�
n�1
i 6= T n�1;

mP
j=1

�j�
n�1
j 6= T n�1. If there

exists two positive constants N1 and N2 such that

jf1 (t; x; y; z)j � N1; jf2 (t; x; y; z)j � N2 for each t 2 J and all x; y; z 2 R;
then, the coupled system (1) has at least a solution on J:

4. Examples

Example 10 Let us consider the following coupled system :8>>>>>>>>>>>><>>>>>>>>>>>>:

D
5
2x (t) = ln(1+t)

17(1+t2)

�
jy(t)j

32+t2(e�t+jy(t)j) +
1

18 ln(1+t)

R t
0
et�s

2
y (s) ds

+ 1

16(et2+1)

R t
0

e
t�s
2

3
y (s) ds

�
; t 2 [0; 1] ;

D
8
5y (t) = e��t

20
p
1+�t2

�
1

20�+t2
sin jx (t)j+ 1

16(�t2+1)

R t
0
(t�s)
3
x (s) ds

+ �e�t

(et2+16�)

R t
0
et�s

5
x (s) ds

�
; t 2 [0; 1] ;

x (0) =
p
2; jx0 (0)j = 0; x (1) = 4

3
x
�
1
3

�
+ 2x

�
2
5

�
+ 5

3
x
�
1
2

�
;

y (0) =
p
3; jy0 (0)j = 0; y (1) = y

�
1
4

�
+ 6

5
y
�
5
7

�
+ 1

3
y
�
4
5

�
:

(50)

For this example, we have

f1 (t; x; �1 (x) ; �2 (x)) =
jx (t)j

32 + t2 (e�t + jx (t)j) +
1

18 ln (1 + t)

Z t

0

et�s

2
x (s) ds

+
1

16 (et2 + 1)

Z t

0

e
t�s

2

3
x (s) ds; t 2 [0; 1] ; x 2 R;

f2 (t; x; '1 (x) ; '2 (x)) =
1

20� + t2
sin jx (t)j+ 1

16 (�t2 + 1)

Z t

0

(t� s)

3
x (s) ds

+
�e�t

(et2 + 16�)

Z t

0

et�s

5
x (s) ds; t 2 [0; 1] ; x 2 R:
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Let t 2 [0; 1] and x; y 2 R: Then
jf1 (t; x; �1 (x) ; �2 (x))� f1 (t; y; �1 (y) ; �2 (y))j

� 1

32 + t2
jx� yj+ 1

18 ln (1 + t)
sup
t2[0;1]

����Z t

0

et�s

2
ds

���� jx� yj

+
1

16 (et2 + 1)
sup
t2[0;1]

�����
Z t

0

e
t�s
2

3
ds

����� jx� yj ;

jf2 (t; x; '1 (x) ; '2 (x))� f2 (t; y; '1 (y) ; '2 (y))j

� 1

20� + t2
jx� yj+ 1

16 (�t2 + 1)
sup
t2[0;1]

����Z t

0

(t� s)

3
ds

���� jx� yj

+
�e�t

(et2 + 16�)
sup
t2[0;1]

����Z t

0

et�s

5
ds

���� jx� yj :

So, we have

 1 (t) =
ln (1 + t)

17 (1 + t2)
;  2 (t) =

e��t

20
p
1 + �t2

;

!1 = sup
t2[0;1]

����Z t

0

et�s

2
ds

���� ; !2 = sup
t2[0;1]

�����
Z t

0

e
t�s
2

3
ds

����� ;
$1 = sup

t2[0;1]

����Z t

0

(t� s)

3
ds

���� ; $2 = sup
t2[0;1]

����Z t

0

et�s

5
ds

���� ;
a1 (t) =

1

32 + t2
; a2 (t) =

1

18 ln (1 + t)
; a3 (t) =

1

16 (et2 + 1)
;

b1 (t) =
1

20� + t2
; b2 (t) =

1

16 (�t2 + 1)
; b3 (t) =

�e�t

(et2 + 16�)
:

It follows then that

A1 =
1

32
; A2 =

1

18 ln 2
; A3 =

1

32
; !1 = 0:859 1; !2 = 0:2863;

B1 =
1

20�
;B2 =

1

16 (� + 1)
; B3 =

�

1 + 16�
;$1 =

1

2
; $2 = 0:6320

k 1k1 = 0:0407; k 2k1 = 0:0245; �1 = 0:0307; �2 = 0:0891:
and

[�1 (A1 + A2!1 + A3!2) + �2 (B1 +B2$1 +B3$2)] = 0:0108 < 1:

Hence by theorem 8 then the system (50) has a unique solution on [0; 1].
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