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ABSTRACT

A proper coloring of a graplé = (V,E) is a mappingf:V - {1,2,3, ...}such that ife = v;v;e E, thenf (v;) #

f(v;). A graph G is said to admit star — in — coloririgtisatisfies the following conditions.
* No path of length thrd@,) is bicolored.

» If any path of length tw@P;) with end vertices are of the same color, thendtiges ofP;are directed towards

the middle vertex.

In this paper, we have proved that the splittingr of fan graph, the splitting graph of double fgraph,
Cartesian product of path and fan graph, Cartegimaduct of path and double fan graph, tensor prdadfgath and fan
graph, tensor product of path and double fan grapld Cartesian product df, and the path graph is star — in — coloring
graphs. In addition, we have given the general grattof colors for all these graphs and their stain-— chromatic

number.
KEYWORDS:Star — In — Coloring, Splitting Graph, Cartesiand@iuct of Two Graphs, Tensor Product of Two Graphs
INTRODUCTION

In 1973, Grunbaum [1] was introduced by the conodmtar—coloring of graphs. star — coloringof a graph G
is a proper coloring of the graph with the conditibat no path of length thr&®,) is bicolored. The star — coloring of
graphs have been investigated by Fertin, et al. g2 Nesetril, et al. [3]. Splitting grapfi(G) was defined by
Sampathkumar and Walikar [4]. The tensor produagraphs was defined by Alfred North Whitehead,|efH in their
Principia Mathematica. Motivated by the conceptsstafr — coloring and in — coloring, Sudha and Kgar{6,7] have
introduced the star — in — coloring of graphs. Sogran and Kasirajan [8] have found the lower angeupounds of star —

in — chromatic number of the graphs such as cyefgylar cyclic, gear, fan, double fan, web and detepbinary tree.

Definition 1: A star — coloringof a graph G is a proper coloring of the graph wiith condition that no path of
length thregP,) is 2—colored.

Ann — star — in — coloringf a graph G is a star — coloring of G using astmocolors.

Definition 2: An in — coloringof a graph G is a proper coloring of the graph @dfre exists any pathof length

two with the end vertices are of the same col@nttine edges dt; are oriented towards the central vertex.
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Definition 3: A graph G is said to bestar — in — coloringgraph if the graph G admits both star — coloringd &

— coloring.

Definition 4: The minimum number of colors required for the stan — coloring of a graph G is called the

star — in — the chromatic numbef G and is denoted Iy, (G).

First, we describe the star — in — coloring ofrae graph as shown in Figure 1. bgfv,, v; v, be the vertices,

and let the number within the circle indicatest theticular color is assigned to that vertex.

®v4—{ @

@ >~22) @
Figure 1: Star — in — Coloring of CycleC,
In this graph we see that no two adjacent vertltge the same color, no path on four verticesidsldred,

each and every edge in a path of length two in lwkied vertices have same color are oriented towhedsentral vertex.

Hence it is a star — in — colored with orientatiBorther the star — in — chromatic number of thevatgraph is 3.

Definintion5: For any graplt, thesplitting graphS(G) is obtained by adding to each verigxn G a new vertex

v; such thaw; is adjacent to the neighborswfin G.

Definintion 6: SupposeG and H are two graphs with/(G) = {uy, uy, ..., u,,} and V(H) = {vy, vy, ..., 1. }.
Then the Cartesian produ6tx H is the graph with vertex sét(G x H) = V(G) X V(H) = {(u;,v;) : u; € V(G),v; €
V(H)} ande is an edge of x H iff e = (w;, v;)(u, v,),where eitheir = k and v;v, € E(H)orj = | and uw;u € E(G).

Definintion 7: The tensor product of two graplés and Hdenoted byG ® H has the vertex séf(G Q H) =
V(G) x V(H) and the edge s&{(G Q H) = {(ui,vj)(uk, V) wuy € E(G) and vjv, € E(H)}.

MAIN RESULTS

Theorem 1: The splitting graph of fan grapf(F,)admit star — in — coloring and its star — in — chatic number
is x5 [S(E,)] = 7, wheren > 9 andn is odd.

Proof: Consider a fan graph, = B, + K; which consists of + 1 vertices and 2 — 1 edges. The splitting graph
S(F,) consists of 2 + 1) vertices and(2n — 1) edges. LeV(P,) = {v;,v,, vs, ..., v, } and lety, € K;. Letv; be a new

vertex (corresponding to a vertex) Added inF, to getS(F,) for eachi = 0,1,2, ..., n.
Let V be the vertex set 6f(F,) and E be the edge set${fF,). We define a functioft V — { 1,2, 3, ...} such that

f(w) # f(v)) if vv;e E, as follows:

f(wo) = 6,f(vy) =7 and
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1,if i =1 (mod 2)
flv) = 2,if i =2 (mod 4)
3,ifi =0(mod4)andi >0
1,if i =1 (mod 2)
f(v) = 4,if i =2 (mod 4)
5ifi =0(mod4)andi>0
Hence the star — in — chromatic numbe§@f,) is y;[S(F)] = 7.

lllustration 1 Consider a fan graph,. By definition of splitting grapls (Fy) consists o0 vertices and 51 edges.

Figure 2: Star — in — Coloring ofS(Fg)

To satisfy star — in — coloring &f(Fy), the minimum number of colors required to the wedi of S(F,) are
1,2,3,4,5,6 and 7. Hence the star — in — chronmatinber ofS(Fy) is y;[S(Fy)] = 7.

Theorem 2The splitting graph of double fan graptf DE,) Admits star — in — coloring and its star — in —

chromatic number ig,;[S(DFE,)] = 9, wheren = 9 andn is odd.

Proof: Consider a double fan graph, = P, + K, which consists ofn + 2 vertices and3n — 1 edges.
The splitting graphS(DF,) consists of2(n + 2) vertices and3(3n — 1) edges. LeV (B,) = {vy,v,,vs, ..., v, } and let

V(K,) = {ug, v,}. Letv; (0 < i < n)be a new vertex (corresponding to a ventex Added inDF,.

Let V be the vertex set ¢f(DE,) and E be the edge set$fDF,).We define a functioft: V - {1,2,3,...} such

thatf (v;) # f(v;) if v;v;e E, as follows:
f(o) = 6,f(vg) =7,f(uo) = 8,f(up) =9

1,if i =1 (mod 2)
fw) = 2,if i =2 (mod 4)
3,ifi =0(mod4)andi>0

1,ifi =1 (mod 2)
f(v) = 4,if i =2 (mod 4)
5ifi =0(mod4)andi>0

By using the above pattern of coloring, the gi@h,) isstar — in — colored apg [S(DF,)] = 9.
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lllustration 2: Consider a double fan graghr,. By definition of splitting grapls(DF,) consists o2 vertices

and78edges.

Figure 3: Star — in — Coloring of S(DF,)

To satisfy star — in — coloring 6f(DF,) The minimum number of colors required to the wediofS(DF,) are
1,2,3,4,5,6,7,8 and 9. Hence the star — in — chtiomamber ofS(DF,) is x,;[S(DFy)] = 9.

Theorem 3:The Cartesian product of path graph and a fan adstar — in — coloring and its star — in — chromati

number satisfies the inequallly< y,; [Bn X F,] < 8, wherem is odd anch > 8.

Proof: Consider a path graph, which consists of m vertices denotediyu,, ..., u,, andm — 1 edges and the
fan graphF, which consists ofr{+ 1) vertices denoted by,, v, v,, ..., v, and (2n — 1) edges. The Cartesian product

P, X E, consists ofn(n + 1) vertices anch(3m — 1) — 1 edges.

Let V be the vertex set @, X F, and E be the edge setRf x F,. We define a functioft V - { 1,2,3, ...} such

thatf(uivj) * f(uv) if (uivj)(ukvl)e E, as follows:
Case ltetm = 3.

1,if j =1 (mod 2)

f(ulvj) = 2,if j =2 (mod 4)
3,ifj =0(mod4)andj>0

1,if j =0(mod2)andj >0

fuzvy) = 4,if j =1 (mod 4)
5if j =3 (mod 4)

1,if j =1 (mod 2)
f(u3v]-) = 3,if j =2 (mod 4)
2,if j =0(mod4)andj>0

f(uivo) = f(uszvg) = 6 andf (u,v,) = 7.
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Figure 4: Star — in — Coloring of P; X Fg

According to Case 1, the vertices M X Fg are assigned with colors 1,2,3,4,5,6 and 7 whiatisfy the

conditions of star — in — coloring.
Case 2Letm > 3.
Subcase 2.JFor i = 1 (mod 4)
1,if j =1 (mod 2)
f(uiv]-) = 2,if j =2 (mod4)
3,ifj =0(mod4)andj >0
Subcase 2.For i = 2 (mod 4)
1,if j =0(mod 2)andj >0
fluw) = 4,if j =1 (mod 4)
5,if j =3 (mod 4)

Subcase 2.For i = 3 (mod 4)

1,if j =1 (mod 2)

f(uivj) = 3,if j =2 (mod 4)
2,if j =0(mod4)andj >0

Subcase 2.4or i = 0 (mod 4)
1,if j =0(mod 2)andj >0
f(uiv]-) = 5if j =1 (mod4)
4,if j =3 (mod 4)
and
6,if i =1 (mod 2)

fuvy) = {7,if i =2 (mod 4)
8,if i =0 (mod 4)
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Figure 5: Star — in — Coloring of P5 X Fg

According to Case 2, the vertices B X Fg is assigned with colors 1,2,3,4,5,6,7 and 8 whsakisfy the
conditions of star — in — coloring.By using the wedopattern of coloring, the Cartesian produgi X F, is

star — in — colored and its star — in — the chraenaimber satisfies the inequallly< y; [P, X F,] < 8.

Theorem 4: The tensor product of path graph and a fan adrats—sin — coloring and its star — in — chromatic

n+2,ifm=23

number is given by; [P, ® F,] = {Zn +3ifm>4

Proof: Consider a path graph, which consists of m vertices denotediyu,, ..., u,, andm — 1 edges and the
fan graphF, which consists ofr{+ 1) vertices denoted by, v, v,, ..., v, and (2n — 1) edges. The tensor product

P, ® F, consists ofn(n + 1) vertices andm — 1)(4n — 2) edges.

Let V be the vertex set df, @ F, and E be the edge set Bf Q E,.We define a functioft V - {1,2,3, ...}
such thaff (w;v;) # f(wew) if (wv;)(wew)e E, as follows:

Case lLetm = 2,3.

C(Lifi=13
f(uivj)_{j+2’ifi=2

Case 2Letm = 4.
1,if i =1 (mod 2)

fluv)) =1 j+2,ifi=2(mod4)
j+n+3,if i =0 (mod 4)
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Figure 6: Star — in — Coloring ofP,, ® F,,m = 0(mod 4)
According to Case 1 and Case 2, the tensor pra@u® F, is star — in — colored and its star — in — chraenat

number isy,; [P, & E,] =n + 2, whenm = 2,3 andy; [P, ® E,] = 2n + 3 whenm > 4.

Theorem 5The Cartesian product of path graph and a doubte g@dmits star — in — coloring and its

star — in — chromatic number satisfies the inetyp@li< y,; [P, X DF,] < 8, wherem is odd anch > 8.

Proof: Consider a path graph, which consists of m vertices denotediyu,, ..., u,, andm — 1 edges and the
double fan grapl#, which consists ofr{ + 2) vertices denoted by,, vy, vy, v5, ..., v, and(3n — 1) edges. The Cartesian
productP,, x DF, consist ofm(n + 2) vertices andn(4n + 1) —n — 2 edges.

Let V be the vertex set @f, x DF, and E be the edge setRf x DF,. We define a functiohV - {1,2,3, ...}
such thaff (w;v;) # f(wev) If (wv;)(wev))e E as follows:

Case l:iLetm = 3.

1,if j =1 (mod 2)

f(ulvj) = 2,if j =2 (mod 4)

3,ifj =0(mod4)andj>0

1,if j =0(mod 2)and j > 0
fupv) = 4,if j =1 (mod 4)
5if j =3 (mod 4)
1,if j =1 (mod 2)

f(u3vj) = 3,if j =2 (mod 4)
2,if j =0(mod4)andj>0

fuyvy) = f(uzvg) = 6, f(uve) = 7 and

fuvg) = f(usvy) = 7, f(uyv,) = 6.
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Figure 7: Star — in — Coloring of P; X DFg

According to Case 1, the vertices ly X DFg are assigned with colors 1,2,3,4,5,6 and 7 whatisfy the

conditions of star — in — coloring.

Case 2:.Letm > 3.

Subcase 2.JFor i = 1 (mod 4)

fluwy) = {

1,if j =1 (mod 2)
2,if j =2 (mod4)
3,ifj =0(mod4)andj >0

Subcase 2.For i = 2 (mod 4)

fluw) = {

1,if j =0(mod 2)andj >0
4,if j =1 (mod 4)
5,if j =3 (mod 4)

Subcase 2.For i = 3 (mod 4)

fluw) = {

1,if j =1 (mod 2)
3,if j =2 (mod4)
2,if j =0(mod4)andj >0

Subcase 2.4or i = 0 (mod 4)

fluw) = {

1,if j =0(mod 2) and j >0
5if j =1 (mod4)
4,if j =3 (mod 4)

6,if i =1 (mod 2)
fuvy) = {7,if i =2 (mod 4)
8,if i =0 (mod 4)

7,if i =1 (mod 2)
f(uvy) = {8,if i =2 (mod 4)
6,if i =0 (mod 4)
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Figure 8: Star — in — Coloring of P; X DFg

According to Case 2, the vertices g X DFg are assigned with colors 1,2,3,4,5,6,7 and 8 whkitisfy the
conditions of star — in — coloring.By using the ebgattern of coloring, the Cartesian prodBgtx DF, are star — in —

colored and its star — in — chromatic number daighe inequality < y,; [P, X DE,] < 8.

Theorem 6: The tensor product of path graph and a double ¢amita star — in — coloring and its star — in —

n+3,ifm=23

chromatic number is given by, [P, @ DE,] = {Zn +5if m> 4

Proof: Consider a path graph, which consists of m vertices denotediyu,, ..., u,, andm — 1 edges and the
double fan grapiDF, which consists ofr( + 2) vertices denoted by, vy, v4, V5, ..., v, and(3n — 1) edges. The tensor

productP,, ® DF, consists oin(n + 2) vertices an®@(m — 1)(3n — 1) edges.
Let V be the vertex set &, ® DF, and E be the edge set®f ® DF,.We define a functioft V - {1, 2,3, ...}
such thalf(uiv]-) * f(u) if (uivj)(ukvl)e E, as follows:

Case liLetm = 2, 3.

B Lifi=13
f(”i”f)‘{j+3,ifi=2andj>0

fuyvg) = 2, f(uvp) = 3
Case 2Letm > 4.

1,if i =1 (mod 2)
f(uivj) = j+3/ifi=2(mod4)andj >0
j+n+5,ifi=0(mod4)andj>0

N 2ifi=2(mod4)
f(uivo)_{n+4,ifi50(m0d4)
3,if i =2 (mod 4)

f (uivo) Z{n+5,ifi50(mod4)
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Figure 9: Star — in — Coloring ofP,, ® DF,,m = 0(mod 4)

According to Case 1 and Case 2, the tensor pra@lu@ DF, is star — in — colored and its star — in — chraenat

number isyy; [P, & DF,] = n+ 3, whenm = 2,3 andy;[B, & DFE,] = 2n + 5 whenm > 4.

Theorem 7:The Cartesian product of a complete gr&ptand a path admits star — in — coloring and its-sta —
chromatic number ig;[K, X B,] = 4.

Proof: Consider a complete gragfy which consists of 2 vertices denoted dpyu, and 1 edge and the path

graphP, which consists of n vertices denotediyyv,, ..., v, andn — 1 edges. The Cartesian prodiGtx B, consists of
2n vertices an@n — 2 edges.

Let V be the vertex set &f, x B, and E be the edge setiof x B,. We define a functiofi:V - { 1,2, 3, ...} such
thatf(uivj) * f(uv) if (uivj)(ukvl)e E, as follows:

1,if i =1 (mod 2)
2,if i =2 (mod 6)

Fuv) =3 3i¢ i = 4 (mod 6)
4,if i =0 (mod 6)
1,if i =2 (mod 2)
fluyvy) = 21 =5 (mod ©)

3,if i =1 (mod 6)
4,if i =3 (mod 6)

Figure 10: Star — in — Coloring ofK, x P,,,n = 0 (mod 3) andn is Odd
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Figure 11: Star — in — Coloring ofK, X P,,n = 0 (mod 3) and n is Even

By using the above pattern of coloring, the Castegiroductk, x B, is star — in — colored and its star — in —

chromatic number ig;[K, X B,] = 4.
CONCLUSIONS

In this paper, we have shown that the lower angeupounds of star — in — chromatic number of softhe

graphs are as follows:
*  The star — in — chromatic number${f,) is 7
e The star — in — chromatic numbeS6DFE,) is 9
o T7<Xsi[PnXF]<8

n+2,ifm=23
" KilPn @ F ={2n+3];fm24
o 7<yxl[BnXDF]<8

n+3,ifm=23
2n+5,if m=>4

¢ XalPn ® DR =
* The star — in — chromatic numberif x B, is 4
REFERENCES
1. B. Grinbaum, Acyclic colorings of planar graphsald J. Math.14, 390-408, 1973.

2. G. Fertin, A. Raspaud, B. Reed, On star coloringraphs, Graph Theoretic Concepts in Computer SeieB7th
International Workshop, WG 2001, Springer Lectuogds in Computer Science 2204, 140-153, 2001.

3. J. Nesetril and P. Ossona de Mendez, Colorings lamthomorphisms of minor closed classes, Discrete and
Computational Geometry: The Goodman Pollack Fesifcfed. B. Aronov, S. Basu, J. Pach, M. Sharir),
Springer Verlag, 651-664, 2003.

4. E. Sampathkumar and H.B. Walikar, On Splitting Grayp a Graph, J. KarnatakUniv.Sci., 25(13), 13-1880.
5. A.N. Whitehead and B. Russell, Principia Mathenaati€ambridge University Press, Vol 2. P 384, 1912.

6. S. Sudha and V. Kanniga, Star-in-coloring of Conplei-partite graphs, Wheel graphs and Prism graphs
International Journal of Research in Engineeringlarechnology, Vol 2, Issue 2, 97-104, 2014.

Impact Factor(JCC): 3.9074- This article can be downfied fromwww.impactjournals.us




[ 20 A. Sugumaran & P. Kasirajan|

7. S. Sudha and V. Kanniga, Star-in-coloring of Soraes I€lass of Graphs, International Journal of Safemand
Innovative Mathematical Research (IJSIMR),Vol 8ués4, 352-360, 2014.

8. Radha, K., and N. Kumaravel. "The degree of an éd@artesian product and composition of two fugmphs."
International Journal of Applied Mathematics andt&ittical Sciences 2.2 (2013): 65.

9. A. Sugumaran and P. Kasirajan, Star — in — coloriofy Some Special Graphs, Journal of Computer and
Mathematical Sciences, Vol.8(12), 788 — 801, D&r20

NAAS Rating: 2.73- Articles can be sent ¢glitor@impactjournals.us




