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Abstract
The notion of an Almost Distributive Lattice (abbreviated as ADL) is a common ab-
straction of several lattice theoretic generalization of Boolean algebras and Boolean rings.
In this paper we introduce the notion of Relative pseudo-complementation on ADL’s and

discuss several properties of this.
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1 Introduction

The notion of an Almost Distributive Lattice (abbreviated as ADL) was introduced by
U.M.Swamy and G.C.Rao [3] as a common abstraction of several lattice theoretic generalization
of Boolean algebras and Boolean rings. Mark. Mandelker [1] has introduced the concepts of
relative annhilators in lattices and relatively pseudo-complemented lattices and studied their
properties. Further U.M.Swamy, G.C.Rao and G.N.Rao [4] have introduced the notion of
pseudo-complementation on an Almost Distributive Lattice (ADL) and proved that the class of
pseudo-complemented ADL’s is equationally definable and discussed inter-relationship between
the annhilator ideals and pseudo-complementations on an ADL. Also, they exhibited an one
to one correspondence between the pseudo-complementations and the maximal elements of an
ADL A, provided there is one pseudo-complementation on A. In this paper, we introduce
the concepts of relative annulets and relative pseudo-complementations on an ADL A and
discuss several properties of ADL’s with a relative pseudo-complementation. In particular, we
prove that an ADL with a relative pseudo-complementation is a pseudo-complemented ADL.
It is observed that an ADL A can have more than one relative pseudo-complementation. In
fact, there exists an induced surjective correspondence between the set of maximal elements
and the set of relative pseudo-complementations on A, provided there is a relative pseudo-

complementation on A.
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2  Preliminaries

In this section, we recall from [3] certain elementary concepts and results concerning ADL’s.

Definition 2.1. An algebra A = (A4, A, V,0) of type (2,2,0) is called an Almost Distributive
Lattice (abbreviated as ADL) if it satisfies the following conditions for all a,b and ¢ € A.

(1) 0Aa=0

(2) avO=a

3) aA(bVe)=(aAb)V (aAc)
4) aV(bAc)=(aVD)A(aVe)
(5) (avb)Ac=(anc)V(bAc)
(6) (aVb)Ab=b.

Example 2.2. Let X be a non-empty set and fix an arbitrarily chosen element 0 € X. For
any a and b € X, define

0 ifa=0 b ifa=0
aNb= and aVb=
b ifa#0 a ifa#0.
Then (X, A, V,0) is an ADL and is called a discrete ADL.

Definition 2.3. Let A = (A, A,V,0) be an ADL. For any a and b € A, define
a<b if a=aAb(&aVb=0).

Then < is a partial order on A with respect to which 0 is the smallest element in A.
Theorem 2.4. The following hold for any elements a,b and ¢ in an ADL A = (A, A, V,0).
(1) an0=0=0AaandaV0=a=0Va
(2) aha=a=aVa
(3) anb<b<bVa
(4) anb=a & aVb=b;andaANb=b < aVb=a
(5) (anb)Ac=aAN(bAc)

(6) anb=bANa<=aVb=bVa
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(7) If a<b, thenaANb=a=bAaandaVb=b=>bVa
(8) (anb)ANc=(bAa)Acand (aVb)Ac=(bVa)Ac
(9) anb=inf{a,b} @ aANb=bAa< aVb=sup{a,b}.
Definition 2.5. Let I be a non empty subset of an ADL A. Then I is called
(1) anideal of AifavbelandaAz el forallaandbe I,z € A.
(2) afilterof AifaAbelandxVaelforalaandbe I,z e A

As consequence, for any ideal I of A, x Aa € I for all x € A and a € I and for any filter F
of A, avx e Fforallxz € Aand a € F.
The set I(A) of all ideals of A is a complete distributive lattice under set inclusion in which, for
any I,J € I(A),INJ is the infimum of I and J and the supremum is given by IV J = {iV j |
ie€l,je J}. Forany X C A, (X] = {( "ia)ANx|a € X,x € Ance N} is the smallest
ideal of A containing X and is called the ideal generated by X. If X = {a}, then we write (a]
for (X]. Therefore, for any a € A, (a] = {a Az | v € A} is called the principal ideal generated
by a and [a) = {z Va |z € A} is called the principal filter generated by a.

Theorem 2.6. Let A be an ADL. For any a,b € A, we have the following:
(1) (a] v (0] = (aVb] = (bVd]
(2) (a] A (] =(aNb] = (bAa
(3) [a)V[b)=[anb)=[bAa)
(4) [a)A[D)=]aVbd)=[bVa).

3 Relative Annulets

In this section, we introduce the concept of relative annulets in an ADL and study some
basic properties of these annulets.
First, let us recall that, for any elements a and b in an ADL A, a Ab=0 < bAa =0 (since
aANb=0bAa). Let us recall from [2], for any subset S of A, the annihilator of S to be the set

Ann S={a€ AlaANs=0forall se S}

Then Ann S is always an ideal of A for all § C A. It can be easily proved that Ann S = Ann(S].

For any a € A, we have

Ann(a) = Ann{a} ={z € Alanz=0}={z € A|zNa=0}.
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Definition 3.1. Let A be an ADL and a € A. Then, for any x € A, we define the annulet

relative to a (or simply called relative annulet) as follows:
(z,a) ={y€ A: zAy€ (d}

Lemma 3.2. For any x and a in an ADL A, the relative annulet (x,a) is an ideal of A.

Proof: (z,a) is a non empty subset of A since xAa € (a] and hence a € (x,a). Let y,z € (x,a).

Then z Ay and Az € (a]. Therefore xA(yVz) = (xAy)V(zAz) € (a] and hence yVz € (z,a).

Againlet y € (z,a) and t € A. Then xAy € (a] and hence zAyAt € (a]. Therefore yAt € (x,a).

Thus (z,a) is an ideal of A. ]
We observe that (z,0) = {y € A/z Ay =0} = Ann{z}.

In the following we give some elementary properties of relative annulets which can be proved

directly.

Theorem 3.3. Let a,b be two elements in an ADL A. Then we have the following for any
x,y € A.

1) a<b= (z,a) C (z,b)
(2) (z,a Ab) = (z,a) N (z,b) = (z,bAa)
3) (z,a) V (z,b) C (z,aVb) = (z,bV a)
(4) z <y=(y,a) C (z,q)
(5) (zAy,a) =(yAz,a)
(6) (xVy,a)=(x,a)N(y,a)
(7) (zVy,a) =(yVza)
(8) (x,a)V (y,a) € (xAy,a)
(9) z € (a] & (x,a) = A
(10) (a,a) = A =(0,a)
(11) a is maximal = (z,a) = A, the converse is not true.

Proof:
(1) This follows from the fact that a < b= (a] C (b].
(2) ye(x,and) xAye(anblezAye (alnN(b] < xe (x,a)N(zb).
Therefore, (z,a Ab) = (x,a) N (z,b).
(3) Let y € (x,a) V (x,b). Then y = y; V y2 for some y; € (z,a) and y € (x,b). Hence, we get
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x Ay € (a] and z A yo € (b].

Now, zAy=xA(y1Vy2) =(@Ay1)V(zAy2) € (a] V(b = (aVb] and hence y € (z,a V b).
Thus, (z,a) V (x,b) C (xz,a V b).

(4) Suppose x <y. Then z Ay =x and zVy =y. Now,

z € (y,a) = yAzEe€ (a
=z ANyAze(d
=z Az € (a
=z € (x,aq).

Thus, (y,a) C (x,a).

(5) This follows from the Theorem 2.3(9)
(6) z€(xVy,a) < (xVy) Az e (a

S (xAN2)V(yAz) € (al

S axAzand y Az € (a

&z € (z,a)N (y,a).
Therefore, (z V y,a) = (z,a) N (y,a).
(7) It is clear from (6).
(8) Let z € (z, a) V (y, a). Then z = 21 V 2z for some z; € (z, a) and 22 € (y, a). We get
x Az1, and y A z2 € (a] and hence y Ax A z; and x Ay A 22 € (a]. Now,
cAyNz=(xAy)AN(z1V2ze)=(@xAyAz1)V(xAYyAz)E (al
Therefore z Ay A z € (a] and hence z € (x Ay, a).
Thus, (z, a) V (y, a) C (x Ay,a).
9) ze(a]=anz=x Lety€ A. Thena Az Ay =x Ay. Therefore z Ay € (a] and hence
y € (z,a). Thus (x,a)=A. Converse is trivial.
(10) It is clear.
(11) If @ is maximal in A, then (a] = A and hence (x,a) = A for all x € A. Converse is not
true. For, in the distributive lattice L given in the figure-1, (x,z) = L but z is not maximal. m
Note: Equality may not be true in (3) and (8) of above theorem. For example in the distributive
lattice L = {0, a,b, x,1} whose Hasse diagram is given below

1

Figure 1



100 Ch. Santhi Sundar Raj, S. Nageswara Rao, M. Santhi and K.Ramanuja Rao

Here, (z,aVb) = (x,z) = L, and (x,a) = {0,a}, (x,b) = {0, b}.
Then, (x,a) V (z,b) = (a vV b] = (z] # L.
Since (a A b,0) = (0,0) = L and (a,0) = {0,b}, (b,0) = {0,a}, we have (a,0) V (b,0) =
{0,a,b,2} # L.

4 Relative Pseudo-complementation on ADL’s

The concept of pseudo-complementation on an ADL was first introduced by U.M. Swamy,
G.C.Rao and G.N.Rao [4]. In this section, as a natural generalization of a pseudo-complementation

on an ADL A, we introduce the concept of relative pseudo-complementations on an ADL A.

Definition 4.1. Let A be an ADL. Then a binary operation % on A is called a relative pseudo-
complementation on A if
(a,b) = (axb] for all a,b € A.

Example 4.2. Let A be a discrete ADL and with at least two elements. Then define for any
a,b€ A,

0 ifa#0,b=0
axb=
b otherwise

Then * is a relative pseudo-complementation on A.

Definition 4.3. An ADL A is said to be relatively pseudo-complemented if there exists a

relative pseudo-complementation on A.

Example 4.4. Let A be a discrete ADL and with at least two elements. Fix ag € A and define
for any a,b € A,

if b=
atb— 0 ifa#0, 0
ag otherwise

Then + is a relative pseudo-complementation on A and hence A is relatively pseudo-complemented
ADL which is not lattice.

Note that in Definition 4.1, if a % b is unique such that (a,b) = (a*b], then A is a lattice and
hence A is relatively pseudo-complemented lattice.
Let us recall that an element m in an ADL A is maximal in (A, <) if and only if m A a = a(&

m =mV a) for all a € A, which is equivalent to saying that (m] = A.

Theorem 4.5. Let * be a relative pseudo-complementation on an ADL A. Then for any

a,b € A we have the following:

(1) a+*a is a maximal element in A.
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(2) aN(a%x0)=0=(ax0)Aa.

(3) (a Ab) b is a maximal element in A.
(4) a < b= axbisamaximal element in A.
(5) (axb) ANb=h.

(6) be (ax0]=aAnb=0.

Proof:

(1) Clearly (a * a] = (a,a) = A and hence a * a is a maximal element in A.

(2) Since (a * 0] = (a,0) = Ann{a}, we get that a A (a*0) =0 = (ax0) Aa.

(3) Since aAb < b, aAb € (b]. By Theorem 3.3(9), (a Ab,b) = A. This implies ((a Ab) xb] = A
and hence (a A b) * b is maximal.

(4) It follows from (3).

(5) Since b € (a,b) = (a * b], we get that (a*b) Ab=b.

(6) be (ax0l=0be€ (a,0) = Ann{a} = aNb=0. |

Note that a principal ideal in an ADL may have more than one generators. For example,
in a discrete ADL X (given in the Example 2.2) for any z,y € X — {0} and = # y, we get
(z] = (y|. But in the case of a lattice any principal ideal has a unique generator. However, for

any a and b in an ADL, we have

(a] =] < aNb=band bAa=a
SaVb=aand bVa=0>

and we denote this situation by writing a ~ b and calling ¢ and b as associates to each other.

Note that ~ is an equivalence relation on any ADL. In this context, we have the following.

Theorem 4.6. Let A be an ADL and let * and L be two relative pseudo-complementations

on A. Then, for any a,b € A, we have the following:
(1) a*xb~alb.
(2) (a*b)A(alb)=alband (axb)V (alb) =axb.
(3) axb~cxd< alb~cld.
(4) axb=0<alb=0< (a,b) ={0}.

(5) (a*b) A (0L0) ~ aLb.
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Proof:

(1) Since % and L are relative pseudo-complementations on A, we have

(a*b] = (a,b) = (aLd]. Hence, a b~ alb.

(2),(3),(4) follow from (1).

(5) Follows from (1) and Theorem 4.5(1). |

Theorem 4.7. Let * be a relative pseudo-complementation on an ADL A. Then for any

a,b,c € A we have the following:

(1) If m is a maximal element in A, then a * m is maximal in A and

(2) ax(bAc)~ (axb)A (axc).
(3) (aVvb)*c~ (axc)A (bxc).

Proof: (1) Suppose m is a maximal element in A. Then (a*m] = (a,m) = A and hence, axm
is a maximal element in A. Further, (m] = A = (a xm|.

Therefore a x m ~ m.

(2) By the Theorem 3.3 (2), (a*x (bAc)] = (a*xbN(ax*xc] = ((a*b) A (ax*c)] and hence
ax(bAc)~ (axb)A(axc).

(3) By the Theorem 3.3 (6), we have

((avb)xc)=(axc]N(bxc]=((axc) N (bxc)] and hence

(aVb)xc~ (axc)A(bxc). [ |

Definition 4.8. Let A be an ADL and * be a relative pseudo-complementation on A. Define,

for any a € A, a™ = a 0.

Theorem 4.9. Let % be a relative pseudo-complementation on an ADL A. Then the following
hold for any a and b € A:

(1) 07 is a maximal element in A.

(2) m is maximal in A = m™ = 0.

(3) 0T+ = 0.

(4) at Aha=0=aAna™.

(5) att Aa=a.

(6) aANb=0&at Ab=bsa™"Ab=0aAbTT =0&atT ALTT =0.

(7) Ann{a} = Ann{a™t}.
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(8) at ~ att.
(9) a* =0« a™t is maximal.
(10) a=0<att =0.

Proof:
(1) (07] = Ann{0} = A and hence 0" is maximal.
(2) m is maximal in A = Ann{m} = {0}
= (m*] = (m 0] = (m,0) = Ann{m} = {0}
=mT =0.
(3) This follows from (1) and (2).
(4) From the Theorem 4.5(2), (a x0) Aa =0 and hence a* Aa=0=aAa™.
(5) Since a™ Aa = 0, we have a € Ann{a™} = (a™,0) = (a**0] = (a™]. and hence a** Aa = a.
6) aAb=0=be Ann{a} = (a,0) = (a+0] = (a']
=a " Ab=b
=a"TAb=a"TA(at AD)=0Ab=0
=aAb=(a"TAa)Ab=aAa" T Ab=aA0=0
=bAa=0
=0T Aa=0
=aAbTT =0
=a"t AT =0

=SaAb=a"TAaAbVTTAb=aTTADTT AaAb=0AaAb=0.

(7) This follows from (6).

(8) By (7), we have Ann{a} = Ann{a™"} and we get (a * 0] = (a,0) = (at+,0) = (a™F % 0].
Therefore (a™] = (a™ 1] implies that a* ~ a™"+.

(9) This follows from (1),(2) and (8) (Note that z ~ 0 = x = 0).

(10) This follows from (3) and (5). |

Theorem 4.10. Let * be a relative pseudo-complementation on an ADL A. Then the following
hold for any a and b € A,

(1) (avb)t ~ at AbT
(2) a~b=a" ~b"
(3) (anb)t ~(bAa)t

4) (aVb)* ~ (bVa)*



104 Ch. Santhi Sundar Raj, S. Nageswara Rao, M. Santhi and K.Ramanuja Rao

(5) (anb)T ANat =a™
(6) (aAb)F AbT = bt
(7) (anb)tt ~att AbTT.

Proof:

(1) We have (a™ Abt] = (at] N (bT]
= (ax 0] N (b 0]
= (a,0) N (b,0)
= ((aVvb),0) (by the Theorem 3.3(6))
=((aVb)*0] = ((aVb)T].

Therefore, (a Vb))t ~a™ AbDT.

(2) a ~ b= (a] = (b] = Ann(a] = Ann(b]
= (a,0) = (b,0)

= (ax0] = (bx0]
= (a™] = (0]
=at ~ 0T,

3)((anb)t]=((aAb)x0] = (aNb,0) = (bAa,0) = ((bAa)*0] = ((bAa)t]. This implies that
aAb)tT ~ (bAa)T.

4) This is similar to (3), since (a V b,c) = (bV a,c)

5) Since (aAb)Aat = bAaAat = bA0 = 0, by Theorem 4.9(6), we get that (aAb)T AaT =a™.
6) Since (a A b) Abt = 0, by Theorem 4.9(6), we get that (a Ab)T AbT =bT.

(
(
(
(
(
(7

) We have a AbA (aAb)T =0=>bAaA (aAb)T. By repeated use of Theorem 4.9(6), we get
that a™ ADTT A (aAD)T = 0.

Therefore, (a Ab)T™ Aa™ AbTF =0 and hence (a Ab)TT Aatt AbTT =aTT AbTT.
On the other hand, we have (a Ab) AbT = 0 and hence by Theorem 4.9(6), (a Ab)T+T AbT = 0.
Therefore, bT A (a Ab)TT =0 and b A (aAD)TT = (aAD)TT.
Similarly, a™™ A (a Ab)TT = (a Ab)TT and therefore at™ AbTT A (a Ab)TT = (a Ab)TT
Thus (a Ab)TT ~att AbTT. [

From [4] recall that an unary operation a — at on A is called a pseudo-complementation

on A if, for any a,b € A, the following independent axioms are satisfied
(1) aAb=0 = atAb=b.
(2) aAat =0.

(3) (aVb)*t=atAbt.
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Theorem 4.11. Every relatively pseudo-complemented ADL is a pseudo-complemented ADL.

Proof: Let A be an ADL and * be a relative pseudo-complementation on A. Choose a maximal
element m in A (A has one such; for example, 0 % 0 is maximal in A). For any a € A, define
at = at Am where a* = a*0. Then, by Theorem 4.9(4) and (6) we have a Aa™ = 0 and for any
bec A, aAb=0 implies that a Ab = b. Also for any a and b € A, we have (aVb)T ~a™ AbT
(by Theorem 4.10(1)). Now,

at Abt=at AmAbT Am
=a" AbT AmM
=(aVvbT Aat ADT Am
=(avbh T AmAat AmAbT Am
=(aVb)tA(atAbh).
Similarly, (a+ A bY) A (a vV b)* = (aV b)* and hence (a V b)* ~ a* Abt. Since z+ < m for

all z € A, we have that m is an upper bound of (a V b)l and a A b’ and hence these two are

commute to each other. This implies that

(aVvbd)t = (@t AbH)A(av )t =(aVvDd)t A(at Abt) =at AbT.

Thus @ — a'’ is a pseudo-complementation on A and hence A is a pseudo-complemented

ADL. [ ]

Theorem 4.12. Let A be an ADL with a maximal element. Then the following are equivalent

to each other.
(1) A is relatively pseudo-complemented
(2) [0,a] is relatively pseudo-complemented for all a € A
(3) [a,b] is relatively pseudo-complemented for all a < bin A
(4) [a,b] is pseudo-complemented for all a < b in A.

Proof:
(1) = (2) : Let * be a relative pseudo-complementation on A and a € A. Let z,y € [0, a], we
have

(my) ={z€A:x Az e (Y]} = (z*y]

Now, put x L y = (x *y) Aa. Then x L y € [0,a] and

zA(zLy)=azAN(xxy)ANae€ (yN(a
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which is the ideal generated by y in [0,a]. On the other hand, suppose z € [0,a] such that
x Az € (y]. Then z € (z *y] and hence (z*y) Az = 2.

Now, (zly)Az=(z*xy)ANaAz
=aN(zxy)Nz=aNz=z

so that z € (z L y]. Therefore
{ze€l0,al:xNnze(y]}=(z Ly

Thus, L is a relative pseudo-complementation on [0, a].
(2) = (3) : Let a,b € A with a < b and * be a relative pseudo-complementation on [0,b]. Let
z,y € [a,b]. Put z +y = (z*y) Va. Since z *y and a € [0,b], which is a lattice, we have

r4+y=(rxy)Va=aV (xxy).

Consider z A (z+y) =z A ((z*y) Va)

= (@A (zxy)V(zAa)e (Y]
since x A\ (z+*y) € (y] and a < y. On the other hand, suppose that z € [a, b] such that zAz € (y].
Then z € [0,b] and z € (z % y] and hence (x xy) A z = z.

Now, (z4+y)Az=((xxy)Va)Az
=({(zxy)ANz)V(aAz)

=zVa=z.

Therefore {z € [a,b] : © A z € (y]} = (x + y]. Thus + is a relative pseudo-complementation on
[a, b].

(3) = (4) follows from the Theorem 4.11.

(4) = (1) : Assume the condition (4). Let a,b € A and z be the pseudo-complement of a in
[b A a,aV m]. Define

a* b= x. Now, we prove that (a,b) = (z].

Since bAa<z<aVmandaAz=>bAae (b, we get that x € (a,b).
On the other hand let y € (a,b). Then a Ay € (b] and hence bAa Ay =aAy.
Put z=(yV (bAa))A(aVm). Then z € [bAa,aV m].

Now, aAz=aA(yV(bAa))A(aVm)
=((anNy)V(aAbAa))A(aVm)
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=({(any)V(bNa))A(aVm)
=(bAa)A(aVm)
=bAa.

This implies z < z. Now yAz=yA(yV (bAa))A(aVm)=yA(aVm).

Therefore yAzAy =y A (aVm)Ay =y (since a Vm is maximal).

This implies z Ay =y and hence y =z Ay=zAxzAy=xAzAy=xAy.

Hence y € (z]. Thus (a,b) = (] and hence A is relatively pseudo-complemented ADL. |

Remark 4.13.

(1) If Aisabounded distributive lattice, there can be at most one relative pseudo-complementation

on A and at most one pseudo-complementaion on A

(2) The converse of Theorem 4.11 is not true, even in the case of distributive lattices; for

consider the following example.

Example 4.14. Let X be an infinite set and
L={AC X :Ais finite or A= X}.

Then, L is a bounded distributive lattice under the usual set theoretic operations but not
pseudo-complemented. For otherwise suppose * is the pseudo-complementation on L. Then for
each x € X, we have {x} N{y} = ¢ for all y # =. This implies {y} C {z}* and hence {z}* = X.
Thus {z} N{z}* # ¢, which is a contradiction.

Consider M = L U {0} whose Hasse diagram is given below.

X
M =
¢
0
if A
For any A € M, define A* = 0 ifA#0
X ifA=0

Then A* is the pseudo-complement of A in M and hence M is pseudo-complemented distributive
lattice, but [¢, X]| = L, which is not pseudo-complemented. Therefore by the Theorem 4.12, the
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condition (4) fails in M and hence (1) fails. Thus M is pseudo-complemented but not relatively

pseudo-complemented.

Definition 4.15. Two relative pseudo-complementations * and + on an ADL A are said to be
equivalent (and denote this by % ~ +) if 0%x0 = 04 0. Then clearly ~ is an equivalence relation

on the set RPC(A), of all relative pseudo-complementations on A.

Theorem 4.16. Let A be an ADL and * a relative pseudo-complementation on A. Let M(A)
be the set of all maximal elements in A. For any m € M(A), define *,, : A x A — A by

a *m b= (axb) Am for all a,b € A. Then the correspondence m > %, induces a bijection of
M onto RPC(A)/ ~.

Proof: Let a,b € Aand m € M(A). Then (a,b) = (axb] = (mA(axb)] = ((a*xb) Am] = (a*,,b]
and hence *,, is a relative pseudo-complementation on A. Let m,n € M (A) such that %, ~ *,.
Then 0 #,, 0 = 0 %, 0 which implies that (0% 0) Am = (0*0) An and hence m = n since 0% 0 is
maximal in A. Also, for any + € RPC(A), if m = 0+ 0, then m € M(A) and
0+0=(0x0)A(0+0)=(0%0)Am =0y, 0 and hence *,, ~ +.

Thus, m > *,, is a bijection of M (A) onto RPC(A)/ =. [ |
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