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Abstract

Let G be a simple graph with vertex set V(G) and edge set E(G) respectively.
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Vertex

set V(@) is labeled arbitrary by positive integers and F(e) denote the edge label such that

it is the sum of labels of vertices incident with edge e. A lucky edge neighborhood labeling

of G is an assignment of positive integers to the vertices of G so that edge neighborhood

labelings are distinct for every edge e.The least integer for which a graph G has a lucky edge

labeling from the set {1,2,...,k} is called the lucky neighborhood number and is denoted
by nn(G). In this paper, we prove that P, Cy, Tyn, S(P;) and S(C;) are lucky edge

neighborhood labeled graphs.
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1 Introduction

In 1967, Rosa [4] introduced the concept of labeling and Golomb|[2] called the labeling as

graceful. Gallian [1] maintains a dynamic survey of graph labeling. Many graphs are constructed

from standard graphs by using various operations. Nellai Murugan [3] introduced the concept

of lucky edge labeling and proved that the path P,, cycle Cy, comb S(P;) and the crown

S(CF) are lucky edge labeled graphs.

In this paper, we define lucky edge neighborhood labeling of a graph and prove that P,, C,,

Ton, S(P) and S(C;l) are lucky edge neighborhood abeled graphs.

2 Preliminaries

Definition 2.1. [3] Let G be a simple graph with vertex set V(G) and edge set E(G) respec-
tively. The vertex set V(G) is labeled arbitrary by positive integers and E(e) denotes the edge

label such that it is the sum of labels of vertices incident with edge e. The labeling is said to be
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lucky edge labeling if the edge E(G) is a proper coloring of G, that is, if we have E(e1) # E(e2)
whenever e; and e; are adjacent edges. The least integer k for which a graph G has a lucky
edge labeling from the set {1,2,...,k} is the lucky number of G denoted by n(G).

A graph which admits a lucky edge labeling is called an lucky edge labeled graph.

Definition 2.2. Let G be a simple graph with vertex set V(G) and edge set E(G) respectively.
The vertex set V(G) is labeled arbitrary by positive integers and E(e) denotes the edge label
such that it is the sum of labels of vertices incident with edge e. A lucky edge neighborhood
labeling of G is an assignment of positive integers to the vertices of G so that each edge neighbor-
hood labels are distinct. The least integer for which a graph G has a lucky edge neighborhood
labeling from the set {1,2,...,k} is the lucky neighborhood number and is denoted by nn(G).

The graph which admits a lucky edge neighborhood labeling is called a Lucky edge neigh-
borhood labeled graph.

Definition 2.3. A graph obtained by joining each u; of a path P, to a vertex v; is called a
comb and denoted by P;.

Definition 2.4. C; is a graph obtained from C,, by attaching a pendent vertex from each

vertex of the graph C,is called crown.

Definition 2.5. The tadpole graph T, , also called dragon graph is the graph obtained by
joining a cycle C,, to a path P, with a bridge.

Definition 2.6. If e = uv is an edge of G and w is not a vertex of G, the edge e is said to be

subdivided if it is replaced by the edges uw and wwv.

Definition 2.7. Let G be a graph. A subdivision graph S(G) of G is obtained by subdividing

each edge of G only once.
3 Main Results
Theorem 3.1. Path P, has {a, b} lucky edge neighborhood labeling for any a,b € N.

Proof: Let v1,v9,...,v, be the vertices of P,. Assign label 2 to the vertices v; for i = 0 (mod
4) and 1 to0 the remaining vertices.

Then the induced edge neighborhood labeling are distinct. Hence, lucky edge neighborhood
labeling of P, is {2,3} and the lucky neighborhood number of P, is ny(F,) = 3. |

Illustration 3.2. A lucky edge neighborhood labeling of P; is shown in Figure 1.

2 2 3 3 2 2
1 1 1 2 1 1 1
 r— 00— —— 00— 00— 00— 0
1 V9 V3 V4 Us V6 %4

Figure 1: A lucky edge neighborhood labeling of P;.
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Theorem 3.3. Cycle C, has
1. {a,b} lucky edge neighborhood labeling if n = 0 (mod 4).
2. {a,b,c} lucky edge neighborhood otherwise.

Proof: Let V[C,] ={v; : 1 <i<n} and F[C,] = {viviy1 : 1 <i<n—-1} U {v,v1}.
Case(i): n=0 (mod 4) .
Let f: V[C,] — {1,2} be defined by
1 i=1,2,3 (mod 4
f(vi)_{ 2 i=0 (m00<l4) |
Then the induced edge labeling is given by

( ) 2 i=1,2 (mod 4)
V; Uy =
i 3 i=0,3 (mod 4)

for1<i<n.

for1<i<n-—1.
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It is clear that the lucky edge neighborhood labeling of C), is {2,3} and the lucky neighbor-

hood number of C), is ny(Cy,) = 3.
Case(ii): n=1,3 (mod 4).

A lucky edge neighborhood labeling of C5 is shown in Figure 2.
U1

v U3
Figure 2: A lucky edge neighborhood labeling of Cs.

From Figure 2, the lucky neighborhood number of C3 is ny(Cy,) = 5.
For n > 5, let f: V[C,] — {1,2,3} be given by
1 i=0,1,2 d4
flv) = Z /1,2 (mod 4) for 1 <i<n-—1and
2 =3 (mod4)
f(Un) =3.
Then the induced edge labeling is given by
. 2 i=0,1 (mod 4)
V; Uy =
f o) { 3 i=2,3 (mod 4)
f*('vn—lvn) = f*(vnvl) =4.

for1<i<n-—2and

It is clear that lucky edge neighborhood labeling of C), is {2, 3,4} and the lucky neighborhood

number of C), is ny(C,,) = 4.
Case(iii): n =2 (mod 4).

Let f: V[Cy,] — {1,2,3} be defined by

1 i=1,2,3 (mod 4

f(vi) = { ( )

for1<i<n-—2and
2 i=0 (mod 4)
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f(on—1) = f(vn) = 2.
Then the induced edge labeling is given by
. 2 i=1,2 (mod 4)
I (vivin) = { 3 i=0,4 (mod 4)
[ (vp—2vn—1) = f*(vn—1vn) =4, f*(vpv1) = 3.
It is clear that lucky edge neighborhood labeling of C,, is {2, 3,4} and the lucky neighborhood
number of C), is ny(Cy) = 4. |

for1<i<n-—3and

Illustration 3.4. Lucky edge neighborhood labelings of cycles Cs, Cp and C7; are given in
Figure 3.

1
2 1
8
2
3 X\ V3 1
oyl J
(Y

3(a) 3(b) 3(c)
Figure 3: Lucky edge neighborhood labelings of Cg, C71 and Cyp.

Theorem 3.5. The tadpole graph T, ,, has {a, b, c} lucky edge neighborhood labeling for any
a,b,c e N.

Proof: Let v1,v2, ..., Um, Um41, ..., Umyn be the vertices of 15, .
Case(i): m =0 (mod 4).
Let f: V[Tm+n] — {1,2,3} be defined by
1 1=0,1,2 (mod 4
fog={ L =002 Gnedd
2 i=3 (mod 4)

f(vm-i-l) =3,
1 i=0,2,3 (mod 4)
f(m+i) = .
2 i=1 (mod4)
Then the induced edge labeling is given by
. 2 i=0,1 (mod 4)
V;U; =
f(vivier) { 3 i=2,3 (mod 4)
[ (omur) = 2, f*(Um”m—i-l) = [ (Vms1Vmy2) = 4,
£ ) 2 1=2,3 (mod 4)
Um+iUm-+i =
e 3 i=0,1 (mod 4)
Case(ii): m =2 (mod 4).

for 1 <i<m,

for 2 <i<n.

forl<i<m-—1,

for2<i:<n-—1.
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Let f: V[Tm+n] — {1,2,3} be defined by
1 i=1,2,3 (mod 4
f(vi) = o ( )

2 i=0 (mod 4)
f(vm—l) - f('Um> =2 and f(vm-‘rl) =3,
1 i=0,1,3 (mod 4)

f(m+i) = .

2 =2 (mod4)
Then the induced edge labeling is given by
. 2 i=1,2 (mod 4)

ViU =

f* (vivi) { 3 i=0,3 (mod 4)
[ (vmv1) = 3, [ (Vm—20m-1) = [*(Vm—1Vm) = 4, [*(VmUms1) = f*(vm+lvm+2) =5,

£ ) 2 1=0,3 (mod 4)
Um~+iUm—+i =
et 3 i=1,2 (mod 4)

Case(iii): m = 1,3 (mod 4).
Let f: V[Tm+n] — {1,2,3} be defined by
1 i=0,1,2 (mod 4)
f(vl)_{ 2 =3 (mod 4)
f(Umfl) = 3af(vm) = 17

L J 1 i=0,2,3 (mod 4)
f(vm“)_{ 2 i=1 (mod 4)

forl1 <i<m-—2,
for 2 <i<n.
for1 <i<m-—3,

for2<i<n-—1.

forl1 <i<m-—2,

for1 <i<n.

Then the induced edge labeling is given by

er |2 i=0,1 (mod 4)
f*(vivigr) _{ 3 i=2,3 (mod 4)
f*(omon) =2,

f*('UmfZUmfl) = 57

f*(vm—lvm) = 47

[ (VmtiVmtiv1) = {

for1 <i<m-—3,

2 i=0,1 (mod 4) ,
, 0<s<n—1.

3 i=2,3 (mod 4)

It is clear that the lucky edge neighborhood labeling of T, ,, is {2, 3,4, 5} and the lucky neigh-

borhood number of T}, ,, is NN (Tim.n) = 5. [

INlustration 3.6. Lucky edge neighborhood labelings of T4 ¢, Th0,6 and 15 7 is shown in Figure
4, 5 and 6.

Vg 2 V1

1 1
3 2

2 o3 1 11 o2 1
V3 3 vy 4 vy 4 vg 2 wr 2 wg 3 vg 3 v

Figure 4: Lucky edge neighborhood labeling of T} ¢.
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Vs 3 Vg
211 23
Ve ¢1 18 U3
2 2
U7 41 19 v2
3 2
Vs 2 le vy
QCEE) - T N U S S

=
Vg 4 V10 5 U115 '0123 V13 2 V14 ) V1s 3 V16

Figure 5: A lucky edge neighborhood labeling of T7¢ 6.

3 we 3 wr 2 ws 2 w9 3 wip 3 vip 2 V12
Figure 6: A lucky edge neighborhood labeling of 75 7.

Theorem 3.7. S(P;) has {a,b, ¢} lucky edge neighborhood labeling for any a,b,c € N.

Proof: Let V[S(P)]={{u,vi,v};1 <i<n}U{u};1<i<n—1}}and E[S(P])] = {{uu};1 <
i <n—1} U{uuip;1 <i<n—1} U{u),vv;1 <i<n}}

Let f: V[S(P})] — {1,2,3} be defined by
fu;) =1for 1 <i<n,
2 1=1 d?2
flup) = Z (mo )forlgz‘gn—l,
3 i=0 (mod 2)
fi)=fvj)=1,1<i<n

Then the induced edge labeling is given by

ﬁngzﬁwwHﬂ={4zzogﬁd$

[(uv)) = f* (i) =2,1<i <n.

forl<i<n-1,

It is clear that the lucky edge neighborhood labeling of S(P;1) is {2, 3,4} and the lucky neigh-
borhood number of S(P;5) is ny(S(P;))=4. [

Illustration 3.8. A lucky edge neighborhood labeling of S(Ps") is shown in Figure 7.
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3 3 4 4 3 3 4 4
Ul Uy uz Uo us us Ua Uy us
1 N 1 Y i 1 1
2 2 2 3 2 2 2 3 2
/ / /
v191 V291 v3¢1 V491 U591
2 2 2 2
1 1 1 1 1
V1 V2 V3 V4 Vs

Figure 7: A lucky edge neighborhood labeling of S(P;5").

Theorem 3.9. S(C;1) has {a,b,c} lucky edge neighborhood labeling for any a,b,c € N.
Proof: Let V[S(CH)] = {w;,u},vi,v) : 1 < i < n} and E[S(CH)|={{u; ; 1 < i < n} U
{ufuizr ;1 <i<n—1} U{u,ui} U {wv},vlv; ;1 <i<n}}
Case(i): n is odd.
Let f: V[S(C;)] — {1,2,3} be defined by

flu)=1,1<i<n,

=1 d?2
fu)) = (mod 2) for1<i<n-—1,
3 i=0 (mod 2)
1

Then the induced edge labeling is given by

[ (uul) = f*(ufuipr) = { i z ;(1) EEZZ z; for1<i<n-1,
frunuy) = f*(upur) =2,

[ (urvy) = f*(vior) = 4,

[ (unvy) = [ (vqon) = 3,

[H(uv)) = f*(vjv)) =2 for 2 <i<n-—1.
Case(ii): n is even.
Let f: V[S(C;)] — {1,2,3} be defined by
flu;))=1for 1 <i<n,
2 ¢=1 (mod 2
flur) = { 3 i=0 Emod 2;
flp) = fvi) =1, 1 <i<n
Then the induced edge labeling is given by

[r(uawg) = f*(uiuigr) = { 3 i=1 (mod?2)

4 =0 (mod 2)
funuy) = f*(ugur) = 4,
[*(uv)) = f*(viv)) =2 for 1 < i <n.

for 1 <i<n,

for1<i<n-—1,
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It is clear that the lucky edge neighborhood labeling of S(C;}) is{2, 3,4} and the lucky neigh-
borhood number of S(C;F) is ny(S(C;F)) = 4. [

Illustration 3.10. Lucky edge neighborhood labelings of S(C:) and S(C}") are given in Figure
8 and 9 respectively.

Figure 8: Lucky edge neighborhood labelings of S(C).

’U11
201
v

2

Figure 9: Lucky edge neighborhood labelings of S(C}").
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