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Abstract

In this paper, we introduce the notions of c,-interior, c.,-neighbourhood, a,-derived, c--
boundary, a-kernel and a-v-g.closed set defined by ~y-operation on aO(X) and investigate

some of their properties.
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1 Introduction

The notion of a-open sets was introduced by Njastad [6] and he denoted the family of
all a-open sets in a topological space (X, 7) by aO(X,7) or aO(X). Ibrahim [1] defined the
concept of an operation on aO(X) and introduced the notion of ay-open sets. Kasahara [2]
defined the concept of an operation on topological spaces and introduced a-closed graphs of
an operation. Ogata [7] called the operation « as  operation and introduced the notion of 7,
which is the collection of all y-open sets in a topological space (X, 7). The aim of this paper is

to continue the study of topological properties by means of operations on aO(X).
2 Preliminaries

Let (X, 7) be a topological space and A a subset of X. The closure and the interior of A are
denoted by CI(A) and Int(A), respectively. A subset A of a topological space (X, 7) is said to
be a-open [6] if A C Int(Cl(Int(A))). The complement of an a-open set is said to be a-closed.
The intersection of all a-closed sets containing A is called the a-closure of A and is denoted by
aCl(A). An operation v : «O(X,7) — P(X) [1] is a mapping satisfying the condition, V" C V7
for each V € aO(X, 7). We call the mapping 7 an operation on aO(X, 7). A subset A of X is
called an a-open set [1] if for each point € A, there exists an a-open set U of X containing x

such that U? C A. The complement of an a-open set is said to be a,-closed. We denote the set
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of all a,-open (resp., ay-closed) sets of (X, 7) by aO(X, 7). (resp., aC (X, 7T)y). The a-closure
[1] of a subset A of X with an operation v on a«O(X) is denoted by a,CI(A) and is defined to
be the intersection of all ay-closed sets containing A. A point x € X is in aCl,-closure [1] of a
set A C X, if UTNA # ¢ for each a-open set U containing x. The aCl,-closure of A is denoted
by aCly(A). An operation v on aO(X,7) is said to be a-open [1] if for every a-open set U of
X containing x € X, there exists an a,-open set V of X such that x € V and V C U"7.

3 Some Properties of y-operations on aO(X)

Definition 3.1. Let (X,7) be a topological space and ~ an operation on aO(X). A point
a € AC X is said to be a,-interior point of A if there exists an a-open set N of X containing
a such that N7 C A. We denote the set of all such points by alnt,(A).

Thus alnty(A) ={r € A:x € N € aO(X) and N7 C A} C A.

Theorem 3.2. Let (X, 7) be a topological space and v an operation on aO(X). If A and B

are two subsets of X, then the following statements are true:
1. If A C B, then alnt,(A) C alnt(B).
2. adnty(A)Ualnty(B) C alnt, (AU B).
3. If v is a-regular, then alnt,(A) N alnt,(B) = alnt, (AN B).
Proof: Follows from Definition 3.1 and 2.14 [1]. [ |

Theorem 3.3. Let (X, 7) be a topological space and v an operation on aO(X). If A is a
subset of X, then

1. alnt, (X \ A) = X \ aCl,(A).
2. aCl, (X \ A) = X \ alnt,(A).
3. alnt,(A) = X \ aCl,(X \ A).
1. aCl,(A) = X \ alnt (X \ A).

Proof: We prove (1) only and the other parts can be proved similarly.
Let € adnt (X \ A), then there exists an a-open sets U containing x such that U7 C X'\ A.
This implies that U N A = ¢. This gives that z ¢ aCl,(A) and so z € X \ aCl,(A).
Conversely, let € X \ aCl,(A) implies that + ¢ aCl,(A), then there exists an a-open
sets V containing x such that V7 N A = ¢ implies that x € V C V7 C X \ A. It follows that
x € alnty (X \ A). [ |

The proof of the following theorem is obvious and hence omitted.
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Theorem 3.4. Let (X,7) be a topological space and 7 an operation on aO(X). Then for
A C X, we have

1. alnty(A) is an a-open set.
2. Ais a,-open if and only if alnt(A) = A.

Theorem 3.5. If a subset A of X is ay-open, then there exists an a-open set O such that
OCACO.

Proof: If A is an ay-open set, then alnt,(A) = A. By taking O = alnt,(A), we obtain that
OCACO. [ |

Definition 3.6. [3] A topological space (X, 7) is said to be a,-regular if for each € X and
for each a-open set V in X containing x, there exists an a-open set U in X containing x such
that U7 C V.

Theorem 3.7. Let (X, 7) be a topological space and v an operation on «O(X). Then the

following statements are equivalent.
1. aO(X,7) = aO(X, 7).
2. (X, 1) is an a,-regular space.

3. For every z € X and every a-open set U of X containing x there exists an a,-open set
W of X such that xt € W and W C U.

Proof: (1) = (2): Let x € X and V be an a-open set containing x. Then by assumption, V'
is an ay-open set. This implies that for each x € V, there exists an a-open set U such that

U7 C V. Therefore (X, 7) is an ay-regular space.

(2) = (3): Let 2 € X and U be an a-open set containing x. Then by (2), there is an a-open set
W containing  and W C W7 C U. Applying (2) to set W shows that W is a,-open. Hence

W is an a,-open set containing x such that W C U.

(3) = (1): By (3) and [[1], Proposition 2.13], it follows that every a-open set is a,-open, that
is, aO(X,7) C aO(X, 7). Also from [[1], Remark 2.6], «O(X, 7), € aO(X, 7). Hence we have
the result. |

Remark 3.8. For any topological space (X, 7), we have
1. If «O(X) is indiscrete, then aO(X), is also indiscrete.
2. If aO(X), is discrete, then aO(X) is discrete.

Remark 3.9. Let (X, 7) be a topological space and € X. If {x} € aO(X),, then {z}" = {z}.
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Definition 3.10. Let (X, 7) be a topological space and x € X, then a subset N of X is said
to be a,-neighbourhood (resp., a-neighbourhood [4]) of x, if there exists an o,-open (resp.,
a-open) set U in X such that x € U C N.

Proposition 3.11. In a topological space (X, 7), a subset A of X is a,-open if and only if it

is an a,-neighbourhood of each of its points.

Proof: Let A C X be an ay-open set, since for every x € A, v € A C A and A is ay-open.
This shows A is an o, -neighbourhood of each of its points.

Conversely, suppose that A is an a,-neighbourhood of each of its points. Then for each
x € A, there exists B, € aO(X), such that B, C A. Then A = U{B, : € A}. Since each B,

is ay-open. It follows that A is o.,-open set. |

Proposition 3.12. If A C B in a topological space (X, 7) and A is an a,-neighbourhood of a

point € X, then B is also a-neighbourhood of the same point x.
Proof: Obvious. n

Remark 3.13. Since every a,-open set is a-open, then every a,-neighbourhood of a point is

an a-neighbourhood of the same point.

Definition 3.14. Let A be a subset of a topological space (X,7) and v be an operation on
aO(X). The union of all ay-open sets contained in A is called the a4-interior of A and denoted
by o, Int(A).

Theorem 3.15. Let (X, 7) be a topological space and v be an operation on aO(X). For any
subsets A, B of X we have the following;:

1. ayInt(A) is an a,-open set in X.

2. Ais a,-open if and only if A = a,Int(A).
3. ayInt(oyInt(A)) = o Int(A).

4. ayInt(¢) = ¢ and ayInt(X) = X.

5. ayInt(A) C A.

6. If A C B, then o, Int(A) C o Int(B).

7. ayInt(AU B) 2 ayInt(A) U ayInt(B).

8. ayInt(ANB) C ayInt(A) N, Int(B).

Proof: Straight forward. |
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Definition 3.16. Let (X, 7) be a topological space with an operation v on aO(X). A point
r € X is said to be a,-limit point of a set A if for each a,-open set U containing x, then
Un(A\ {z}) # ¢. The set of all o,-limit points of A is called an a,-derived set of A and is
denoted by o, D(A).

Some properties of a.-derived sets are stated in the following proposition.

Proposition 3.17. Let A, B be any two subsets of a space X, and + be an operation on
aO(X). Then we have the folloing properties:

1. ayD(¢) = ¢.

2. If x € ayD(A), then = € o, D(A\ {z}).

3. ayD(AUB) 2 ayD(A) U ayD(B).

4. oy D(ANB) C o, D(A) N,y D(B).

5. ayD(ayD(A)) \ A C ayD(A).

6. ayD(AUa,D(A)) C AUayD(A).
Proof: Obvious. n
The proofs of Propositions 3.18 and 3.19 are clear.

Proposition 3.18. A subset A of a topological space X is c,-closed if and only if it contains

the set of its a-limit points.

Proposition 3.19. Let A be any subset of a topological space (X, 7) and 7 be an operation
on aO(X), then o,Cl(A) = AU o, D(A).

Proposition 3.20. Let A be any subset of a topological space (X, 7) and 7 be an operation
on aO(X). Then o, Int(A) = A\ ayD(X \ A).

Proof: If v € A\ ay,D(X \ A), then ¢ a,D(X \ A) and so there exists an a,-open set U
containing « such that U N (X \ A) = ¢. Then z € U C A and hence z € a,Int(A), that is
A\ ayD(X \ A) C ayInt(A). On the other hand, if z € ayInt(A), then = ¢ a,D(X \ A) since
ayInt(A) is ay-open and ayInt(A) N (X \ A) = ¢. Hence o, Int(A) = A\ o, D(X \ A). [ |
Proposition 3.21. Let A be any subset of a topological space (X, 7) and v be an operation

on aO(X). Then the following statements are true:
1. X\ ayInt(A) = a,Cl(X \ A).

2. X\ o,Cl(A) = ayInt(X \ A).
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3. ayInt(A) = X\ a,ClU(X \ A).
4. a,Cl(A) = X \ a, Int(X \ A).

Proof: We only prove (1), the other parts can be proved similarly.
X\ayInt(A) =X\ (A\a,D(X\A)=(X\A)Ua,D(X\A) =ao,Cl(X\A). [ |

Definition 3.22. Let A be a subset of a space X, then the «,-boundary of A is defined as
ayCl(A) \ ayInt(A) and is denoted by o, Bd(A).

Some properties of a.-boundary sets are stated in the following proposition.

Proposition 3.23. Let A be any subset of a topological space (X, 7) and  be an operation
on aO(X). Then the following statements hold:

1. ay,Cl(A) = o Int(A) U o, Bd(A).
2. ayInt(A) N, Bd(A) = ¢.
3. ayBd(A) = ay,Cl(A) N, CU(X \ A).
4. ayBd(A) = ayBd(X \ A).
5. ayBd(A) is an a.-closed set.
Proof: Obvious. L

Definition 3.24. Let (X, 7) be a topological space. A mapping v : aO(X) — P(X) is said to
be:

1. a-monotone on aO(X) if for all A, B € aO(X), A C B implies AY C B7.
2. a-idempotent on aO(X) if A7 = A7 for all A € aO(X).
3. a-additive on aO(X) if (AU B)Y = AYU B7 for all A, B € aO(X).

If Ujer A7 € (Ujer Ai)Y for any collection {A; }ier € aO(X), then v is said to be a-subadditive
on aO(X).

Proposition 3.25. Let (X, 7) be a topological space and 7 an operation on aO(X). Then, ~

is a-monotone on aO(X) if and only if 7 is a-subadditive on aO(X).

Proof: Let v be a-monotone on aO(X) and {A4;}ie; C aO(X). Then for each i € I, A] C
(Uier Ai)7 and thus Use; A] € (Uies 4i)7-

Conversely, if v is a-subadditive on aO(X) and A, B € aO(X) with A C B, then A C
AYUBY C (AU B)Y = BY. Thus 7 is a-monotone on aO(X). |
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Remark 3.26. The a-regularity of operation + in [1] follows from the a-monotonicity of op-

eration .

Remark 3.27. It is easy to verify that if v is a-additive on aO(X) then ~ is a-monotone on
a0(X).

The following result shows that the family of c,-open sets may be a topology on X.

Theorem 3.28. Let (X, 7) be a topological space. If v is an a-monotone operation on aO(X),

then the family of ay-open is a topology on X.

Proof: Clearly ¢, X € aO(X), and by [[1], Theorem 2.11], the union of any family of a,-open
sets is a,-open. To complete the proof it is enough to show that the finite intersection of
ay-open sets is ay-open. Let A and B be two «.-open sets and let z € AN B, then x € A and
x € B, so there exist a-open sets U and V such that x e U CUY C Aandz € V C V7 C B,
since v is an a-monotone operation and UNV is a-open set such that UNV C U and UNV CV,
this implies that (UNV)Y CU'NVY C AN B. Thus AN B is ay-open set. This completes the
proof. |

Theorem 3.29. Let (X, 7) be a topological space and y an operation on aO(X). If (U;e; Wi)" C
User W' for any collection {W;}ier € aO(X), then for every a.-open set U we have UY = U.

Proof: Let U be an a-open set. Then for every o € U there exists an a-open set W containing
x such that W C W7 C U. Therefore Uy W C Upeg W7 C U, 50 Upey W € (Upery W)7 C
U. Therefore, U CUY C U and so U =U. [ |

Theorem 3.30. For any operation v on aO(X), the map a,Cl : aO(X) — P(X) is an
operation on aO(X) satisfying (1) and (2) of Definition 3.24, but not (3).

Proof: By [[1], Theorem 2.22 (5)], ayCl is an a-monotone on aO(X). We show that a,Cl is
a-idempotent on aO(X). Given A € aO(X), it is obvious that a,CIl(A) C ayCl(a,CI(A)).
Let z € a,Cl(a,CI(A)) and V be any «.-open set containing z, then by [[1], Theorem 2.23],
there is z € V N ayCl(A). Since z € a,CIl(A) and V is an a,-open set containing z, we
have that V N A # ¢, thus z € ayCIl(A). Therefore o, Cl(ayCl(A)) C a,CIl(A) and hence
ayCl(a,Cl(A)) = ayCl(A).

In general, a,Cl is not an a-additive operation on aO(X) as shown in the following example. B

Example 3.31. let X = {a,b,c} equipped with the discrete topology on X. We define an
operation v on aO(X) by

AV:{ A if A={a,b} or {a,c}

X otherwise.
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Then, the a,-open subsets of (X, 1) are ¢, {a,b}, {a,c} and X. Now, if we let A = {b} and
B = {c}, then a,Cl(A) = A, a,Cl(B) = B and o,Cl(AU B) = X, where AU B = {b, c}, this
implies that a,Cl(AU B) = X # {b,c} = a,CI(A) U a,CI(B).

Suppose that A is a subset of a topological space (X, 7), then we have the following properties:

Theorem 3.32. Let v : aO(X) — P(X) be an operation on aO(X), A and B subsets of a

topological space (X, 7). Then, we have the following properties:
1. AC aCl,(A).
2. aCly(¢) = ¢ and aCl,(X) = X.
3. Ais a,-closed (that is, X \ A is ay-open) in (X, 7) if and only if aCl,(A) = A holds.
4. If A C B, then aCl,(A) C aCly(B).
5. aCly(A) U aCly(B) C aCl (AU B) holds.
6. If v is a-regular, then aCl, (AU B) = aCl,(A) U aCl,(B) holds.
7. aCly(ANB) C aCl,(A) N aCl,(B) holds.

Proof: (1),(2),(4): Obviously, by [[1], Definition 2.20], we have A C aCl,(A).

(3): Suppose that X \ A is a,-open in (X, 7). We claim that aCl,(A) C A. Let x ¢ A. There
exists an a-open set U containing x such that UY C X \ A, that is, UY N A = ¢. Hence, using
[[1], Definition 2.20], we have x ¢ aCl,(A) and so aCl,(A) C A. By (1), it is proved that
A =aCl,(A).

Conversely, suppose that A = aCl,(A). Let x € X \ A. Since z ¢ aCl,(A), there exists
an a-open set U containing x such that U" N A = ¢, that is, UY C X \ A. Namely, X \ A is
a~-open in (X, 7) and so A is a-closed.

(5), (7): Followed from (4).

(6): Let ¢ aCly(A) UaCl,(B). Then, there exist two a-open sets U and V containing x
such that UY N A = ¢ and V7' N B = ¢. By [[1], Definition 2.14], there exists an a-open set W
containing x such that W7 C UYNV7?. Thus, we have that WYN(AUB) C (U'NVY)N(AUB) C
[UYNAJU[VYNB] = ¢, that is, W7 N (AU B) = ¢. Namely, we have z ¢ aCl,(AU B) and so
aCl,(AUB) C aCl,(A) U aCly(B). We can obtain (6) by using (5). [ |

Theorem 3.33. Let (X, 7) be a topological space and v an a-monotone operation on aO(X).
If A is a subset of X, then

1. For every ay-open set G of X, we have that aCl,(A) NG C aCl,(ANG).



Some Properties of Operations on aO(X) 115

2. For every a.,-closed set F' of X, we have that afnt, (AU F) C adnt,(A)UF.

Proof: (1) Let 2 € aCl,(A) NG and let U be an a-open set containing x. Since z € aCly(A),
implies that UYNA # ¢. Since G is an a-open set, there exists an a-open set V' of X containing
x such that V7 C G. Thus (UNV)YNA # ¢, this implies that UYN(ANG) # ¢ by a-monotone
and hence z € aCly(A N G). Therefore aCly(A) NG C aCly(ANG).

(2) Follows from (1) and Theorem 3.3 (3). [ |

The following example shows that the condition v is a-monotone is necessary for the above

theorem.

Example 3.34. Consider X = {a, b, ¢} with the discrete topology on X. We define an operation
v on aO(X) by

A :{ A if A={a,b} or {a,c} or {b,c}

X  otherwise.

Since 7 is not a-monotone, so if we let A = {a,c} and G = {b,c}, then aCl,(A) = X and
aCl,(A)NG = {b,c}, this implies that aCl,(A)NG = {b,c} £ aCl,(ANG) = aCl,({c}) = {c}.

Remark 3.35. Let (X, 7) be a topological space and v an a-regular operation on aO(X). If
A is a subset of X, then

1. For every ay-open set G of X, we have o,Cl(A) NG C a,CI(ANG).
2. For every a,-closed set F' of X, we have ayInt(AU F) C ayInt(A) UF.

Theorem 3.36. Let (X, 7) be a topological space, N a subset of X and v an a-open operation
on aO(X). Then, alnty(aCl,(N)) = ¢ if and only if any one of the following conditions hold:

1. aCl (X \ aCly(N)) = X.
2. N CaCl,(X \ aCly(N)).

Proof: (1) alnty(aCly(N)) = ¢ if and only if X \ aCl,(X \ aCly(N)) = ¢ by Theorem 3.3
(3) if and only if X C aCl,(X \ aCly(N)) if and only if X = aCl,(X \ aCl,(N)).

(2) N C X =aCly(X \ aCly(N)) by (1). Conversely, N C aCl,(X \ aCl,(N)), implies that
aCly(N) C aCl,(X\aCl,(N)) by [[1], Theorem 2.26 (2)]. Since X = aCl,(N)U(X\aCl,(N)),
implies that X C aCly (X \ aCl,(N)) U (X \ aCl,(N)) = aCl,(X \ aCl,(N)). Hence X =
aCly (X \ aCly(N)). [ |

Theorem 3.37. Let (X, 7) be a topological space, N a subset of X and v be both a-regular
and a-open operation on aO(X). If alnt,(aCl,(N)) = ¢ then every non empty c,-open set

U contains a non empty a--open set A disjoint with V.
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Proof: Given alnt,(aCly(N)) = ¢. This implies that aCl,(N) does not contain any non
empty o,-open set. Hence for any non empty o,-open set U, UN (X \ aCly(N)) # ¢. Thus by
[[1], Theorem 2.26 (2) and Proposition 2.18) A =U N (X \ aCl,(N)) = U \ aCl,(N) is a non

empty a,-open set contained in U and disjoint with N. |

Definition 3.38. Let A be a subset of a topological space (X, 7) and 7 an operation on aO(X).
The a-kernel of A, denoted by o, Ker(A) is defined to be the set o, Ker(A) = N{V : A C
V,V € aO(X,7),}.

Proposition 3.39. Let (X, 7) be a topological space with an operation v on «O(X) and x € X.
Then y € o ker({z}) if and only if x € o, Cl({y}).

Proof: Suppose that y ¢ ayker({z}). Then there exists an ay-open set V' containing = such
that y ¢ V. Therefore, we have x ¢ a,CIl({y}). The proof of the converse case can be done

similarly. |

Proposition 3.40. Let (X, 7) be a topological space with an operation v on aO(X) and A be
a subset of X. Then, a ker(A) = {z € X: ay,Cl({z}) N A # ¢}.

Proof: Let z € ayker(A) and suppose a,Cl({z})NA = ¢. Hence x ¢ X\a,Cl({x}) which is an
a-open set containing A. This is impossible, since z € o ker(A). Consequently, o, Cl({x}) N
A # ¢. Let x € X such that a,Cl({z}) N A # ¢ and suppose that = ¢ a ker(A). Then, there
exists an a,-open set V' containing A and x ¢ V. Let y € a,Cl({z}) N A. Hence, V is an
a4-open set containing y which does not contain x. By this contradiction z € ayker(A) and

the claim. [ |

Proposition 3.41. The following properties hold for the subsets A, B of a topological space
(X, 7) with an operation vy on aO(X):

1. A C ayker(A).

2. A C B implies that aker(A) C o ker(B).

3. If Ais ay-open in (X, 7), then A = o ker(A).
4. o ker(ayker(A)) = ayker(A).

Proof: (1), (2) and (3): Immediate consequences of a ker(A) = N{U € aO(X),: A C U}.

(4): First observe that by (1) and (2), we have ayker(A) C o ker(ayker(A)). If x ¢ a ker(A),
then there exists U € aO(X, 1), such that A C U and « ¢ U. Hence o, ker(A) C U, and so we
have x ¢ aker(ayker(A)). Thus ayker(a ker(A)) = ayker(A). |
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Proposition 3.42. The following statements are equivalent for any points  and y in a topo-

logical space (X, 7) with an operation v on aO(X):
1. ayker({z}) # ayker({y}).

2. a,Cl({z}) # o, CI({y}).

Proof: (1) = (2): Suppose that ayker({z}) # a,ker({y}), then there exists a point z in
X such that z € a,ker({z}) and 2z ¢ ayker({y}). From z € a ker({z}) it follows that
{z} N a,Cl({z}) # ¢ which implies z € a,Cl({z}). By z ¢ ayker({y}), we have {y} N
ayCl({z}) = ¢. Since z € a,Cl({z}), a,Cl({z}) C o, Cl({z}) and {y} N a,Cl({z}) = ¢.
Therefore, it follows that o, Cl({z}) # ayCl({y}). Now a ker({z}) # o ker({y}) implies that
ayCl({z}) # oy Cl({y})-

(2) = (1): Suppose that a,Cl({z}) # a,Cl({y}). Then there exists a point z in X such that
z € a,Cl({z}) and z ¢ a,Cl({y}). Then, there exists an .,-open set containing z and therefore
x but not y, namely, y ¢ a,ker({z}) and thus a ker({z}) # o ker({y}). [ |

Proposition 3.43. Let (X, 7) be a topological space and « be an operation on aO(X). Then,
N{ayCl({z}) : . € X} = ¢ if and only if ayker({z}) # X for every x € X.

Proof: Necessity, suppose that N{a,Cl({z}) : © € X} = ¢. Assume that there is a point y in
X such that o ker({y}) = X. Let x be any point of X. Then x € V for every a,-open set V'
containing y and hence y € a,Cl({z}) for any € X. This implies that y € N{a,Cl({z}) : z €
X}. But this is a contradiction.

Sufficiency, assume that o, ker({z}) # X for every € X. If there exists a point y in X
such that y € N{a,Cl({z}) : x € X}, then every ay-open set containing y must contain every
point of X. This implies that the space X is the unique a.-open set containing y. Hence
ayker({y}) = X which is a contradiction. Therefore, N{a,Cl({z}) : 2 € X} = ¢. |

Definition 3.44. [1] A subset A of a topological space (X, 7) is called an ., D-set if there are
two U,V € aO(X,7), such that U # X and A=U\V.

Proposition 3.45. If a singleton {z} is an a,D-set of (X, 7), then o ker({z}) # X.

Proof: Since {x} is an ay,D-set of (X, 7), then there exist two subsets Uy, Uy € aO(X, 7), such
that {a} = Uy \ Ua, {} C U; and Uy # X. Thus, we have that a,ker({z}) C U; # X and so
ayker({z}) # X. [ |

Definition 3.46. A subset A of a topological space (X, 7) is said to be a-vy-generalized closed
(a-v-g.closed) set if aCl,(A) C U whenever A C U and U is an «,-open set of (X, 7).



118 Alias B. Khalaf and Hariwan Z. Ibrahim

Definition 3.47. [1] A subset A of the space (X, 7) is said to be .,-generalized closed (briefly,
a-g.closed) if ayCl(A) C U whenever A C U and U is an a,-open set in (X, 7). The comple-

ment of an a-g.closed set is called an a,-g.open set.

Definition 3.48. [5] A subset A of a topological space (X, 7) is called an («a, a)-generalized
closed set (briefly, («, a)-g-closed) if aCl(A) C U whenever A C U and U is a-open.

Theorem 3.49. Let A be a subset of a topological space (X, 7) and v an operation on aO(X).

Then, the following statements are true:

1. If A is a-vy-g.closed in X, then A is (a, «)-g-closed.

2. If Ais ay-g.closed in X, then A is a-vy-g.closed.
Proof: Follows from Theorem 2.24 [1]. [ |
Remark 3.50. By Theorem 3.49, every o,-g.closed is (o, «)-g-closed.

Remark 3.51. It is clear that every ay-closed set is a-v-g.closed, but the converse is not true

in general as shown in the following example.

Example 3.52. Let X = {1,2,3} with the topology 7 = {¢, {1},{2},{1,2},{1,3}, X}. We
define an operation v on aO(X) by

4 — A if A= {2} or {1,3}
| X otherwise.

Now, if we let A = {1}, since the only ay-open supersets of A are {1,3} and X, then A is

a-7y-g.closed. But it is easy to see that A is not a.-closed.
Theorem 3.53. If A is ay-open and a-vy-g.closed, then A is a,-closed.

Proof: Suppose that A is a-open and a-v-g.closed. Since A C A, we have aCl,(A) C A, also
A C aCl,(A), therefore aCly(A) = A. That is, A is o,-closed. [ |

Theorem 3.54. Let v : aO(X) — P(X) be an operation on aO(X) and A a subset of a

topological space (X, 7). Then the following statements are equivalent:
1. Ais a-vy-g.closed in (X, 7).
2. o, Cl({z}) N A # ¢ for every x € aCl,(A).

3. aCly(A) C ayKer(A) holds.
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Proof: (1) = (2): Let A be an a-vy-g.closed set of (X, 7). Suppose that there exists a point
x € aCly(A) such that a,Cl({x}) N A = ¢. By [[1], Theorem 2.22 (2)], a,Cl({z}) is ay-closed.
Put U = X\ o, Cl({z}). Then, we have A C U, x ¢ U and U is an a-open set of (X, 7). Since
A is an a-v-g.closed set, aCl,(A) C U. Thus, we have ¢ aCl,(A). This is a contradiction.
(2) = (3): Follows from Proposition 3.40.

(3) = (1): Let U be any o,-open set such that A C U. Let z be a point such that x €
aCl,(A). By (3), x € ayKer(A) holds. Namely, we have that € U, because A C U and
UeaO(X,1),. [ |

Theorem 3.55. Let (X, 7) be a topological space and « an operation on aO(X). If a subset
A of X is a-7-g.closed, then aCl,(A) \ A does not contain any non-empty a-closed set.

Proof: Suppose that there exists a non-empty «,-closed set F' such that ¥ C aCl,(A)\A. Then
we have A C X \ F and X \ F is ay-open. It follows from the assumption that aCl,(A) C X\ F'
and so F' C (aCl,(A)\ A) N (X \ aCl,(A)). Therefore, we have F' = ¢. [ |

Remark 3.56. In the above theorem, if + is an a-open operation, then the converse of the

above theorem is true.

Proof: Let U be an a,-open set such that A C U. Since v is an a-open operation, it follows
from [[1], Theorem 2.26] that aCl,(A) is a,-closed in (X, 7). Thus by [[1], Definition 2.2 and
Theorem 2.11], we have aCl,(A) N (X \ U) = F is ay-closed in (X, 7). Since X \ U C X \ A4,
F C aCl,(A) \ A. Using the assumptions of the converse of Theorem 3.55 above, F' = ¢ and
hence aCl,(A) CU. [ |

Theorem 3.57. Let (X, 7) be a topological space and v an operation on aO(X). Then for
each z € X, {z} is ay-closed or X \ {z} is a-v-g.closed in (X, 7).

Proof: Suppose that {z} is not c,-closed, then X \ {z} is not ay-open. Let U be any a,-open
set such that X \ {z} C U. Then U = X. Hence, aCl,(X \ {z}) C U. Thereore, X \ {z} is an
a-v-g.closed set. |

Proposition 3.58. A subset A of X is o -g.open if and only if F' C «,Int(A) whenever ' C A

and F' is ay-closed in X.

Proof: Let A be ay-g.open and F' C A where F' is c-closed. Since X \ A is a,-g.closed and
X \ F is an a,-open set containing X \ A implies a,CI(X \ A) C X \ F. By Proposition 3.21
(1), X \ ayInt(A) C X \ F. That is F C o, Int(A).

Conversely, suppose that F' is a,-closed and F' C A implies F' C ayInt(A). Let X\ ACU
where U is ay-open. Then X\U C A where X\U is ay-closed. By hypothesis X\U C a,Int(A).
That is X \ oy, Int(A) C U. By Proposition 3.21 (1), ay,CIl(X \ A) C U. This implies X \ A is

ay-g.closed and A is o,-g.open. |
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