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Abstract

In this paper, d,,-degree and total d,,-degree of a vertex in fuzzy graphs, m- neighbourly
irregular fuzzy graphs and m- neighbourly totally irregular fuzzy graphs are introduced.
Some properties on m-neighbourly irregular fuzzy graphs are also discussed in this paper.
Comparative study between m- neighbourly irregular fuzzy graphs and m- neighbourly
totally irregular fuzzy graphs is done and m- neighbourly irregularity on some fuzzy graphs

whose underlying crisp graphs are a cycle and a path is also studied.
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1 Introduction

Azriel Rosenfeld introduced fuzzy graphs in 1975[3]. It has been growing fast and has nu-
merous applications in various fields. A. Nagoor Gani and S.R. Latha [1] introduced irregular
fuzzy graphs, total degree and totally irregular fuzzy graphs. N.R. Santhi Maheswari and C.
Sekar introduced dy - of a vertex in graphs [4] and also discussed some properties on dy - of
a vertex in graphs and introduced 2-neighbourly irregular graphs (semi neighbourly irregular

graphs)and discussed some properties on 2 - neighbourly irregular graphs[4].

N.R. Santhi Maheswari and C. Sekar introduced ds- of a vertex in fuzzy graphs, (2,k)-
regular fuzzy graphs, totally (2, k)-regular fuzzy graphs [5], (r,2, k)-regular fuzzy graph and
totally (r,2,k)-regular fuzzy graph [6], 2- neighbourly irregular fuzzy graphs, 2- neighbourly
totally irregular fuzzy graphs|7].

In this paper, we introduce d,,-degree and total d,,-degree of a vertex in fuzzy graphs,

m-~ neighbourly irregular fuzzy graphs and m- neighbourly totally irregular fuzzy graphs and
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also discussed some properties on m- neighbourly irregular fuzzy graphs. We make comparative
study between m- neighbourly irregular fuzzy graphs and m- neighbourly totally irregular fuzzy
graphs. Also m- neighbourly irregularity on some fuzzy graphs whose underlying crisp graphs

are a cycle and a path is studied.
2 Preliminaries

We present some known definitions and results for a ready reference to go through the work

presented in this paper.

Definition 2.1. A Fuzzy graph denoted by G : (o, ) on the graph G* : (V| E) is a pair of
functions (o, p1) where o : V' — [0, 1] is a fuzzy subset V and p: V x V — [0, 1] is a symmetric
fuzzy relation on o such that for all u, v in V, the relation u(u,v) = p(uwv) < o(u) A o(v) is
satisfied. A fuzzy graph G is complete if p(u,v) = p(uwv) = o(u) A o(v) for all u,v € V, where
uv denotes the edge joining the vertices u and v. G* : (V| E) is called the underlying crisp graph

of the fuzzy graph G : (o, 1), where o and p are called membership function.

Definition 2.2. Let G : (o, p) be a fuzzy graph. The degree of a vertex u is dg(u) = Y p(uv),
uFv
for uv € E and p(uv) = 0, for wv not in E; this is equivalent to dg(u) = Y. u(uv).
uwwel

Definition 2.3. Let G : (o, ) be a fuzzy graph on G* : (V, E). If d(v) = k for all v € V, then
G is said to be a regular fuzzy graph of degree k.

Definition 2.4. The strength of connectedness between two vertices u and v is p™(u,v) =
sup{pF(u,v) : k = 1,2,...}, where p*(u,v) = sup{p(uur) A p(uiuz) A ... A p(up_1v) :

U, Ui, U, . .., Uk—1,V is a path connecting v and v of length k}.

Definition 2.5. Let G : (0, 1) be a fuzzy graph on G* : (V, E). The total degree of a vertex u
is defined as td(u) = >° p(u,v) + o(u) = d(u) + o(u), vv € E. If each vertex of G has the same
total degree k, then G is said to be totally regular fuzzy graph of degree k or k-totally regular
fuzzy graph.

Definition 2.6. Let G : (o, 1) be a fuzzy graph on G* : (V, E). Then G is an irregular fuzzy

graph if no two vertices have the same degree [1].

Definition 2.7. Let G : (o, 1) be a fuzzy graph on G* : (V, E). Then G is a totally irregular

fuzzy graph if no two vertices have the same total degree [1].

Definition 2.8. Let G : (o, ) be a connected fuzzy graph on G* : (V, E). Then G is said to

be a neighbourly irregular fuzzy graph if every two adjacent vertices of G have distinct degrees

[1].
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Definition 2.9. If every two adjacent vertices of a fuzzy graph G : (o, u) have distinct total
degrees, then G is said to be a neighbourly total irregular fuzzy graph [1].

Definition 2.10. Let G : (o, ) be a fuzzy graph. The ds-degree of a vertex u in G is da(u) =
S p?(u, v), where p?(u,v) = sup{p(u,u1) A p(ur,v) : u,uy,v is a shortest path of length of 2}.
Also p(uv) = 0, for uv not in E [5].

Definition 2.11. Let G : (o, ) be a fuzzy graph on G* : (V, E). If da(u) = k for all u € V,
then G is said to be a (2, k)-regular fuzzy graph [5].

Definition 2.12. Let G : (0, 1) be fuzzy graph on G* : (V| E). The total do-degree of a vertex
u €V is defined as tda(u) = 3 p?(u,v) + o(u) = da(u) + o (u) [5].

Definition 2.13. Let G : (o, 1) be a fuzzy graph on G* : (V, E). If d(u) = r and da(u) = k, for
all u € V, then G is said to be a (r, 2, k)-regular fuzzy graph [6].

Definition 2.14. If each vertex of G has the same total degree r and total do-degree k, then
G is said to be a totally (7,2, k) - regular fuzzy graph [6].

Definition 2.15. Let G : (0, ) be a connected fuzzy graph on G* : (V| E). Then G is said
to be a 2-neighbourly irregular fuzzy graph if every two adjacent vertices of G have distinct

do-degrees [7].

Definition 2.16. If every two adjacent vertices of a fuzzy graph G : (o, ) on G* : (V, E) have
distinct total do-degrees, then G is said to be a 2-neighbourly totally irregular fuzzy graph [7].

3 d,,-degree and total d,,-degree of a Vertex in Fuzzy Graph

In this section, we define d,,,-degree of a vertex in Fuzzy Graph and Total d,,-degree of a

vertex in Fuzzy Graphl[8].

Definition 3.1. Let G : (o,u) be a fuzzy graph on G* : (V, E). The d,,-degree of a ver-
tex w in G is dp(u) = > p™(uwv), where p™(uwv) = sup{p(uur) A plugug) A ...y p(tm—1v) :
U, Up, U2, . . ., Um—1, 0 is the shortest path connecting u and v of length m}. Also, u(uv) = 0, for
uv not in F.

The minimum d,,-degree of G is 6, (G) = AN{d(v) v € V}.

The maximum d,,-degree of G is A,,(G) = V{d,(v) : v € V}[8].

Example 3.2. Consider G* : (V, E) where V' = {uy, ug, us, ug, us, ug, ur} and E = {ujug, ugus,
U3UL, UgU5, UsUG, U7, Uzu }. Define G : (o, u) by o(uy) = 0.1,0(u2) = 0.2,0(uz) = 0.3,0(uyq) =
0.4,0(us) = 0.5,0(ug) = 0.6,0(uy) = 0.7 and p(ujuz) = 0.1, u(uguz) = 0.2, p(usus) =
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0.3, u(uqus) = 0.4, p(usug) = 0.5, 0 (ugur) = 0.6, 0(urui) = 0.1

ds(u1) ={0.1A02A0.3}+{0.1A0.6 0.5} =0.140.1=0.2.
ds(uz) ={0.2A03A04}+{0.1A0.1A0.6} =0.240.1=0.3.
d3(us) ={0.3A04A05}+{0.2A01A0.1} =0.340.1=0.4.
ds(ug) ={04A05A0.6}+{0.3A0.2A0.1} =0.4+40.1 =0.5.
ds(us) ={05A0.6A0.1} +{0.4A0.3A0.2} =0.1+0.2=0.3.
ds(ug) ={0.5A04A0.3}+{0.6A0.1A0.1} =0.340.1=0.4.

d3(u7) ={0.6 A0.5A0.4}+{0.1A0.1A0.2} =0.440.1=0.5.

Definition 3.3. Let G : (o, i) be a fuzzy graph on G* : (V, E). The total d,,-degree of a vertex
u € V is defined as td,,(u) = > "™ (uwv) + o(u) = dp(u) + o(u).

The minimum td,,-degree of G is t0,,(G) = AN{tdy(v) 1 v € V}.

The maximum td,,-degree of G is tA,,(G) = V{td,(v) : v € V}[8].

Example 3.4. Fuzzy graph given in above example 3.2, we have
tdg(ul) = d3(U1) + a(ul) =0.240.1=0.3.

td3(uz) = dz(uz)+o(u2) =0.34+0.2=0.5.
tds(us) = ds(us)+o(ug) =04+0.3=0.7
tds(us) = ds(ua) + o(ug) = 0.5+ 0.4 = 0.9
tds(us) = ds(us) 4+ o(us) =0.34+0.5=0.8.
tds(ug) = ds(ue)+ o(us) =0.4+40.6=1.0
tds(uy) = ds(ur) +o(uy) =0.5+0.7=1.2.

4 m-~ Neighbourly irregular fuzzy graph and m- Neighbourly totally irregular
fuzzy graph.

In this section, we define m-neighbourly irregular fuzzy graphs and m-neighbourly totally ir-
regular fuzzy graphs and campared through various examples. The neccessary and sufficient

condition under which they are equivalent is provided.

Definition 4.1. Let G : (o, u) be a connected fuzzy graph on G* : (V, E). Then G is said to
be an m- neighbourlyirregular fuzzy graph if every pair of adjacent vertices of G have distinct

dn-degrees.

Definition 4.2. If every pair of adjacent vertices of a fuzzy graph G : (o, 1) have distinct total
dm- degrees, then G is said to be an m- neighbourly totally irregular fuzzy graph.

Definition 4.3. Let G : (o, ) be a connected fuzzy graph on G* : (V, E). Then G is said to
be a 3- neighbourly irregular fuzzy graph if every pair of adjacent vertices of G have distinct

ds-degrees.

Definition 4.4. If every pair of adjacent vertices of a fuzzy graph G : (o, u) have distinct total
ds- degrees, then G is said to be a 3- neighbourly totally irregular fuzzy graph.
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Example 4.5. Consider G* : (V, E), where V = {u, v, w, z,y, 2z} and E = {uv, vw, wz, 2y, yz, zu}.

u(0.4)

z(0.4)
Figure 1: A 3-neighbourly irregular as well as 3-neighbourly totally irregular fuzzy graph.

ds(u) = Sup{0.1A0.2A0.3,04A0.5A0.4} = Sup{0.1,0.4} = 0.4.
(v) = Sup{0.2A0.3A0.4,0.1A0.4A05}=Sup{0.2,0.1} =0.2.
ds(w) = Sup{0.3 0.4 A0.5,02A0.1A04} = Sup{0.3,0.1} = 0.3.

() = Sup{0.4A0.5A04,03A02A0.1} = Sup{0.4,0.1} = 0.4.
ds(y) = Sup{0.5N0.4A0.1,04A0.3A0.2} = Sup{0.1,0.2} = 0.2.

ds(z) = Sup{0.4A0.1A0.2,0.5A0.4A0.3} = Sup{0.1,0.3} = 0.3.

Note that in Figure 1, d3(u) = 0.4,d3(v) = 0.2,ds(w) = 0.3,d3(x) = 0.4,d3(y) = 0.2,d3(z) =
0.3. Hence G is 3-neighbourly irregular fuzzy graph.

Now, we calculate total ds-degree of all the vertices of G.
tdg(u) = d3( ) ( ) =04+4+04=0.8.

tds(v) = d3(v)+o(v) =0.2+0.2=0.4.
tdz(w) = d3(w)+o(w)=0.3+0.3=0.6.
tds(z) = d3(z)+o(z)=04+04=0.8.
tds(y) = ds(y)+o(y) =0.240.5=0.7.
tds(z) = d3(z)+o0(2) =0.34+0.6=0.9

It is noted that tds(u) = 0.8,tds(v) = 0.4, tds(w) = 0.6,td3(x) = 0.8 and tdz(y) =
0.7,tds(z) = 0.9. Hence G is both 3-neighbourly irregular fuzzy graph and 3-neighbourly
totally irregular fuzzy graph.

Example 4.6. An m-neighbourly totally irregular fuzzy graph G need not be m-neighbourly
irregular fuzzy graph. Let G : (o, ) be a fuzzy graph on G* : (V| E), such that d,,(v) = k, for
all vin G. So, GG is not an m-neighbourly irregular graph. If no two vertices of G have same

membershiph value, then G is an m-neighbourly totally irregular graph.

Example 4.7. An m-neighbourly irregular fuzzy graph G need not be an m-neighbourly totally
irregular fuzzy graph. For example, let G : (o, ) be a fuzzy graph on G* : (V, E) which is
Sub(Bs2).
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u1(0.6)

Figure 2: A 3-neighbourly irregular but not 3-neighbourly totally irregular fuzzy graph.

Note that in Figure 2, d3(v1) = 0.5, d3(w1) = 0.4, dz(x) = 0.5, d3(w2) = 0.4, d3(v2) = 0.2,d3(s) =
0.8,ds(y) = 0.5,d3(t1) = 0.4,d3(u1) = 0.2,d3(t2) = 0.4,ds(uz) = 0.5. Hence d3(v;) # ds(w;),
(i = 1,2); d3(wi) # ds(x), (i =1,2); ds(z) # ds(s), ds(s) # d3(y), ds(ts) # ds(y), (i = 1,2)
and ds(t;) # ds(u;), (i = 1,2). Hence G is a 3-neighbourly irregular fuzzy graph. But
tds(v1) = 1.1,td3(w1) = 1.2,tds(z) = 1,td3(w2) = 1,td3(v2) = 0.6,td3(s) = 1.4,td3(y) =
1.2,tds(t1) = 1.2,tds(te) = 1.2td3(u1) = 0.8andtds(uz) = 1.1. Hence tds(x) = tds(ws2), and
tds(t;) = tds(y), (i = 1,2). Hence the fuzzy graph G is not a 3-neighbourly totally irregular.

Theorem 4.8. Let G : (o,u) be a fuzzy graph on G* : (V, E). If ¢ is a constant function,
then G is an m-neighbourly totally irregular fuzzy graph if and only if G is an m-neighbourly

irregular fuzzy graphs(m, a positive integer).

Proof: Let G : (o,u) be a fuzzy graph on G* : (V| E). Let u and v be any pair of adjacent
vertices in the fuzzy graph G : (o, u). Let G : (o, ) be an m-neighbourly irregular fuzzy graph.
Then the d,,-degree of every pair of adjacent vertices are distinct. This implies that d,, (u) = k;
and d,, (v) = kg, where k1 # ko and o(u) = o(v) = ¢, a constant where ¢ € [0, 1].

Now, dp,(u) # dpm,(v) = k1 # k2 = k1+c # ka+c= dp(u) +0(u) # dp(v)+0(v) = tdy(u) #
td, (v).

Then td,,(u) # td,(v). Hence any two adjacent vertices uw and v with distinct d,,- degrees
have their total d,,- degrees distinct, provided o is a constant function. This is true for every
pair of adjacent vertices in G.

Conversely, let G : (o, ) be an m-neighbourly totally irregular fuzzy graph. Then the total
dn- degrees of every pair of adjacent vertices are distinct. Let u and v be pair of adjacent
vertices with d,,- degrees ki and ko. Then d,,(u) = k1 and d,,,(v) = ka.

Given that o(u) = o(v) = ¢, a constant where ¢ € [0,1] and tdy,(u) # tdm(v). Hence,
tdm(u) # tdpy, (v) = dp(u)+o(u) # dp(v)+0o(v) = ki4c # katc = k1 # ko = dp(u) # dmp(v).
Hence any pair of adjacent vertices u and v with distinct total d,,-degrees have their d,,-degrees
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distinct, provided o is a constant function. This is true for every pair of adjacent vertices in
G. |

5 m-Neighbourly irregular fuzzy graph on a cycle with some specific mem-
bership functions

Theorems 5.1 and 5.3 provide m-neighbourly irregularity on fuzzy graph G : (o, 1) on a cycle
G*: (V,E).

Theorem 5.1. Let G : (o, ) be a fuzzy graph on a cycle G* : (V, E) of length 2m + 1. If
the membership values of the edges e, ea,es, ..., eam+1 are respectively c¢1,ca,¢3,¢4, .. ., Com+t1

such that ¢ < cg < c3 <--+ < com+1, then G is an m-neighbourly irregular fuzzy graph.

Proof: Let G : (o, 1) be a fuzzy graph on a cycle G* : (V| E) of length 2m + 1.

Let e1,e2,€3,...,eam+1 be the edges of the cycle G* in that order. Let the membership values

of the edges e, e9,€3,...,€am11 be ¢1,¢0,C3,...,coms+1 such that ¢ < co <c3 <+ < Comat1-

A (v1) = 1+ Cmato.

For, ¢ = 2,3,4,5,....m+1

dpm, (V) = ¢ +c1.

A (Vm42) = c2+ Cmyo.

For, ¢ = m+3m+4m+5,....2m+1

A, (v;) = Ci_m +C1.
Hence G is an m- neighbourly irregular fuzzy graph. |
Remark 5.2. Even if the membership values of the edges e, e, €3, ..., eant1 are respectively
€1,€2,C3,...,Com+1 Such that ¢; < g < c¢3 < -+ < coma1, then G need not be an m- neighbourly

totally irregular fuzzy graphs.

Theorem 5.3. Let G : (0, 1) be a fuzzy graph on a cycle G* : (V, E) of length 2m + 1. If the
membership values of the edges ey, ea, €3, ..., eay,11 are respectively c¢1, co,c3,¢4 ..., Comy1 sSuch

that ¢; > co > ¢3 > -+ > comt1, then G is an m-neighbourly irregular fuzzy graph.

Proof: Let G : (0, 1) be a fuzzy graph on G* : (V, E) of length 2m + 1. Let ey, e9,€3, ..., €2m+1
be the edges of the cycle G* in that order.

Let the membership values of the edges ey, eo, €3, ..., eanm11 be respectively ¢y, ca,c3, ...,
Com+1 such that ¢; > co > e3> ...,> comt1-
For, ¢ = 1,2,3,4,5,...,m
A (v3) = Cm+i-1+ Com+1-
A (Vm+1) = Cm + com.
For, = m4+2,m+3m+4m+5,....2m+1
dm (v5) = Ci—1+ Com+1-

Hence G is an m-neighbourly irregular fuzzy graph. |
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Remark 5.4. Even if the membership values of the edges ej,e9,e3, ..., eam+1 are respectively
€1,€2,C3,...,Com+1 such that ¢; > ca > ¢c3 > -+ > copmy1, then G need not be an m-neighbourly
totally irregular fuzzy graph.

Remark 5.5. Let G : (o, 1) be a fuzzy graph on a cycle G* : (V, E) of length 2m + 1. If the
membership values of the edges e, e, es, ..., eant1 are respectively ci1, ca,c3, ..., com+1 and are

distinct then G need not be an m-neighbourly irregular fuzzy graph.

6 m-Neighbourly irregular fuzzy graph on a path on 2m vertices with specific
membership functions

Theorem 7.1 provides a condition for m-neighbourly irregularity on fuzzy graph G : (o, ) on a
path G* : (V, E) on 2m vertices.

Theorem 6.1. Let G : (o, ) be a fuzzy graph on a path G* : (V, E) on 2m vertices. If the
membership values of the edges ej,eq,€3,...,e9,_1 are respectively ¢y, ca,cs, ..., can—1 such

that ¢; < co <3 < -+ < cam—1, then G is an m-neighbourly irregular fuzzy graph.

Proof: Let G : (o, u) be a fuzzy graph on a path G* : (V, E) on 2m vertices. Let e1, ea, €3, ..., €2m_1
be the edges of the path G* in that order. Let membership value of the edges e1, ea, €3, ..., €2m—1

be respectively ci1,co,c3, ..., cam—1 such that ¢; < co <ecs,...,< cam—1.
For,» = 1,2,3,4,5,...,m
di(vi) = {plei) Apleir) A pl€ivm—2) A p(€ivm—1)}
dm(vi) = {ciNcit1 Ao Cigm—2 A Cizm—1}
= (.
For,s = m+1m+2,m+3...,2m
dm(vi) = {plei—1) Ap(ei-2) ... plei—m-1) A p(€i-m)}
dm(vi) = {cic1Aci—2...Cim-1) A\ Cimm}
= Ci—m
Hence G is an m-neighbourly irregular fuzzy graph. |
Remark 6.2. Even if the membership values of the edges e, es, €3, ..., ea,_1 are respectively
€1,€2,C3,C4...,Com—1 Such that ¢; < ¢ < ¢3 < -+ < ¢9m_1, then G need not be an m-

neighbourly totally irregular fuzzy graph.

Theorem 6.3. Let G : (0, 11) be a fuzzy graph on G* : (V, E), a path on 2m vertices. If the
membership values of the edges ey, eq,€3,...,e9,_1 are respectively ¢y, ca,cs,...,can—1 such

that ¢; > co > c¢3 > ...,> com—1, then G is an m-neighbourly irregular fuzzy graph.

Proof: Let G : (o, u) be a fuzzy graph on G* : (V| E), a path on n vertices. Let ey, ea, €3, ..., €2y,—1
be the edges of the path G* in that order. Let membership values of the edges e1, ea, €3, ..., €2m—1
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are respectively cj,ca,c3,...,cam—1 such that ¢c; > co >c3 > - > com—1-
For,» = 1,2,3,4,5,...,m
dm(vi) = {plei) Apleirt) A .. p(€ipm—2) A pl€itm—1)}
dm(v;)) = {ei N ciy1 Aot Cigm—2 A Citm—1}
= Citm-1-
For,s = m+1,m+2,m+3...,2m
dm(vi) = {plei—1) Ap(ei-2) ... plei—m—1) N p(€i—m)}
dm(vi) = {cici A 2.t Gomo1) A Ciem}
= Ci-1
Hence G is an m-neighbourly irregular fuzzy graph. |
Remark 6.4. Even if the membership values of the edges e, e9, €3, ..., e,—1 are respectively
€1,€2,C3,...,Com—1 such that ¢; > co > ¢3 > ..., > com_1, then G need not be an m-neighbourly

totally irregular fuzzy graph.
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