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connectedness in fuzzy Cech closure space and study some of their fundamental properties.
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1 Introduction

In 1965, Zadeh generalized characteristic functions to fuzzy sets in [11]. In 1968, Chang [4]
introduced the topological structure of fuzzy sets. Pu and Liu [8] defined the concept of fuzzy
connectedness using fuzzy closed set. Lowen [6] defined an extension of a connectedness in a
restricted family of fuzzy topologies. Fuzzy Cech closure operator and fuzzy Cech closure space were
first studied by Mashhour and Ghanim [7].

The concept of fuzzy semi-open set was introduced by Azad [1] and fuzzy pre-open set was
introduced by Bin Shahna [2] in fuzzy topological space. In this paper, we [10] introduce the semi-
connectedness and pre-connectedness in Cech closure space. We are introducing the concepts of fuzzy
semi-connectedness and fuzzy pre-connectedness in fuzzy Cech closure space and study some of their
fundamental properties.

2 Preliminaries

Definition 2.1.[5] Let X be a non-empty fuzzy set. A function k: I* =1* is called fuzzy Cech closure
operator on X if it satisfies the following conditions

1. k(@) =2.

2. A<K(A), for all Ae I*.

3. k(ALVA2)= k(A1) VK (A,) forall A,, A, €I”.
The pair (X, K) is called fuzzy Cech closure space.
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Definition 2.2.[9] Let X be a nonempty fuzzy set. A function k: I*= 1¥is called fuzzy Cech closure
operator on X. A fuzzy Cech closure space (X, k) is said to be fuzzy connected if and only if there exist
any F-continuous map f from X to the fuzzy discrete space {0, 1} is constant.

Definition 2.3.[3] A subset A in a Cech closure space (X, k) is called Cech semi-open in X if
A ck (int (A)). The class of all semi-open sets of Cech closure space (X, k) is denoted by SO(X, k).

Definition 2.4.[3] A subset A in Cech closure space X is called Cech pre-open if A < int (k (A)).The
family of all pre-open sets of Cech closure space (X, k) is denoted by PO(X, k).
3 Fuzzy Semi-connectedness In Fuzzy Closure Space

Definition 3.1. A fuzzy set A in a fuzzy Cech closure space (X, K) is said to be fuzzy semi-open set if
A < k (int (A)). The complement of fuzzy semi-open set is called a fuzzy semi-closed set. The class of
all fuzzy semi-open sets of fuzzy Cech closure space (X, k) is denoted by FSO(X, k).

Example 3.2. Let X= {a, b, ¢} be a non-empty fuzzy set. Define fuzzy Cech closure operator

Ox: if A=0x

1w,y ifO<A<lpqg
k: I* 1" such that k(A) = 1w,y ifO<A<lm

1w if 0 < A<l

1x; otherwise.

Then (X, k) is called a fuzzy Cech closure space.
Fuzzy open sets = {{a}, {b}, {c}, {a, b}, {a, c}, 1x, Ox}.
FSO(X’ k) = {{a}’ {b}’ {C}’ {a! b}! {aa C}, 1)(, OX}

Definition 3.3. Let (X, ki) and (Y, k,) be two fuzzy Cech closure spaces. A mapping f: X—Y is Fs-
continuous if the inverse image of every fuzzy open set in Y is fuzzy semi-open in X.

Example 3.4. Let X= {a, b, ¢} be a non-empty fuzzy set. Define fuzzy Cech closure operator

Ox; if A=0x.
lpg; fO0<A<Llpg
ki: I —1%such that ki(A) =<1p.; IFO<A<lp;

lpg;, IFO<A<Llg
Ix; otherwise.

Then (X, ky) is called a fuzzy Cech closure space.
Fuzzy open sets = {{a}, {b}, {c}. {a, b}, {a, c}, 1x, Ox}.
FSO(X, ki) ={{a}, {b}, {c}, {a, b}, {a, c} 1x, Ox}.

Let Y= {a, b, c} be a non-empty fuzzy set. Define fuzzy Cech closure operator k,: I'=1"such that
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Ov; A = Ov.

lany; IFO<A<ls
ko(A) = <1lgp.c; IFO<A<1lm
licay; if 0<A<L1}
1v; otherwise.

Then (Y, ko) is called a fuzzy Cech closure space.
Fuzzy open sets= {{a}, {b}, {c}, {a, b}, {b, c}, {a, c}, 1y, Oy},
FSO(Y, ko) = {{a}. {b}, {c}, {a b}, {b, ¢}, {a, ¢}, 1y, Ov},

Define F-mapping f: X — Y such that

f*{a} = {a b}, f'{b} = {b}, F*{c} = {a, ¢}, F'{a b} = {a},
f4b, c} = {c}, f{a, c} = X, F {1} = 1\,

f1{0y } = Ox.

Hence, fis an Fs-continuous mapping.

Definition 3.5. A fuzzy Cech closure space (X, k) is said to be a fuzzy semi-connected fuzzy Cech
closure space if and only if there exists a constant Fs-continuous map f from X to the fuzzy discrete
space {0, 1}. A fuzzy subset A in a fuzzy Cech closure space (X, k) is said to be a fuzzy semi-
connected fuzzy Cech closure space if A with the subspace topology is a fuzzy semi-connected fuzzy
Cech closure space.

Example 3.6. Let X= {a, b, ¢} be a non-empty fuzzy set. Define fuzzy Cech closure operator
Ox; A = 0x.

lp.g; IFO<A<lpg

ki: 1 =1%such that ky(A)= <1p.a; if 0<A<lp

lp.g;, FO<A<lg

1x;  otherwise.

Then (X, k;) is called a fuzzy Cech closure space.

Fuzzy open sets = {{a}, {b}, {c}, {a, b}, {a, c}, 1x, Ox}.
FSO(X, ki) = {{a}, {b}, {c} {a, b}, {a, c}, 1x, Ox}.
Consider an Fs-continuous map f: X — {0, 1} such that
F{1}={a}={b}={c}={a, b}={b, c}={a, c}=1x.

1{0} =0 is constant.

Hence, (X, k) is a fuzzy semi-connected fuzzy Cech closure space.

Definition 3.7. A fuzzy Cech closure space (X, k) is called a fuzzy semi-disconnected fuzzy Cech
closure space if and only if there exists a surjective Fs-continuous map f from X to the fuzzy discrete
space {0, 1}.
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Theorem 3.8. A fuzzy Cech closure space (X, k) is fuzzy semi-connected if and only if every Fs-
continuous mapping f from X into a fuzzy discrete space Y= {0, 1} with at least two points is constant.
Proof: Let a fuzzy Cech closure space (X, k) be fuzzy semi-connected. Then there exists an Fs-continuous
mapping f from the fuzzy Cech closure space X into the fuzzy discrete space Y= {0, 1}. For each y €1y,
f1{y} = 0y or 1x. If F*{y} =0y for all yel,, then f ceases to be a mapping. Therefore, f'{y,} =1« for a
unique yo€1ly. This implies that f {1x} = {yo} and hence f is a constant mapping.

Conversely, let Fs-continuous mapping f from X into a fuzzy discrete space Y= {0, 1} be constant.
Suppose U is a fuzzy semi-open set in a fuzzy Cech closure space (X, k). If U#0x, we show that U=1y.
Otherwise, choose two fixed points y; and y, in 1y. Define f: X=Y by

{yl; if xeU
f(x)= .
y2; otherwise.

Then for any open set V in 1y,

U; if V contains y:only,
1x/U; if V containsyz only,

1x; if V containbothyiandys,
Ox;  otherwise.

V) =

In all the cases f (V) is fuzzy semi-open in 1. Hence Fs-continuous mapping f is not constant, which is a
contradiction. This proves that the only fuzzy semi—open subsets of X are Ox and 1x. Hence, (X, k) is a
fuzzy semi-connected fuzzy Cech closure space.
Theorem 3.9. The following assertions are equivalent:

1. (Y, k) is a fuzzy semi-connected fuzzy Cech closure space.

2. The only fuzzy subsets of Y both Fs-open and Fs-closed are Oy and 1.

3. No Fs-continuous mapping f: Y- {0, 1} is surjective.
Proof: [1] = [2]: Let (Y, k) be a fuzzy semi-connected fuzzy Cech closure space. Suppose G < Y is
both fuzzy semi-open and fuzzy semi-closed such that G #0y and G # 1y, then 1y = G V G°, where G°
is the complement of G in Y. Hence, Fs-continuous mapping f: Y— {0, 1} is not constant. That is, (Y,
k) is not a fuzzy semi-connected fuzzy Cech closure space, which is a contradiction. Hence, the only
fuzzy subsets of Y which are both fuzzy semi-open and fuzzy semi-closed are Oy and 1.

[2] = [3]: Suppose the only fuzzy subsets of 1y which are both fuzzy semi-open and fuzzy semi-closed
are Oy and 1,. Let f: Y= {0, 1} be Fs-continuous and surjective. Then f *{0} #0y, f "{0}+ 1,. But
{0} is both fuzzy open and fuzzy closed in {0, 1}. Hence f {0} is fuzzy semi-open and fuzzy semi-
closed in 1y. This is a contradiction to our assumption. Hence no Fs-continuous mapping f: Y— {0, 1}
is surjective.

[3]= [1]: Let no Fs-continuous mapping f: Y= {0, 1} be surjective. If possible let the fuzzy Cech
closure space (Y, k) be not a fuzzy semi-connected fuzzy Cech closure space. So, Y= AvB, A and B are
also fuzzy semi-closed sets.
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Let () = | << A
AT oxe A
Then Xa(x) is Fs-continuous surjection which is a contradiction. Hence fuzzy Cech closure space (Y, k)

is a fuzzy semi-connected fuzzy Cech closure space.

Theorem 3.10. The Fs-continuous image of a fuzzy semi-connected fuzzy Cech closure space is a

fuzzy semi-connected fuzzy Cech closure space.

Proof: Let (X, k) be a fuzzy semi-connected fuzzy Cech closure space and consider an F-continuous
mapping f: X —f(X) which is surjective. If f(x) is not a fuzzy semi-connected fuzzy Cech closure
space, then there would be an Fs-continuous surjection g: f(x) —» {0, 1} so that the composite mapping
gof: X— {0, 1} is also an Fs-continuous surjection, which is a contradiction to fuzzy semi-
connectedness of fuzzy Cech closure space (X, k). Hence f(x) is a fuzzy semi-connected fuzzy Cech
closure space.

4 Fuzzy Pre-connectedness In Fuzzy Closure Space

Definition 4.1. Let (X, k) be a fuzzy Cech closure space. A fuzzy set A in a fuzzy Cech closure space
(X, k) is called a fuzzy pre-open set if A < int (k (A)). The complement of a fuzzy pre-open set is called
a fuzzy pre-closed set. The family of all fuzzy pre-open sets of X is denoted by FPO(X, k).

Example 4.2. Let X= {a, b, c} be a non-empty fuzzy set. Define a fuzzy Cech closure operator
Ox; A = 0x.

lp.g;, iFO<A<lpa

ki: =1 such that ky(A)= <1p.g; IFO<A<lp

lpg; IfO<A<lyg

1x; otherwise.

Then (X, ki) is called a fuzzy Cech closure space.
Fuzzy open sets = {{a}, {b}, {c}, {a, b}, {a, c}, 1x, Ox}.
FPO(X, ki) ={{a}, {b}, {c}, {a, b}, {a c}, Ox 1x}-

Definition 4.3. Let (X, ki) and (Y, k2) be two fuzzy Cech closure spaces. An F-mapping f> X—Y is pre-
continuous if the inverse image of every fuzzy open set in Y is fuzzy pre-open in X.

Example 4.4. Let X= {a, b, c} be a non-empty fuzzy set. Define a fuzzy Cech closure operator
ki X >1%such that

Ox: A=0x.
lpg; IFO<A<lm
ki(A) = lpg;, IFO<A<lyg

lp.g; fO<A<lpa
1x;  otherwise.
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Then (X, ky) is called a fuzzy Cech closure space.

Fuzzy open sets = {{a}, {b}, {c}, {a, b}, {a, c}, 1x, Ox}.

FPO(X, ki) = {{a}, {b}, {c}, {a, b}, {a, c}, Ox, 1x}.

Let Y={a, b, c} be a non-empty fuzzy set. Define a fuzzy Cech closure operator ky: 1¥—1"such that
Or ;. A=0v

leaby, IFO<A<Ll@

Ko(A)= < lpa; IFO<A<lp

1l s, If 0A<Lly

1v; otherwise.

Then (Y, ko) is called a fuzzy Cech closure space.

Fuzzy open sets = {{a}, {b}, {c}, {a, b}, {b, ¢}, {4, c}, 1y, Ov}.
FPO(Y, ko) = {{a}, {b}, {c}, {a, b}, {b, c}, {a, c}, 1y, Ov}.
There exists an F-mapping f: X—Y such that

f*{a} = {a, b}, f'{b} = {b}, F'{c} = {a, ¢}, F{a, b} = {a},
f1{b, c} = {c}, f'{a, c} = X, F {1y} = 14, F*{0y} = Ox.

Hence f is an Fp-continuous mapping.

Definition 4.5. A fuzzy Cech closure space (X, k) is called a fuzzy pre-connected fuzzy Cech closure
space if and only if there exists a Fp-continuous map f from X to the fuzzy discrete space {0, 1}
which is constant. A fuzzy subset A of fuzzy pre-connected fuzzy Cech closure space (X, k) is said to
be a fuzzy pre-connected fuzzy Cech closure space if A with the subspace topology is a fuzzy pre-
connected fuzzy Cech closure space.

Example 4.6. Let X ={a, b, ¢} be a non-empty fuzzy set. Define a fuzzy Cech closure operator
Ox; A =0x

lpg; fFO<A<Llpg

ki: 1> such that ky(A) = {1p.g; ifO0<A<lp

lp.g; IFO<A<Llg

1x; otherwise.

Then (X, ky) is called a fuzzy Cech closure space.

Fuzzy open sets = {{a}, {b}, {c}, {a, b}, {a, c}, 1x, Ox}.

FPO(X, ki) = {{a}, {b}, {c}. {a, b}, {a, c}, Ox 1x}-

Consider a fuzzy pre-continuous mapping f: X -{0, 1} such that

{1} = {a} = {a, b}={b, c}={a, c}= {1:}={b}={c},F*{0}= Ox is constant.

Hence, (X, k) is a fuzzy pre-connected fuzzy Cech closure space.

Definition 4.7. A fuzzy Cech closure space (X, k) is called a fuzzy pre-disconnected fuzzy Cech
closure space if and only if every Fp-continuous map f from X to the fuzzy discrete space {0, 1} is
surjective.
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Theorem 4.8. If {A; : | € A} is a family of fuzzy pre-connected fuzzy Cech closure subsets of a fuzzy
pre-connected fuzzy Cech closure space (X, k) then VA, is also a fuzzy pre-connected fuzzy Cech
closure subset of X, where A is any index set.
Proof: Each A, i €A is a fuzzy pre-connected fuzzy Cech closure subset of X. So there exists an Fp-
continuous mapping fi: Ai = {0, 1} which is constant. Let an Fp-continuous mapping f: v A; ={0, 1}
be not constant. Then f {1} # A; which is a contradiction to each A, is fuzzy pre-connected subsets of
X. That is, every Fp-continuous mapping f is constant. Hence VA, is a fuzzy pre-connected fuzzy Cech
closure space.
Theorem 4.9. Let (X, ki) and (Y, k,) be two fuzzy Cech closure spaces and F-mapping f: (X, ki) = (Y,
k») be bijective. Then,

(i) if f is an Fp-continuous mapping and X is a fuzzy pre-connected fuzzy Cech closure space

then Y is a fuzzy connected fuzzy Cech closure space.

(i) if f is an F-continuous mapping and X is fuzzy pre-connected fuzzy Cech closure space then

Y is fuzzy connected fuzzy Cech closure space.

(iii) if f is an Fp-open mapping and Y is a fuzzy pre-connected fuzzy Cech closure space then X

is a fuzzy connected fuzzy Cech closure space.

(iv) if f is an F-open mapping and X is a fuzzy connected fuzzy Cech closure space then Y is a
fuzzy pre-connected fuzzy Cech closure space.

Proof: (i) Let (Y, ky) be a fuzzy Cech closure space and X be a fuzzy pre-connected fuzzy Cech closure
space. Then there exists an Fp-continuous mapping fog: X —{0, 1} which is constant. Consider an Fp-
continuous mapping g: Y- {0, 1}, given that f: X—Y is Fp-continuous and bijective so that g is also a
constant mapping. Hence, Y is a fuzzy connected fuzzy Cech closure space.

(i) Given that X is a fuzzy pre-connected fuzzy Cech closure space, that is, every Fp-continuous
mapping g: X— {0, 1} is constant. Since f *: Y— X is F-continuous bijection, so that F-continuous
mapping f *og: Y- {0, 1} is constant. Hence Y is a fuzzy connected fuzzy Cech closure space.

(iii) Given that Y is a fuzzy pre-connected fuzzy Cech closure space, that is, every Fp-continuous
mapping g: Y —{0, 1} is constant. Since f: X —-Y is Fp-open and bijective, we have F-continuous
mapping fog: X— {0, 1} is constant. Hence X is fuzzy connected fuzzy Cech closure space.

(iv) Given that X is a fuzzy connected fuzzy Cech closure space, that is, an F-continuous mapping

g: X— {0, 1} is constant and f *: Y — X is F-open mapping so that it is an Fp-open mapping then Fp-
continuous mapping f “og:Y— {0, 1} is constant. Hence Y is a fuzzy pre-connected fuzzy Cech closure
space.

Theorem 4.10. A fuzzy Cech closure space (X, k) is fuzzy pre-disconnected if and only if there exists a
surjective Fp-continuous map f from X to a fuzzy discrete space Y = {0, 1}.
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