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Abstract
A (p,q) graph G(V,E) is said to be a square graceful graph if there exists an injection

f:V(G) —>{0123,..., g’} such that the induced mapping f :E(G)—>{L49,...,q°} by
f (uv) =| f(u)-f(v)| is a bijection. The function f is called a square graceful labeling of G.
In this paper, we prove the graph obtained by the subdivision of the edges of stars of bistar B,

the graph obtained by the subdivision of the edges of bistar B__, the graph obtained by the

subdivision of the edges of the pathP, in a comb POK,, <C,*K >, <S :m> and
<C,,K,, > are square graceful graph.
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1 Introduction

All graphs in this paper are finite, simple and undirected graphs. Let (p,q)be a graph with
p =|V(G) |vertices and q= E(G)| edges. A detailed survey of graph labeling can be found in [1].

Terms not defined here are used in the sense of Harary in [2]. There are different types of graceful
labelings in the graph labeling. The concept of square graceful labeling was first introduced in [5] and
some results on square graceful labeling of graphs are discussed in [5]. In this paper, we investigate
some more graphs for square graceful labeling. We use the following definitions in the subsequent
sections.

Definition 1.1. [S] A (p,q) graph G(V,E) is said to be a square graceful graph if there exists an
injection f :V(G) ->{0.12,..., g*} such that the induced mapping f, 1 E(G) =>{L49...., q°} defined

by f, (uv)=[ f(u)— f(v)| is abijection. The function f is called a square graceful labeling of G.

Definition 1.2. [6] The corona G,®G, of two graphs G, and G, is defined as the graph G obtained by

taking one copy of G;(which has p points) and p copies of G, and then joining the i" point of G, to
every point in the i copy of G.
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Definition 1.3. [1] A complete biparitite graph K, is called a star and it has n+1 vertices and n
edges.

Definition 1.4. [1] The bistar graph B is the graph obtained from a copy of star K, and a copy of

n

star K, by joining the vertices of maximum degree by an edge.

Definition 1.5. [3] A subdivision of a graph G is a graph that can be obtained from G by a sequence of
edge subdivisions.

Definition 1.6.[1] The graph <S, :m> is the graph obtained by taking m disjoint
copies ofstar S, and joining a new vertex to the centres of the m copies
of star S,.

Definition 1.7. [4] The graph <C_ *K, > is the graph obtained from C and K, by identifying

any one of the vertices of C_ with a pendent vertex of K, (that is a non-central vertex of K, ).

Definition 1.8. [4] The graph <C_,K, > isthe graph obtained from C_ and K, by identifying any

one of the vertices of C with the central vertex of K .

2 Main Results

Theorem 2.1. The graph obtained by the subdivision of the edges of stars of the bistar B, is a square

n

graceful graph.
Proof: Let B, be a bistar with m+n-+2 vertices and m-+n-+1 edges . the vertex and edge sets are
givenby V(B, ) ={u;,v;:1<i<m+1;1<j<n+1} and

E(Bm,n) :{uiu Vv um+1v

m+17? j o in+l?

A<i<m;1<j<n}.

n+l

Let G be the graph obtained by the subdivision of the edges of stars of B, . Let w,divide u,u,,, for

i m+l

.., Tor 1< j<n.Then the vertex and the edge set of G are given by

V(G)={u, v,:1<i<m+1,1< j<n+1}{w, z,:1<i<m,1< j<n} and
E(G) ={wu,.,., uw :1<i<m}po{zv

1<i<m and zjdivide v,V

wn VjZt1<i<mPo{u v, g}
Case (i): m<n.

Define an injection f :V(G) >{0123,.......2m+2n+1)*} by

flUn.)=1; f(v.)=0;

For 1<i<m, f(w)=2m+n+2-i)*+1 ; f(u,)=@Bm+2n+4-2i)(m)+1.
For 1<j<n, f(z;,)=2m+2n+2-j)* ; f(v,)=(2m+3n+4-2j)(2m+n).
Then, f induces a bijection f :E(G)—>{1409,....... (2m+2n+1)%} .

In this case the edge labels of G are as follows:

f (u

f (wu,,)=2m+n+2-i)* and f (u,w,)=(m+n+2-i)*> for 1<i<m

Vn+1) :1 !

m+1

f (z,v,.)=(2m+2n+2-j)* and f (v,z;)=(n+2-j)* for 1< j<n.
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Case(ii): m=n.

Define an injection f :V(G) »{0,123,.......(4n+1)*} by
fu,,)=0; f(v,,)=1;

For 1<i<n, f(w)=(@4n+2-i)*; f(u,)=(Bn+4-2i)@3n) .

For 1< j<n, f(zj):(3n+2—j)2+1; f(v;)=0Gn+4-2j)(n)+1.
Then, f induces a bijection f_:E(G) »>{149,.......(4n+1)* .

In this case the edge labels of G are as follows:

fo(UnaVe) =15

f (wu,,)=(4n+2-i)*> and f (uw)=(n+2-i)* for 1<i<n.

f (zv,.)=(Bn+2-j)* and f (v,z,)=(2n+2-j)* for 1<j<n.
Case(iii): m>n.

Define an injection f :V(G) —>{0123,....... (2m+2n+1)*} by

fU,) =0 f(v,) =1

For 1<i<m, f(w)=(2m+2n+2-i)%; f(u,)=@Bm+2n+4-2i)(m+2n).
For 1<j<n, f(z;,)=(m+2n+2—j)*+1; f(v,)=2m+3n+4-2j)(n)+1.
Then, f induces a bijection f :E(G) >{149,......(2m+2n+1)*} .

In this case the edge labels are as follows:

fo(UpaVo) =1 ;

f (wu,,.)=(2m+2n+2-i)* and f (uw)=(m+2-i)*> for 1<i<m.

f (zV,)=(M+2n+2—j)* and f (v,z;)=(m+n+2-j)* for 1<j<n.

Hence, the graph obtained by the subdivision of the edges of stars of the bistar B is a square
graceful graph. [
Example 2.2. A square graceful labeling of the graph obtained by the subdivision of the edges of stars
of bistar B, isshown in Figure 1.

561
156

146
& 136

126

116

Figure 1: Square graceful labeling of the graph obtained by the subdivision of
the edges of the stars of B, ;.
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Theorem 2.3. The graph obtained by the subdivision of the edges of the bistar B, is a square
graceful graph.

Proof: Let B, be a bistar with m+n+2 vertices and m+n+1 edges. The vertex and edge sets are
givenby, V(B ) ={u;, v, :1<i<m+1,1< j<n+1} and

V.V, ..,u

E(Bm,n) :{uium+17 jin+l? Vn+1 1S I < m’ 1$ J < n}'

m+1

Let G be the graph obtained by the subdivision of the edges of the bistar B, . Let w, divide uu,,, for

i m+l

1<i<m and zjdivide V.V

jin+l

for 1< j<n. Let v divide u Then the vertex and the edge set of

m+lvn+l'
G are given by
V(@G)={u,v,:1<i<m+1,1<j<n+1}{w, z;:1<i<m,1< j<n}u{v} and

E(G) ={wu,,, uw, :1<i<m}o{zv, ,, v;z; :1<i<m}ofwd, ,,w, .}
Case (i): m<n.

Define an injection f :V(G) ->{0123,....,(2m+2n+2)*} by

f(u,,)=5; f(v,,)=0; f(v)=1;

For 1<i<m, f(w)=C2m+n+3-i)’+5 ; f(u,)=(Bm+2n+6-2i)(m)+5
For 1<j<n, f(z)=2m+2n+3-i)* ; f(v,)=2m+3n+6-2i)(2m+n) .
Then, f induces a bijection fp:E(G)—>{1,4,9,....,(2m+2n+2)2}.

In this case the induced edge labels of G are as follows:

fovu,,) =4 f(w,)=1;

f (wu,,)=(2m+n+3-i)*> and f (uw)=(m+n+3-i)*> for 1<i<m.
f (z,v,.)=(2m+2n+3—j)* and f (v,z;)=(n+3-j)* for 1<j<n.
Case (ii): m=n.

Define an injection f :V(G) >{0123,....,(4n+2)*} by

f(u,,)=5; f(v,,)=0; f(v)=1.

For 1<i<n, f(w)=@n+3-i)’+5 ; f(u)=(Bn+6-2i)(n) +5.

For 1< j<n, f(zj)=(4n+3—j)2 ; F(v;)=0GBn+6-2])@3n).

Then, f induces a bijection fp:E(G)—>{1,4,9,....,(4n+2)2}.

In this case the edge labels of G are as follows:

fovu,)=4; f (v,,)=1; f (wu,)=@Bn+3-i)* and f (uw)=(2n+3-i)* for 1<i<n.
f (zV,.)=(4n+3-j)* and f (v,z,)=(n+3-j)* for 1<j<n.

Case (iii): m>n.

Define an injection f :V(G) >{0123,.....,(2m+2n+2)*} by

f(u,,)=0; f(v,,)=5; f(v)=1.



Some square graceful graphs 123

For 1<i<m, f(w)=(2m+2n+3-i)* ; f(u)=(Bm+2n+6-2i)(M+2n) ;

For 1< j<n, f(zj)z(m+2n+3—j)2+5 ; F(v))=2m+3n+6-2j)(n)+5 .

Then, f induces abijection f :E(G)—>{L49,....(2m+2n+2)*}.

In this case the edge labels of G are as follows : f (vu,,)=1; f (vv,,)=4;

f (wu,.,)=(2m+2n+3-i)> and f (uw)=(m+3-i)*> for 1<i<m.

f (z,v,,)=(Mm+2n+3-j)* and f (v;z;)=(m+n+3—j)* for 1<j<n. n

Example 2.4. A square graceful labeling of the graph obtained by the subdivision of the edges of bistar
B,,and B,, are shown in Figure 2 and Figure 3 respectively.

484
403
377
26 351
80 325
74 299

247

Figure 2: Square graceful labeling of the graph obtained by the subdivision of the edges of B, .

663

629
595
561
527
493
459
425

391

Figure 3: Square graceful labeling of the graph obtained by the subdivision of the edges of B, ,.
Theorem 2.5. The graph obtained by the subdivision of the edges of the path P, in comb P GOK is a
square graceful graph.

Proof: Let G be the graph obtained by the subdivision of the edges of the path P, in comb P,GK,.
Let V(G)={ui,vj, W, :1<i<n,1<j<n,1<k<n-1}and

EG) ={uw,, wu,,:1<i<n-11<k<n-1}o{uyv,;:1<i<n,1<j<n}

Define an injection f :V(G) ->{0123........ (3n—2)%} by

f(u,) = 3n-2)%;

i(i —1)(2i —1)

5 for 1=246,.....2n—2.

fu..)=
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k(k —1)(2k 1)

f(Wﬂ)z for k=135,...2n-3.
2

6
.. - -\ 2
f(v,.,)= J(1_1)6(21—1)+(4f1 —22+ Jj for  j=2,4,6,...,2n—4.
2

(n—1)(8n* —10n+3)
3 :
Then, f induces a bijection f :E(G) »>{1439,......(3n—2)*}.

f(v)=(-DGEn-3) ; f(v,)=

The edge labels are as follows: f_(u,w,)=(3n-2)* ; f (u,v,)=(2n-2)*;

f (wu,,)=(2i-1)° for 1<i<n-1, 1<k <n-1;

f (U w,)=4i° for 2<i<n-1,2<k<n-1;

f (U v,)=(2n—2+i)* for 1<i<n-1,1<j<n-1. n

Example 2.6. A square graceful labeling of the graph obtained by the subdivision of the edges of the
path P, in comb P,OK, is shown in Figure 4.

169 0 1 3 14 30 55 91 140
- . .
88 101 135 199 204
Figure 4

Theorem 2.7: The graph <C,*K_ > is asquare graceful graph for n>3.

Proof: Let the wvertex sets of C; and K;, be given byV(C,)={u, :1<i<3} and
V(K,,) :{vj :1< j <n+1}where vy, is the centre of the star. Identify u, of C; with v of Ky, to get
<C,*K,, >.

Then the vertex and edge sets of <C,*K_ > are given by,

V(C,*K,,) =1y, :2<i<3;v, :1< j<n+1}

u, =Vv,.Let E(C,*K,,) :{uluz, U, Ug, U U p v, v, 1< j<n}

Define an injection f :V(C,*K,,) >{0123,....(n+3)*} by

f(u=v)=0; f(u,)=16; f(u,)=25;f(v,,)=(n+3)*

f(v_,)=+D)(n+5); f(v,,)=n*+6n+8;

f(v,)=(@2n+6-]j)j forl<j<n-3.

Then, f induces a bijection f :E(C,*K, )—>{L49,....(n+ 3)%}.
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The induced edge labels of <C,*K_ > are as follows:
fp(ulu2):16 ; fp(u2 ua):9 ; fp(ulu3):25 ;fp(vn—lvn+1):1 ;
fouv,,)=(+3)° ; f (v,v,,)=(n+3-j)* for 1<j<n-3; f (v,,v,,)=4.

Hence, the graph <C,*K_ > isasquare graceful graph for n>3. [

Example 2.8. A square graceful labeling of <C,*K, ; > is shown in Figure 5.

57 72 g5
40 ' 117
21 120
121
0
16 25

Figure 5: Square graceful labeling of <C,*K; >.

Theorem 2.9. The graph < S, :m > is a square graceful graph.
Proof: Let v, ,v,,v, ,---v, be the vertices of the j" copy of the star S, in <S,:m> where Vo, Is the
centre of the star where 1< j<m.
V(<S,: m>)={v,vil :0<i<n,1<j<m}.
vy, @ 1<j<m

Let E(<S, :m>)= ' . .
VoV, » 1<i<n, 1<j<m

0; 7

Define an injection f :V(<S, : m>) —>{0123,.....(mn+m)*} by
fW)=1; f(v)=0; f(v)=j*+1if 2<j<m ;
f(v,)=(mn+m+1-i)* if 1<i<n ;
f(vij)z[mn+m+n+1—nj—i]2+j2+1 if 1<i<nand2<j<m.
Then, f induces a bijection f :E(<S,:m>)—>{L49,...,(mn+m)*}.
The induced edge labels of <SS, :m> are as follows:

vy, )=j* if 1<j<m;

f,(v Vi ) =[mn+m+n+l-nj—i]* if 1<i<n , 1<j<m.

Hence the graph <S_ :m> is a square graceful graph. [
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Example 2.10: A square graceful labeling of [S,:4] is shown in Figure 6.

g 984 44l
576
42
53
17
66
81
98
110
131

Figure 6: Square graceful labeling of [S,:4].
Theorem 2.11: The graph <C;, K, > isasquare graceful graph.
Proof: Let V(<C;, K, >)={u,;1<i<3 ;v,;:1<j<n+1}.
uu, ; uu, ; u,U, ;

Take u, =V .
uv; 11<j<n

n+l "

Let E(<C,, K, >) ={

Define an injection f:V(<C, ,K,,>)—>{0123,....... (n+3)°} by

f(u,)=0; f(u,)=16; f(u,)=25; f(v,,)=4; f(v,)=1;

f(v;)=(n+3- j)? if 1<j<n-2.

Then, f induces a bijetion f :E(<C, K, >)—>{L49,...... (n+3)°}.

The edge labels of <C,,K,, >are as follows:

f (uu,)=16; f (uu,)=25; f (uu;)=9;f (uv,,)=4;

fouyv,)=1; f (uv,)=(+4-j) if 1<j<n-2 n
Example 2.12: A square graceful labeling of <C;,K ;> and <C,,K;; > are shown in Figure 7(a)

and Figure 7(b) respectively.

36
49 4

64

16

[ ]
LA

Figure 7: Square graceful labeling of <C,,K,, > and <C, K, >.
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