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Abstract

In this paper we present graceful labelings for C'(¢ - P, X Py,), (P, X P,,)* and path union of ¢
copies of the grid graph P,, X P,,.
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1 Introduction

The graceful labeling was introduced by Rosa [8]. Golomb [4] named such labeling as graceful
labeling, which was called earlier as 5—valuation. Bu and Cau [2] have discussed gracefulness of com-
plete bipartite graph and its union with path. Acharya and Gill [1] have investigated graceful labeling for
the grid graph (P, x P,,). Kaneria and Makadia [6] discussed gracefulness of (P, X P,,) U (P, x Ps),
Cofy3 U (P x Pp) U (P x Ps), tensor product P»(7},) P, and star of cycle C}; (n = 0 (mod 4)). For
a dynamic survey on graph labeling we refer to Gallian [3].

We begin with a simple, undirected finite graph G = (V, E) with |V| = p and |E| = ¢. For all

terminology and notations we follows Harary [5].

Definition 1.1. A function f is called graceful labeling of agraph G = (V, E)if f : V. — {0,1,...,q}
is injective and the induce function f* : E — {1,2,...,q} defined as f*(e) = |f(u) — f(v)] is bi-
jective for every edge e = (u,v) € E. A graph G is called graceful graph if it admits a graceful
labeling.

Definition 1.2. [9] Let G be a graph on n vertices. The graph obtained by replacing each vertex of the
star K ,, by a copy of G is called a star of GG and is denoted by G*.

111



112 V J Kaneria, H M Makadia and Meera Meghapara

Definition 1.3. [7] If each vertex of a cycle C), is replaced by connected graphs G1,Go, ..., G, then
the resulting graph is known as cycle of graphs and is denoted by C(G1, Ga,...,Gy). If we replace
each vertex by a graph G, that is, G1 = G, G2 = G, ..., G, = G, then the cycle of the graph G is
denoted by C'(n - G).

Definition 1.4. Let G be a graph and G1,Go,...,G,, n > 2 be n copies of graph GG. Then the graph
obtained by adding an edge from G; to G41 (1 < i < n — 1) is called path union of G.

In this paper we establish graceful labelings of some grid related graphs.

2 Main Results
Theorem 2.1. Cycle of grid graph C(t - P,, x P,,) (t = 0 (mod 2)) is graceful, where m,n > 2.

Proof: Let V(P, x Pp,) = {u1 = v1,1,u2,...,Un, Untl,- -, Umn = Umpn} be the vertices of grid
graph P, x P,,. Itis proved that P, x P, is graceful [1]. In the proof we can observe that the labeling
are given diagonally by an increasing sequence and a decreasing sequence alternatively with f(v1 1) = ¢

and f(vp,m) = [ 2], as shown in Figure 1.

Figure 1: A grid graph on ¢ edges with its graceful labeling.

Let G be a cycle of the graph P,, X P,,, with ¢ copies. We have G = C'(t- P, X P,;) (t = 0 (mod2)), with
|[V(C(t- P, x Py))| = tmn vertices and Q = |E(C(t - P,, x Pp,))| = t(2mn — (m + n) + 1) edges.
Let u; ; (1 < 7 < mn) be the vertices of ith copy of P, x P, in G,V i =1,2,...,t, where the vertex
set of i copy of P, x Py, is p = mn and the edge set of i*" copy of P, x Py, is ¢ = 2mn — (m +n).

To define a labeling function g : V/(C(t - P, x Py)) — {0,1,...,Q}, we consider the following
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two cases.
Case 1: ¢ is odd.

g(u1;) = f(uy), if f(uj) < 4
= f(uj) +Q — if f(uj) >4, Vji=12,...,mn;
g(uij) = glui—1;) — (% ) if f(uj) > 2
= g(uj—15) + (L), if f(uj) < 4,
Vi=12....mnVi=2.3,...,5%

Vji=1,2,
g(uig) = gluio1;) — (44,
= g(ui15) + (45,
Vi=1,2,
Case 2: ¢ is even.
g(ul,j) = f(uj)’
= f(u;) +Q —¢q
Vi=1,2,...

g(ulj) = g(ul,mn-l—l—j) + Q —q
= g(ul,mn+1fj) -Q+gq,

Vi=1,2,...

9(uij) = g(ui—25) — (¢ + 1),
= g(ui—2j) + (g + 1),

=

=

<

< :
(AVARVAN
SN

N N

if g(ui2;) >
if g(ui—25) < %

Vi=1,2,....mnVi=3.4,...,5%
13
g(us iy ) = glu ,_1]>+<q+1>+%+%<—1>2, 1fg<u%_ <9
1
—glus_y )= @+ 1) —F+ 512 ifglus_)>§
Vi=12,...,mn;
t .
9(u§+2u) g(u %-)—l-(q—i-l)—i-%—i-%( 1)z, 1fg(u%7j)<%
t .
(u% )—(g+1)—3+1(-1)2, lfg(u%’j)>%,
Vi=1,2,...,mn;

g(uiz) = g(ui—25) — (¢ + 1),
= g(ui—25) + (¢ + 1),
Vi=1,2,...

if g(ui—2;) > $
if g(ui—27) < %,

The above labeling pattern gives rise a graceful labeling to the graph G.

Hlustration 2.2. C(6 - P3 x P3) and its graceful labeling shown in Figure 2.

,mn,Vi:%—l—S,%—l—él,...,t
We join the vertices u; ypn and uj411 Vi =1,2,..

113

.,t — 1. Also join u¢ y,y, and uq 1 if either (£ = 2
(mod 4) and ¢ is odd or (¢ = 0 (mod 4)), otherwise join uy (;;,—1),, and ug p41.
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70 14 61
9 62 18
67 17 59
40
27 56

23

47 19
44 35 26 48 31 57 22 52

39
34 40 38 4 30 45 21 53 25
13
26

Figure 2: A cycle of the grid graph P; x P5 and its graceful labeling.
Theorem 2.3. Star of the grid graph P,, x P, is graceful, V. m,n > 2.

Proof: Let G = (P, x P,;,)* be the star of the grid graph P, x P,,. We know that the grid graph P,, x P,,
is a graceful graph on p = mn vertices and ¢ = 2mn — (m + n) edges. Let f : V(P, x Pp,) —
{0,1,..., ¢} be the graceful labeling with two sequences of labels, one is increasing and another is
decreasing which starts with f(vy1,1) = ¢ and ends with f(vnm) = [].

Let V(P, x Py) = {u1 = v11,u2,...,Un, Uni1,-- -, Umn = Umn}. Thatis, we have f(u; = ¢
and f(mn) = | 2], as shown in Figure 1.

We have G = (P,, x P,,)*, with |V ((P,, x Pp)*)| = p(p + 1) vertices and the number of edges
Q = |E((P, x Py)*)| = (p+1)(¢g+ 1) — 1, where p = mn and ¢ = 2mn — (m + n). Let ug
(1 < j < mn) be vertices of the central copy P, X P, in G and u; ; (1 < j < mn) be vertices of ith
copy of P, x Py, in G,V i =1,2,...,mn. We define the labeling function g : V((P, x Pp)*) —
{0,1,...,Q} as follows:

g(uo;) = f(u)), if f(u;) < 3§
= f(u;) +Q — ¢, if fuj) >4, Vji=12,...,mn;
g(ur ;) = g(uo ) + p(g + 1), if g(uo) < 4
= g(uoj) —plg+1), if g(uo;) > %.
Vi=12,...,mn;
g(urj) = glui—25) + (¢ + 1), if g(w_o ;) < $
= g(w—2;5) — (g +1), if g(ui—2;) > %,

Vi=12,....mn,VI=23,..., mn.
The above labeling function g gives rise to the edge labels 1,2, ...,q,g+2,9+3,...,2¢+ 1,29 +
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3,..,p(g+1) =1L, p(g+ 1)+ 1,p(¢g+1)+2,...,Q = (p+1)(¢+1) — 1. In order to make (P, X Py, )*
as a graceful graph, we require edge labels ¢ + 1,2(¢ + 1),...,p(qg+ 1).
We see that the difference of vertex labels for the central copy (P, x Pm)(o) of G and the other copies
(Pp % Pry)@ (1 < i < mm) are precisely p(g+ 1), (¢ + 1), p— 1)(g+1),2(g + 1),..., |B](g + 1).
Using this sequence, we produce the required edge labels by joining the corresponding vertices of
(P, x P,)© with the other copies (P, X Pm)(i) (1 < ¢ < mn)in G. Thus, G admits graceful
labeling. |

Illustration 2.4. The star of P;

118

x Ps and its graceful labeling shown in Figure 3.
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117 122 13 18 104 22 109
S 27 99
- o8 103
114 23
10 121 110 19
6 13 26 100 31
117
1 104 _—
66
64 60 129 125 2% %
0 126 5 101 97
65 61 70 65 ——
197 A 91 92 2
o | ¢ 123 38
62 69 58
35
52 3% s 91 %
77 53 73 79 o 40 86
51 47 36 95
74 87 32
52 57 78 48 83 I 44
56
75 88 43
49 82
71 5 84

Figure 3: A star of the grid P x P53 and its graceful labeling.

Theorem 2.5. The path union of finite copies of the grid graph P, x P,,, V. m,n > 2 is graceful.

Proof: Let G be a path union of ¢ copies of the grid graph P, X Py, V t,m,n > 2. Let f be
the graceful labeling of P, x P,, as we mentioned in Theorem 2.1, where we have V (P, x P,,) =
{ur,ug ... Un,y Upg1, - oy Umn -

We see that |V (G)| = tmn vertices and Q = |E(G)| = t(2mn — (m +n) + 1) — 1 edges in G. Let
u; ; (1 < j < mn) be the vertices of i'® copy of P, x P, Vi=1,2...,t

To define labeling g : V(G) — {0, 1,..
Case 1: ¢ is odd.

g(ur;) = f(uj),

= fluj) +Q —q,
Vi=1,2,...,mn;

., @}, we consider the following two cases.

if f(uj) <
if f(uj) >

(SIS
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9(uiy) = glui-1;) — (L), if g(ui—1,7) > %
= g(ui—1;) + (1), if g(ui—1;) <

Vi=12,....mn,Vi=23, ...t
Case 2: ¢ is even.
g(urj) = f(uj), if f(u;) <
= fuj) +Q—q if f(u;) =
Vi=12,...,mn;
g(uz;) = g(utmnt1—5) + Q@ —q,  if g(u1,mn+1-5)
= g(ul,mn+1fj) -Q+gq ifg(ul,mnﬂfj)
Vi=1,2,...,mn;
g(uij) = g(ui—2;) + (¢ + 1), if g(ui—25) <
=g(ui-15) — (¢ +1), if g(ui-2,5) >
Vi=12,....,mn,Vi=3,4,...,1
We join these consecutive copies of the grid graph P, x P, by an edge. Also join ; y,, With w41 1,
Vi=1,2,...,t — 1 by an edge to form the path union of ¢ copies of the grid graph P, x P,,. Above
labeling pattern gives rise a graceful labeling to the given graph G. |

ok MR

| o0

Hlustration 2.6. The path union of 3 copies of Ps x P; (it is related with case 2) and its graceful labeling
is shown in Figure 4.

68 o— ! 64 11 p—1?5—|p1 o 45 b—ll24—1l41
0 65 |6 14 |50 23 |42 |29
56 > ——o  —o
46 23
66 5 |59 13 51 120 43 28 36
4 0 10 52 19 L46 27 37 433
61 9 V57 18 47 Voo 38 32 |3y

Figure 4: The path union of 3 copies of P3 x P5 and its graceful labeling.
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