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Abstract: In this paper, we have studied moving objects in 2-D images using

Delayed Cellular Neural Network (DCNN). DCNN was first introduced in 1993. It

is shown that for a network whose cells are specified, complete asymptotic stability

providing the delay is less than a bound which depends on only the cell parameters.

Especially nowadays, only moving part of the whole image is getting more 

important according to the practical cases such as estimation of biomedical issues

which is enlarging due to the cancer property. We have used Java language for our

synthetic examples and satisfactory results were obtained.  

Keywords: Delayed Cellular Neural Networks, Moving Object Detection

Özet: Bu makalede, 2 boyutlu görüntüler geciktirilmifl hücresel yapay sinir a¤›

(GHYSA) ile incelenmifltir.  GHYSA ilk defa 1993 y›l›nda tan›t›lm›flt›r. Gecikme

miktar› belirli bir de¤erden küçük seçilmesi halinde, asimptotik kararl›l›k sa¤lan›r.

Özellikle son y›llarda, görüntünün hareketli olan k›sm› di¤er bölgelere göre daha

önemli olabilmektedir. T›p biliminde, kanserli hücrelerin yönelimini GHYSA ile

belirlemek çok önem tafl›maktad›r. Burada Java dilinde yaz›l›m gerçeklefltirilmifl ve

yapay örnekler için iyi sonuçlar elde edilmifltir.

Anahtar kelimeler: Geciktirilmifl Hücresel Yapay Sinir A¤ (GHYSA), Hareketli

Cisim Saptama
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INTRODUCTION

Moving object detection is among the most appealing tasks in the field of the image

processing.[1] Conventional digital computation methods have same drawbacks due

to their serial nature. To overcome this problem, a realatively novel class of 

information processing system, called Neural Networks is proposed. This new 

computational model is based on some aspects of neurobiology and adapted to 

integrated circuits. In this paper we are interested in image processing(first without

considering motion and after that detection of moving objects), our attention will be

focused on M x N Cellular Neural Network, having M x N cells arranged in M rows

and N Columns in pixels. 

Cellular Neural Network is a parallel computing paradigm defined in M x N space

and characterized by locality of connections between processing elements (cells or

pixels in our Cellular Neural Network is a parallel computing paradigm defined in

MxN space and characterized by locality of connections between processing 

elements (cells or pixels, in our example) [2],[3]. In this new computational model,

the key features are asynchronous parallel processing, continues time dynamics and

global interaction of network elements. The main difference between Cellular

Neural Network and other Neural Network paradigms is the fact that information is

only exchanged between neighboring neurons. 

Besides Cellular Neural Network, processing of moving images requires the 

introduction of delay in the signals transmitted among the cells. In this paper we

show how a Cellular Neural Network with delay detects moving objects in images.

Cellular Neural Network Definition

A Cellular Neural Network is a system of cells defined on a normalized space. In

this system, cell is the basic circuit unit containing linear and nonlinear circuit 

elements, which are linear capacitors, linear resistors, linear and nonlinear 

controlled sources and independent sources. The main idea is that connections are

only allowed between adjacent cells. Any cell in a cellular neural network is 

connected to only its neighbor cells. But cells can affect each other indirectly. The

propagation effects of the continuous time dynamics of the Cellular Neural Network

provide this interaction between cells in space.

Theoretically, we can define a Cellular Neural Network of any dimension, but due

the fact that we are interested in images, we will concentrate on the two-dimension-

al case. Fig 1 shows an example of Cellular Neural Network.
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Figure 1 . A two-dimensional cellular neural network of 4 x 4 size. Squares are 

electrical circuit elements and represent pixels for image

The restriction of connections which are allowed to only neighboring cells requires

the definition of neighborhood. Let us consider a cellular neural network with M x

N cells arranged in M rows and N columns. A cell in this space is represented with

(i,j) location, r-neighborhood and denoted by  C(i,j) as in Figure1. 

The r-neighborhood of a cell C(i,j), in a cellular neural network is defined by 

Nr(i,j) = {C(k,l)|max{|k-i|,|l - j|}≤ r, 1≤ k ≤ M;1 ≤ l ≤ N} (1)

r is a positive integer number.  Following  example  shows  r = 1,  r = 2  and  r = 3 

neighborhood of cells, respectively.

Figure 2. The neighborhood of cell C(i,j) for r =1, r = 2 and r = 3,  respectively

We call the r = 1 neighborhood a "3 x 3 neighborhood", the r = 2 neighborhood a "5

x 5 neighborhood"  and so on. But r = 1 is the most common neighborhood using

image processing. Because if the neighborhood size were as large as image itself, we

might obtain a fully connected network and in this case we shall not call such a 

network cellular. Generally the neighborhood shall have small size.

We call cellular neural network as a dynamical system operating in continuous or

discrete time. A general form of the equations may be stated as follows:
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State equation:

C
dVxijt (t)

= –
1
— Vxijt

(t)

dt Rx

+ ∑ A(i,j;k,l)Vykl
(t)

C(k,l) ∈ Nr (i,j)

+ ∑B(i,j;k,l)Vukl
(t)+I,

C(k,l) Nr (i,j)

1≤ k ≤ M;1 ≤ l ≤ N (2)

Output equation:

Vyijt
(t) = 1_ (|Vxij

(t)+1|-|Vxij
(t) - 1 |)

2

1≤ k ≤ M;1 ≤ l ≤ N (3)

Input equation:

Vuij =
Eij, 1≤ k ≤ M;1 ≤ l ≤ N (4)

A cellular neural network is completely characterized by set of equations as above,

associated with the cells in the circuit. The state equation of a cellular neural 

network, composed by M x N cells after having ordered the cells in some way (e.g.

by rows or columns) can be rewritten in continuous time as follows: 

dx(t)
= - x(t) + Ay(t) + Bu+I (5)

dt

The equation (5) then can be rewritten in discrete form as,

x(n+1) = - x(n) + Ay(n) + Bu + I (6)

In Equation(6), x(n+1),y,u,I denote respectively cell state, output, input and bias. X

is a local instantaneous feedback function, A and B are arrays of parameters.

Delay Cellular Neural Network Definition:

Cellular neural networks with delay was first introduced in 1993 [4], [5]. By 

assuming that the input of each cell is constant, they are described by state equations

of  the form:

C
dVxijt (t)

= - 1 Vxijt
(t)

dt Rx

+ ∑ A(i, j;k,l)Vykl
(t)

C(k,l) N, (i,j)

+ ∑ AT(i,j;k,l)Vykl
(t – ) (7)

C(k,l) N, (i,j)
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+ ∑ B(i,j;k,l)Vukl
(t)+I,

C(k,l) N, (i,j)

by output equations:

Vyijt
(t) = 1_ (|Vxij

(t)+1|-|Vxij
(t) - 1 |) (8)

2

and input equation:

Vuij =
Eij, = const (9)

N, (i,j) represents the neighborhood of order r of the cell C(i,j). For delay cellular

neural network, the space-invariance property is expressed by

A(i,j;k,l)  = A(i - k, j - l)

B(i,j;k,l)  = A(i - k, j - l) (10)

A
T
(i,j;k,l) = A

T
(i - k, j - l) (11)

State equation (7), by ordering the cells and assuming Rx= C =1, then can be 

rewritten in a more compact form:

dx(t) 
= -x(t) + A0y(t) + A1y(t- ) + Bu + I (12)

dt

The Equation (12) can be rewritten in discrete form as,

x(n+1) = - x(n) + A0y(n) + A1y(n- ) + Bu + I (13)

As we see in the state Equation (13) of delay cellular neural network, delay 

parameter adds an extra A1y(n- ) (in discrete form) operand to the ordinary 

cellular neural networks state equation. A0 and A1 can be easily calculated from the

cloning templates and delay cloning template. y(n- ) can also be calculated easily

by using output equation with previous state of delay cellular neural network. In our

Java application, we managed this  using following:program.

...

c = getBU_Plus_I(getConvSum(pu,B), z); // B*U + I 

for (int i = 0; i <= 10; i++) { 

n=i+1;

x = AY_Plus_TY_Plus_C(getConvSum(y,A), getConvSum(y_d,T),c);

if (i >= to)  y_d = new_Y(xx[MOD(i-to,to)]);

setXX (x,xx, MOD(i,to));      

y = new_Y(x);}

The program output is shown in Figure 3.

Figure 3. Delay CNN output of a synthetic example.
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In the output pane we see the circle which is a moving object was detected by 

drawing the edge of itself after some iteration.

Conclusion:

In this paper, we try to explain a cellular neural network with delay for a synthetic

example. If the signals exchanged among cells are delayed, the network is called

delay cellular neural network, then state and response can exhibit oscillations. In our

example, we show how we can use delay cellular neural network by modifying 

ordinary cellular neural network and model delay cellular neural network with a

Java programming language.
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AF‹NOR ALANININ YATAY L‹FT‹N‹N 

TAfiINMASI HAKKINDA

Ekrem Kad›o¤lu, Muhammet Kamali, Arif A. Salimov

Atatürk Üniversitesi, Matematik Bölümü

Özet: Vn Riemann manifoldu, T
p
q (Vn ) ve T

p–1
q+1 (Vn ) ise bu Riemann Manifoldu

üzerinde s›ras›yla (p,q) ve (p _ 1, q + 1) tipli tensör demetleri olsun. 

ƒ : T
p
q (Vn ) ’ T

p–1
q+1 (Vn ), (y I = y I (xK); I,K = 1, 2, 3, ..., n + n p+q)

diffeomorfizmi verilsin. Bu çal›flmada,    Riemann konneksiyonu ise, 
H

2
ten-

sörünün, ƒ alt›nda,  
H

1
tensörünün dönüflümü olarak elde edildi¤i gösterildi.

Anahtar Kelimeler: Tensör demeti, lift, yatay lift.

Abstract: Let Vn be the Riemann manifold. Let  T
p
q (Vn ) and T

p–1
q+1 (Vn ) be the 

tensor bundle of type (p,q) and (p _ 1, q + 1) over the Riemann Manifold Vn,

respectively. It is given a diffeomorphism

ƒ : T
p
q (Vn ) ’ T

p–1
q+1 (Vn ), (y I = y I (xK); I,K = 1, 2, 3, ..., n + n p+q).

In this work, if       is the Riemann connection, it is shown that 
H ϕ

1
is transformed to   

H ϕ
2

by the diffeomorphism ƒ . 

Key words: Tensor bundle, lift, horizontal lift.
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1. G‹R‹fi

Mn, C
∞

s›n›f›ndan bir manifold, Am birimli komütatif ve birleflmeli bir cebir ve 

∏ = { ϕ
α

} ( α = 1, 2, ..., m), Am cebirine izomorf olan Mn üzerinde poliafinor ∏ - 

yap›s› olsun. Burada 
α

, cebirin eα baz elemanlar›na karfl› gelen (1,1) tipli tensör-

lerdir.

∈ T
0
2 (Mn), (0,2) tipli tensör alan› ∏ - yap›s›na göre

α
Z1, Z2 ) = Z1,

α
Z2 ),   (α = 1, 2, ..., m;  Z1, Z2 ∈ T

1
0 (Mn ))

koflulunu sa¤larsa tensörüne pür tensör alan› denir. (1) koflulu {∂i}  do¤al çat›s›nda

mj
2

m
j

1

= j
1
m

m
j
2

fleklinde olur. Bu j
1

j
2

= mj
2

m
j
1
= j

1
m

m
j
2

ile gösterilir.

(0,2) tipli pür tensör alanlar›n›n oluflturdu¤u T
* 0

2 (Mn) modülünde Tachibana ope-

ratörünün

(Φ )( X, Z1, Z2) = (X) ( (Z1, Z2)) 
_ X ( ( Z1, Z2))

+ (( LZ1
)X, Z2) + (Z1, ( LZ2

)X)  

fleklinde oldu¤u bilinmektedir (bkz.[3] ve [5]). Burada LZ, Z boyunca Lie türev

operatörünü göstermektedir.

(2) operatörü do¤al çat›da.

k j
1

j
2
=

m
k ∂ m j

1
j
2

_ ∂k j
1

j
2
+ ( ∂ j

1

r
k ) r j

2
+ ( ∂j

2

r
k ) j

1
r

olarak yaz›l›r.

(2) veya (2’) operatörünün özelli¤i, (0,2) tipli pür tensörü (0,3) tipli tensöre

dönüfltürmesidir.

‹ntegrallenemeyen ∏ - yap›s›na göre

Φ
α

k j
1

j
2
= 0

flart›n› sa¤layan j
1

j
2
pür tensör alan›na almost (hemen hemen) A-holomorf tensör

alan› denir. (bkz.[3] ve [5]).
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2. Vishnevski Operatörü

Keyfi t ∈ T
p
q (Mn ) tensör alan› için Vishnevski operatörünü

(Φ
~

t) (X, Z1,..., Zq, ξ
1

,..., ξ
p

) = (Φ
~

ϕ t) (Z1,..., Zq, ξ
1

,..., ξ
p

)

(Φ
~

x
t) ( Z1,..., Zq, ξ

1

,..., ξ
p

),     p ≥ 0, q ≥ 1
_

(Φ
~

x
t) (Z1,..., Zq, ξ

1

,..., ξ
p

),     p ≥ 1, q ≥ 0

fleklinde yazabiliriz (bkz.[4], s. 194). Burada   x, Mn üzerinde tan›mlanm›fl Γ afin

konneksiyonunda kovaryant diferensiyel operatörü ve ′ ve afinorunun efllenik

afinorudur. (4) operatörü do¤al çat›da

i1
m k

t
mi 2...ip

j 1...jq

, p ≥ 0 , q ≥ 0
Φ
~

α                       k
t

i1...ip

j1...jq

=
m

k m
t i1...ip

j1...jq

_

m
j
1

k t
i1...ip

mj
2

...jq

, p ≥ 0 , q ≥ 1

fleklinde yaz›l›r.

2.1.  Lemma: E¤er ∏ -yap›s› almost integrallenebilir (yani,   = 0, T(X,Y) =   XY -   

YX - [X,Y] = 0) ise bu durumda T
* 0

2 (Mn) pür tensör modülü üzerinde Tachibana

ve Vishnevski operatörü çak›fl›r.

‹spat: T torsiyon tensörü formülünden

L XY= [X,Y] =    XY –   YX – T(X,Y)

yaz›l›r. (1), (5) ve 

(LX )(Y1,Y2) = X ( (Y1,Y2)) – ([X,Y1],Y2) – (Y1, [X,Y2])

formülünü kullanarak

Φ (X,Z1,Z2)

= (X) ( (Z1,Z2))
_

X( ( Z1,Z2)) 
_

( x Z1
_

Z1
(X) - T( X,Z1),Z2)

+ ( ( X Z1
_

Z1
X - T(X,Z1),Z2)

_
(Z1, x Z2

_
Z2

X - T( X,Z2))

+ (Z1, ( XZ2
_

Z2
X

_
T(X,Z2))

= (X) ( (Z1,Z2)
_

X( ( Z1,Z2)) 
_

( x Z1,Z2) + ( Z1
X,Z2)
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+ (T( X,Z1),Z2) + ( x Z1,Z2)
_

( ( Z1
X),Z2)

_
( (T(X,Z1)), Z2)

_
(Z1, x Z2) + (Z1, Z2

X) + (Z1,T( X,Z2)) + ( Z1, x Z2)

_
(Z1, ( Z2

X)) 
_

(Z1, (T(X,Z2)))

yaz›l›r (bkz. [1], s. 37). fiimdi [1], s. 124’teki

(    K)(X1,...,XS,X) = (   XK)(X1,...,XS)

= X(K(X1,...,XS)) 
_

S

i=1

K(X1,...,     XXi ,..., XS)

formülünü kullanarak

ω( Z1
ϕ
α

X, Z2)
_ ω(ϕ

α
( Z1

X), Z2) + ω(Z1, Z2
ϕ
α

X) _

ω(Z1, ϕ
α

( Z2
X) = ω((   ϕ

α
)( X, Z1), Z2) + ω(Z1, ( ϕ

α
)( X, Z1))

elde edilir. (5) ve (7) eflitliklerinden

Φ X, Z1, Z2) = ϕ
α

X( Z1, Z2)) 
_ X( ϕ

α
Z1, Z2)) 

_ ( XZ1, Z2) + (X,Z1),Z2)

+ Z1, (X,Z2)) + ϕ
α

X, Z1),Z2)
_ Z1, X Z2) + Z1, ϕ

α
X, Z2))

+ ϕ
α

( XZ1), Z2)
_ ϕ

α
X, Z1)), Z2) + ϕ

α
Z1, X Z2)

_ Z1,ϕ
α

X, Z2)))

bulunur. Burada yap›n›n almost integrallenebilir (yani     ϕ   
α

= 0,  T = 0) oldu¤unu

gözönüne alarak

Φ X, Z1, Z2) = ϕ
α

X( Z1, Z2)) 
_ X(

α
Z1, Z2)

_ ( XZ1, Z2)

_ (Z1, X Z2) + 
α

( XZ1), Z2) + (
α
Z1, X Z2)

yaz›l›r. (8) eflitli¤inde (6) ifadesi kullan›r ve    X ƒ = Xƒ oldu¤unu dikkate al›rsak

(Φ X, Z1, Z2) = ( X Z1, Z2),

( X( )) Z1, Z2) = ( X )(Z1, Z2)
_ ( X )(Z1, Z2) = (Φ

∼
X, Z1, Z2)

elde edilir.

Vishnevski operatörü g Riemann metrik tensörüne uygulan›rsa ve    konneksiyonu

olarak Riemann konneksiyonu al›n›rsa her zaman ( X, Z1, Z2)= 0 oldu¤u

görülür. E¤er g pür tensör ve Riemann konneksiyonunda ∏ - yap› almost integral-

lenebilir ise 2.1. Lemma ve (9) ifadesine göre g her zaman almost A- holomorf ten-

sör olur.
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3. Horizantal Liftin Tafl›nmas›

fiimdi kabul edelimki Vn Riemann manifoldudur. T
p
q (Vn ) ve T

p-1
q+1 (Vn ) ise bu

Riemann Manifoldu üzerinde s›ras›yla (p,q) ve (p – 1, q + 1) tipli tensör demetleri

olsun.

ƒ : T
p
q (Vn ) ’ T

p-1
q+1 (Vn ), (y I = y I (xK); I,K = 1,2,3,...,n+n

p+q
)

diffeomorfizmi

yi = i

k
xk

yi
–

= t .i2...ip

ij1...jq

= g im t
mi2...ip

j1...jq

= g il1
t l1l2...lp

k1...kq

i2
l2

... ip
lp

k1
j
1

... kq
j
q

= g il1

i2
l2

... ip
lp

k1
j
1

... kq
j
q

x
k

_

fleklinde tan›mlans›n. Burada “.” indeksin indirilmesini gösterir ve  x
k

_

= t l1l2...lp

k1...kqal›nm›flt›r. ƒ dönüflümünün Jakobian matrisi

A =
∂y I

=

i
k

0

∂xK
0 gil1

i2
l2

... ip
lp

k1
j
1

... kq
j
q

fleklindedir. f
-1 

ters dönüflümü

x
k

= y
k
= k

i
yi

x
k

_

= t l1...lp

k1...kq

= g l1m t l2...lp

mk1...kq

= g l1i t .i2...ip

ij1...jq

l2
i2

... lp
ip

j1
k
1

... jq
k
q

= g l1i l2
i2

... lp
ip

j1
k
1

... jq
k
q

y
i

_

olarak yaz›l›r. Bu dönüflümün Jakobian matrisi

A
-1

=
∂xK

=

k
i

0

∂y I
0 gl1i l2

i2
... lp

ip

j1
k
1

... jq
k
q

biçimindedir.
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T
1

1 (Vn ) afinor alan›n›n  T
p
q (Vn ) ve T

p-1
q+1 (Vn ) tensör demetlerine, bunlar ara-

s›nda ƒ diffeomorfizminde karfl›l›k gelen kesitler boyunca 
H

1
ve 

H

2
yatay liftleri

H k

l
= k

l
, H k

l
-  = 0, H k

-

l
= – Φ

~

1

l1...lp.

k1...kq

l1

s
1

l2

s
2

... lp

s
p

r1

k
1

... rq

k
q

,   p ≥ 1, q ≥ 0
H k

-

l
- =

l1

s
1

... lp

s
p

r1

k
1

... rq

k
q

,     p ≥ 0, q ≥ 1

formülü kullan›larak tan›mlan›r.

3.1. Teorem : Kabul edelim ki  
H

1
ve  

H

2
T

1

1 (Vn ) afinor alan›n›n uygun olarak

T
p
q (Vn ) ve T

p-1
q+1 (Vn ) tensör demetlerine  ƒ  diffeomorfizminde karfl›l›k gelen 

kesitler boyunca yatay liftleri olsun. E¤er  Φ
~

(g) = 0 ( Φ
~

Vishnevski operatörü, 

g Riemann metrik tensörü) ise bu durumda  
H

2
ƒ diffeomorfizmi yard›m›yla, 

H

1

liftinin tafl›nmas›d›r.

‹spat: Gerçekten de
i

j

H

2
=  – Φ

~

j

.i2... ip

ij1...jq

l

i

l1

j
1

... lq

j
q

i2

k
2

... ip

k
p

fleklindedir (bkz.[2]). Burada Φ
~

l
,

Φ
~

j

.i2...ip

ij1...jq
=

m

j       m

.i2...ip

ij1...jq
–

m

i      j1

.i2...ip

mj1...jq

olarak tan›mlanan Vishnevski operatörüdür. Aç›k olarak

Φ
~

j

.i2...ip

ij1...jq
= Φ

~

j
(g

im

m i2...ip

ij1...jq

g
im

Φ
~

j

mi2...ip

j1...jq

Φ
~

j
gim 

mi2...ip

j1...jq

olur. Bunu (10) formülünde yerine yaz›p ve A, A-1,
H

1
kullan›l›rsa  Φ

~

j
gim = 0

koflulu alt›nda

i

j
0

H

2
= – gim Φ

~

j

mi2...ip

j1...jq

– (Φ
~

j
gim ) mi2...ip

j1...jq

l

i

l1

j
1

... lq

j
q

i2

k
2

... ip

k
p
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i

j
0

= – gim Φ
~

j

mi2...ip

j1...jq

l

i

l1

j
1

... lq

j
q

i2

k
2

... ip

k
p

i

k
0

= 0 g
il

1

i2

l2

... ip

l
p

k1

j
1

kq

j
q

k

l

x – Φ
~

l

l1...lp

k1...kq

l1

s
1

l2

s
2

... lp

s
p

r1

k
1

... rq

k
q

i

j
0

x 0    g s1l l1

r
1

lq

r
q

s2

k
2

sp

k
p

= AH

1

A-1

elde edilir. Burada

x
l
-

= t s1...sp

r1...rq

, x
k
-

= t l2...lp

k1...kq

y
i
-

= t .i2...ip

ij1...jq

, y
j
-

= t .k1...kp

il1...lq

biçimindedir.

Bu teoremden, çok önemli olan, flu sonuç ç›kar›l›r:

3.2 Sonuç: E¤er        Riemann konneksiyonu ise 
H

2
,  ƒ  diffeomorfizmi 

yard›m›yla,  
H

1           
yatay liftinin tafl›nmas›d›r.

E¤er g, ∏- yap›s›na göre pür tensör ve ∏- yap›s›      Riemann konneksiyonunda 

almost integrallenebilir ise bu durumda (2. Bafll›kta verilenlere göre)  Φ
~

(g) = 0

almost holomorfluk koflulu olacakt›r.
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