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ABSTRACT: In this paper, we have given the applications of homogeneous
differential polynomials to the Nevanlinna’s theory of meromorphic functions in the
finite complex plane and given some generalizations by these polynomials.

Key words: M eromorphic function, homogeneous differential polynomial and finite
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OZET: Bu calismada, homojen diferansiyel polinomlar Nevanlinna kuramia

uygulandi ve bu homojen polinomlarla baz1 genellestirmeler verildi.

Anahtar kelimeler: Meromoifik fonksiyon, homojen diferansiyel polinom ve sonlu
karmasik diizlem.
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1. INTRODUCTION

In this work, we are going to use the usual notations of the Nevanlinna theory of
meromorphic functions as explained in (Hayman,1968,1-20), (Nevanlinna,1974,10-
25) and (Wittich, 1968, 5-30) such as m(r,f), N(r,f), m(r,a), Nr,a), T(r,f),5(a, ) = 8(a),
6(a) and A(a). By a meromorphic function we shall always mean that a
function is meromorphic in the finite complex plane.

If f is a non-constant meromorphic function we shall denote by S(r,f) any quantity
satisfying S(r,f)=o[T(r,f)] as r —> o0 through all values if f is of finite order and
I —> % possibly outside a set of finite linear measure if f is of infinite order. Also,
we shall always denote a(z), ay(z), a,(z), a,(z), etc. meromorphic functions satisfying

T[r, a(z)] = S(r, f) and TIr, a, ()] = S(x, ).

We shall be concerned with meromorphic functions P which are polynomials in the
meromorphic function f and the derivatives of f with coefficients of the form a(z).

Let
E( — a(t)to[f(l)]tl[fa)]tzm [f(m)]tm

and

N
P=)'F,

=1
where f, f®..., f™ are the successive derivatives of f and t, t,,..., t,, are non-negative
integers.

Definition 1. Ift,+t,, + ..., + t, for a fixed positive integer in every term of P,
then Pis called a homogeneous differential polynomial in f of degree n.

2. LEMMAS

Lemma 1. If P is a homogeneous differential polynomial in f of degree n = 1, then
we have

P
m (r,—t;) =S(z, 1)
(Gopalakrishna, 1973, 330).
Lemma 2. Let P be a homogeneous differential polynomial in f of degree n and

suppose that P does not involve f. That is, P is a homogenous polynomial of degree
nin O, f2, .., f™ with coefficients of the form a(z) satisfying T[r,a(z)] = S(r.f).
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If P is not a constant and a,, a,,...,a, are distinct elements of C where q is any

q
positive integer, then we have

d 1 1
ngm(r,f_ai)s T(r,P)—N(r,§)+S(r,f) )

or
nqT(, f) < T(r P)+niN(r ;)—N(r 1)+S(r 1) (2)
2 - 2 l=1 b f _ l 3 P . 3
(Gopalakrishna, 1973, 329-335).
3. THEOREMS
Theorem 1. Let P be a homogeneous differential polynomial in f of degree n and a #b.

If f is a non-constant meromorphic function in the finite complex plane, then we
have the following inequality

T, f) S N(@,P)+ N(r, fia) + N(l', F ib) —N(r,t)—N(r,%)+ S(z, 1).

Proof. Since a # b we can write

1 _( PP J(f—a) 1
f-b f-b f-a P /b-a
If we take absolute values, positive logarithms and mean values of the both sides of
this equality we have

f fib) < m(r,f—f——l;) + m(r,%)+ m(r,i;—a) +0(1)
Sm(r, P )+m(r,i)+m(r, P )+N(r, P )
f-b f-a f-a f-a
—N(r,f}:a)+0(1)
<N(,P)+ N(r,—l—) —N(r,l) ~N(r,f) +8(r.f) ©))
f-a P
P P
m(r,f_a)+m(r,f_b)=8(r,f)

)_) —N(r, f}:a) =N(,P)+ N(r, fia) _N(r,%)—N(r,f).

where
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If we add the term N(r, 1 b) on both sides of the inequality (3), we get

T(t,f) < N@x,P) + N(r, fia)+ N(r, fib) ~N(@, —N(r,-ll;)+ S(,f). @

If we restrict P = £'(z), the inequality (4) becomes

SR SUR AR BN IV

which is one of the Nevanlinna’s results.

Theorem 2. Let P be a homogeneous differential polynomial in f of degree n and b # 0.
If f is a non-constant meromorphic function in the finite complex plane, we have the

following inequality
1 1
)+N( P b) N, [r,F]+S(r,f). &)

Proof. Since b # 0 we can write

1 (P P' P-b)1
f_a (f-a f-a P )y

The mean values of this equality give
mrl <mrP + rP’+ r-H-+Ol
Y s LY b Y e G A
P’ P-b
<N|r, —N| t,—— 1+ 57,
(53m5) (=5 oo

< N(r P )+N(r,P ! b) N(r,%)—N(r,P)+S(r,f)

T(, ) sf\I-(r,f)+N(r, = 1

<N, P)+N(r,P ! b) N(r,%)+8(r,f)

< N(r,t)+ﬁ(r, Pib) -N, [r%] +5(r,1)

or

T(r,f)sﬁ(r,mN(r,fl )+N( Plb) No[r,%]+8(r,f). 6)

If we restrict P =f" (z), the inequality (6) becomes

— 1 — 1
< g — |-
T(,f) < N(,D)+ N(I‘ f —a)+ N(r ® —b) N [ f(k+1)J +S(r, )
which is the one of Milloux’s results (D6nmez, 1979, 203-207).
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Theorem 3. Let P be a homogeneous differential polynomial in f of degree n. If f is
a non-constant meromorphic function in the finite complex plane, we have

T(r,f)SN(r,?i—a)+N( Plb)+N( Pl ) N, (t,P) +8(r,f) @)
where

N, (t,P) = 2N(r,P) - N(r,P") + N(l‘,-;;)

and non-negative.

Proof. It is easy to write

f-a Pf-a
The mean values of this equality give

(I‘ 1 )< T. L + T, P
mi|r, =m;I,— [
f-a P m f-a

< m(r,%) +8(z,f)

<T@, P)-N (r, _IIT) +S(z, ). ®)

We know that Nevanlinna’s second fundamental theorem is the following in terms
of P

‘P-b

If we use the second fundamental theorem in the inequality (8), we can write

D <N(ng )+ N(rg oo J N (g J-N(e g -
f-a P P-b P- P

+S(r,1)

T(r,P)sN(r,il.;)+N( ! )+N( Pl ) N, (r,P) + S(x,P).

or

T(r,f)sN(r,f1 )+N(I,P1b)+N( Pl ) Nl(rP)+S(rf)

If we restrict P =f" (z), the inequality (7) becomes

1 1 1
- —_ —  _ (k)
T(r,f) < N(r, s a) + N(r, ® —b)+ N(r, 0 _c) N, @, %) +8(z,1)
which is the one of Hiong’s results (Donmez, 1979, 203-207).

Theorem 4. If P is a homogeneous differential polynomial in f of degree n, then we
have
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— — 1 d 1 1
nqT(@,f) < N(r, )+ N|{r,——|+n )Y N|r, —N,|{1,— |+S(,D). (9
a0 SN0+ Mgy | rn3. (i) (o s
Proof. The Nevanlinna’s second fundamental theorem can be written in terms of the
homogenous differential polynomial P as the following,

T(t,P) < N(r,P) + N(r,%) +ﬁ(r, = ib) _N, (r,%) +S@,P).

On the other hand, it is easy to write N(,P) < N(r, D) +S(r, . If we use the inequal-
ity (2), we can write

q
nqT(r,f) < N(,P) + N(r,%) + ﬁ(r, P 1bj -N, (r,—;—,J +8(r,f) + ngN(r, F _lai )

- N(r,%) +S(r,f)

or

] N, (r,%] +5(5,9).

T(r,f) <N N1~ +iNr !
nqT(, ) < N(,f)+ (’P—b ni=1 T,

If n=1 and q = 1 the inequality (9) gives the inequality (5). That is, the inequality
(9) is the generalization of the inequality (5).

Theorem 5. If P is a homogeneous differential polynomial in f of degree n and
s =2,3.4,... then

9 s .
(s =1)nqT(,f) < ﬁ(r,t)+(s—1)nZN(r,f ! j+ZN(r, ! }
i=1 —4) ‘= P-b; (10)

If s =3,4,5,... then we have

L 1 S 1 1
(5-2)nqT@,H < (s - 2)niz=1:N(r, — ) +;N(r, = ] N (r,F) +S@.

Proof. The Nevanlinna’s second fundamental theorem can be written in termg(}g the
homogeneous differential polynomial P as the following

(s=DT@,P) S N(, )+ iﬁ(r—-l—] ~-N, (ri) +8(r,) (12)
and = P d

(s=2)T(r,P) < iﬁ(r, o ]— N, (1,P) +S(r,P) (13)
= —b;
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where N, (r,P) = 2N(r,P) - N(r,P") + N( L ) and non-negative. If we use the ine-

,—
PI
qualities (12) and (13) in the equality (10), we obtain the inequality (11).
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