
 
Impact Factor(JCC): 1.9586- This article can be downloaded from www.impactjournals.us 

 

IMPACT: International Journal of Research in 
Engineering & Technology (IMPACT: IJRET)  
ISSN(E): 2321-8843; ISSN(P): 2347-4599  
Vol. 3, Issue 12, Dec 2015, 39-44 
© Impact Journals 

 

FIXED POINT THEOREM IN ORDERED METRIC SPACES 

JIGMI DORJEE BHUTIA 

Department of Mathematics, S.M.I.T Majitar Sikkim, India 

 

ABSTRACT 

The main intention of this paper is to extend the result of Piri and Kunam [1] on a complete ordered metric space. 
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INTRODUCTION 

One of the most important result of the functional analysis is the Banach Contraction mapping. Various other 

generalization can be found out in the recent years. In the year 2012, Wardowski [4] have introduced a new type of 

contractions called F- contraction. Recently in the year 2014 Piri, H., Kumam, P [1] have extended the result of Wardowski 

[4] by considering the class of function satisfying different properties. In the same paper Piri, H., Kumam, P. [1] have 

defined the new type of contraction known as F-Suzuki contraction. Then in the year 2015, Karapinar, E., A.K,Marwan., 

Piri, H., O’Regan, D., [2] have extended the new version using the F Suzuki contraction of Piri, H., Kumam, P. [1]. Fixed 

points for the ordered metric spaces using Fcontraction have been obtained by Cosentino and Vetro [5] in the year 2014. 

The present paper focuses on bringing the extended versions of F-Suzuki contraction on ordered metric spaces. 

Definition 1: [1] Let ),( dX  be a metric space. A mapping XXT →: is said to be an F-Suzuki contraction if 

there exists 0>τ such that for all Xyx ∈, with TyTx ≠  

( ) ( )yxdTxxd ,,
2

1 <
⇒ ( )( ) ( )( )yxdFTyTxdF ,, <+τ , 

WhereF satisfies following conditions: 

(F1) F is strictly increasing, i.e. for all +∈ Ryx, such that )()(, yFxFyx << ; 

(F2) inf −∞=F . 

(F3) F is continuous on ),0( ∞ . 

Let ℑ denote the class of functions satisfying (F1),(F2) and(F3). 

Theorem 1: [1] Let ),( dX  be a complete metric space and XXT →:  be an F-Suzuki contraction. Then T 

has a unique fixed point Xx ∈∗
and for every 

Xx ∈0 the sequence 
{ }∞

=10 n
n xT

converges to
∗x . 
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The extended form of the above result can also be found in the paper [2] where the authors have defined the 

conditionally F-contraction of type (A) on a metric-like space. 

Secelean [3] have proved the following lemma 

Lemma 1: [3] Let RRF →+: be an increasing mapping and 
{ }∞

=1nnα
be a sequence of positive real numbers. 

Then the following assertions hold: 

• If 
−∞=

∞→
)(lim n

n

F α
, then 

0)(lim =
∞→

n
n

α
. 

• If −∞=Finf and 
0)(lim =

∞→
n

n

α
, then 

−∞=
∞→

)(lim n
n

F α
. 

Definition 2: [2] Let ),( dX be a metric-like space. A mapping XXT →: is said to be conditionally F-

contraction of type (A) if there exists ℑ∈F and 0>τ such that for all Xyx ∈, with TyTx ≠  

( ) ( )yxdTxxd ,,
2

1 <
⇒ ( )( ) ( )( )yxMFTyTxdF T ,, <+τ , 

Where 





 +=

4

),(),(
),,(),,(),,(max),(

yTxdTyxd
TyydTxxdyxdyxM T

 

Theorem 2: [2] Let ),( dX be a metric-like space. If T is aconditionally F-contraction of type (A), then T has a 

fixed point Xx ∈∗
 

The present paper extends the above result in an ordered metric spaces. 

Definition 3: Let ),( ≤X be apartially ordered set and XXT →:  a mapping. We say that T is non decreasing 

if for Xyx ∈,  

TyTxyx ≤⇒≤ . 

MAIN RESULTS 

Theorem 3: Let ),( ≤X be apartially ordered set and suppose that there exist a metric d in X such that ),( dX is a 

complete metric space. Let XXT →: be a non-decreasing mapping such that if there exists ℑ∈F and 0>τ such that 

for all Xyx ∈, with TyTx ≠  

( ) ( )yxdxTxd p ,,
2

1 <
⇒ ( )( ) ( )( )yxdFTyTxdF ,, ≤+τ

,                                        (1) 

Where Np ∈ . If there exists 
Xx ∈0 with 00 Txx ≤

 then T has a fixed point Xx ∈∗
. 
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Proof: Choose 
Xx ∈0 and define a sequence 

{ }∞
=1nnx

in the following way 

If 00 Txx =
then there is nothing to prove. So 00 Txx <

and T is non decreasing mapping we obtain  

........................ 0
1

00
4

0
3

0
2

00 ≤≤≤≤≤≤≤< + xTxTxTxTxTTxx nn

       (1) 

Put 0
1

01 )( xTxTTTxx nn
nn

+
+ ===

. Consequently the sequence 
{ }∞

=1nnx
is non-decreasing.We have

nnn Txxx =≤ +1 , if nn Txx =
 then we have a fixed point so we assume that nn Txx <

 i.e.,
0),( >nn Txxd

. Now 

since T is non-decreasing mapping n
p

n xTx <
for any Nnp ∈, . 

So we have 

),(),(
2

1
n

p
nn

p
n xTxdxTxd <

. 

So from (1) we have, 

( )( ) ( )( )n
p

nn
p

n xTxdFxTTTxdF ,)(, ≤+τ
. 

( )( ) ( )( ) τ−≤⇒ n
p

nn
p

n xTxdFxTTTxdF ,)(,
.            (2) 

( )( ) ( )( ) τ−≤⇒ ++++ pnnpnn xxdFxxdF ,), 11 . 

( )( ) τ2), 11 −≤ −+− pnn xxdF
. 

( )( ) τ3), 22 −≤ −+− pnn xxdF
. 

( )( ) τ4), 33 −≤ −+− pnn xxdF
. 

( )( ) .)1(),0 τ+−≤ nxxdF p  

So we have  

( )( ) ( )( ) τ)1(,)(, 0 +−≤ nxxdFxTTTxdF pn
p

n . 

( )( ) ( )( ) τ)1(,), 011 +−≤+++ nxxdFxxdF ppnn . 

( )( ) ( )( ) τmxxdFxxdF ppmm −≤+ ,), 0 . 

( )( ) −∞=+
∞→

),lim pmm
m

xxdF
.             (3) 
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Therefore from lemma 1 we get, 

( ) 0,lim =+
∞→

pmm
m

xxd
.              (4) 

Which shows that the sequence 
{ }∞

=1nnx
is a Cauchy sequence Since X is a complete metric space, there exists 

Xx ∈∗ such that  

( ) 0,lim =∗
∞→

xxd n
m .              (5) 

Since, pnn xx ++ <1 , 
),(),( 1 ∗<∗⇒ ++ xxdxxd npn ),(),( ∗<∗⇒ xTxdxxTd nn

p

 .       (6) 

Now we claim that  

),(),(
2

1 ∗< xxdxTxd nn
p

n
or,

),())(,(
2

1 ∗< xTxdTxTTxd nn
p

n
,  Nn ∈        (7) 

If then there exists some Nm ∈ such that 

),(),(
2

1 ∗≥ xxdxTxd nn
p

n
and

),())(,(
2

1 ∗≥ xTxdTxTTxd nn
p

n
.        (8) 

),(),(),(),(),(),(2 nnn
p

nn
p

nn TxxdxxdxTxdxxdxTxdxxd ∗+∗<∗+∗≤≤∗⇒
. 

),(),( nn Txxdxxd ∗<∗⇒
.             (9) 

Now from (7) and (8) we get, 

)).(,(
2

1
),(),( n

p
nnn TxTTxdTxxdxxd ≤∗<∗⇒

        (10) 

Again from (2) since 0>τ , we get, 

( )( ) ( )( )n
p

nn
p

n xTxdFxTTTxdF ,)(, <
. 

Also from (F1),  

( ) ( )n
p

nn
p

n xTxdxTTTxd ,)(, <
.          (11) 

Therefore it follows from (11), (10), (8), and (6). 

( ) ( )n
p

nn
p

n xTxdxTTTxd ,)(, <
. 

( ) ( )n
p

n xTxdxxd ,), ∗+∗<
. 
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( )nn
p

n TxxdTxTTxd ,))(,(
2

1 ∗+<
. 

))(,(
2

1
))(,(

2

1
n

p
nn

p
n TxTTxdTxTTxd +<

. 

))(,( n
p

n TxTTxd<
. 

Which is a contradiction Hence (7) holds so from first part of (7) we have 

( )( ) ( )( )∗≤∗+ xxdFTxTxdF nn ,,τ
. 

Then by continuity of Fand using (5), and (F2)we get, 

( )( ) ( )( )∗<∗
∞→∞→

xxdFTxTxdF n
n

n
n

,lim,lim
. 

( )( ) ( ) FFTxTxdF n
n

inf0,lim =<∗
∞→ . 

( )( ) −∞=∗
∞→

TxTxdF n
n

,lim
. 

Therefore from lemma 1 we get, 

( ) 0,lim =∗
∞→

TxTxd n
n . 

Hence, we have 

( ) ( ) ( ) 0,lim,lim, 1 =∗=∗=∗∗
∞→+∞→

TxTxdTxxdTxxd n
n

n
n . 

Which shows that ∗x is the fixed point of T. 

From second part of (7) we have, 

( )( ) ( )( ) ( )( )∗=∗≤∗+ + xxdFxTxdFTxxTdF nnn ,,, 1
2τ

 

Similarly, we get 

( )( ) −∞=∗
∞→

TxxTdF n
n

,lim 2

. 

Using lemma 1 we obtain 

( ) 0,lim 2 =∗
∞→

TxxTd n
n . 

Therefore  
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( ) ( ) ( ) 0,lim,lim, 2
2 =∗=∗=∗∗

∞→+∞→
TxxTdTxxdTxxd n

n
n

n . 

Which shows that ∗x is the fixed point of T. 

Uniqueness: we now show that the fixed point is unique. If suppose that there are two distinct fixed points of T, 

∗x and ∗y .that is ∗=∗≠∗=∗ TyyxTx , then 0),( >∗∗ yxd . So, we have  

),(),(
2

1 ∗∗<∗∗ yxdxTxd p

. 

Then for the assumption of the theorem , we obtain 

( )( ) ( )( ) ( )( ) ( )( )∗∗≤∗∗+<∗∗=∗∗ yxdFyTTxdFyTTxdFyxdF pp ,,,, τ . 

Which is a contradiction  

Remark: If 1=p then we get the version of F-suzuki contraction as presented by Piri, H., Kumam, P [1]. 
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