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Abstract. Here we consider the theory of prime numbers at a new methodology. The theory of
prime numbers is one of the most ancient mathematical branches. We found an estimate of the all
prime numbers sum using the notions of infinite lager numbers and infinitely small numbers, farther
we estimated the value of the maximal prime number. We proved that Hardy—Littlewood Hypothesis
has the positive decision too. The infinite small numbers define a new methodology of the well-
known function o(x) application. We use the sets of the theory of prime numbers and infinitely small
numbers with a linear function h(x) = xx to formulate the alternative extension of the real numbers
set.

Annomayusa. B crathe MBI pacCMaTpHBaeM B HOBOHM METOMOJIOTHH TEOPHIO NMPOCTHIX YHCET,
KOTOpas ABISETCS OJHOM U3 IpeBHENUIINX oOsacTelt MaTeMaTHKU. Vcronb3ys MOHATHS OECKOHEYHO
OONBIINX U OECKOHEYHO MAaJIbIX YHCEN, MBI TIOJTYYMIN OLEHKY KOJMYECTBA BCEX MPOCTHIX YHMCEl,
Janee Mbl HalUIM OLEHKY 3HaueHHsl HauOOJbIIEro MpOCTOro 4yucia. Mbl Takke J0Ka3aliH, 4YTO
runote3a Xapau—JIUTiBy#Aa WMeEeT TIIOJIOKUTENIFHOE pelieHne. beckoHeyHo Maible 4Yucia
OIIPEeJIEIIAI0T HOBYIO METO0JIOTHIO IPUMEHEHHUS XOPOIIIO U3BECTHOH PYHKIIMU 0(X). MBI HCTIONB3yeM
O0eckoHeuyHO OoJjbliue M OECKOHEYHO Majble 4Yucia U JIMHEeHHyr ¢yHkuuioo h(x) = kx s
(bopMyIMpOBaHUs albTEPHATUBHOTO PACIIUPEHUS] MHOKECTBA e CTBUTEIIbHBIX YUCE].

Keywords: First Euclidian theorem, the prime numbers, infinity large number, Hardy—
Littlewood’s Hypothesis, the existence of maximal prime number, Mersenne’s prime numbers, the
extension of the real numbers set.
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runote3a Xapau—JIUTinByna, CymecTBOBaHHE HaMOONBIIETO0 IMPOCTOrO 4YHCiIa, MPOCTHIE YHUCIA
MepceHHe, paclIMpeHnue MHOKECTBA I€HCTBUTENBHBIX YUCEIL.
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1. The Main theorem of Arithmetic and the infinity of all prime numbers set

Greek mathematician Euclid, when he was as Professor of Alexandria University (roughly
300 BC), known and used the Main theorem of Arithmetic (Theorem 1) which was written with
modern wording in [1, Th. 1.1.1]:

Theorem 1. There exists for every integer positive number n the decomposition on the product
of the prime number—multipliers piai degrees:

_aq._a ag
nN=p;'p,” . D"

At the first, we formulate the First Euclidian theorem (Theorem 2) in new recent wording.

Theorem 2. The quantity of all prime numbers is not bounded with any positive number.

The proof of this basis Theorem is very simple [1, Th. 1.1.2]: Let the p be the last maximal
prime number by our supposition, then letn 2 2-3-5-...-p + 1. So the n is a new prime number.
Thus our assumption of a finiteness of prime numbers set contradicts to First Euclidian theorem. This
proof delights all scientific world more than two with half thousand years. However, the truth was
hided into an indefiniteness of the infinity notion. The authors of [1] write that starting from the most
elementary and ancient ideas associated with a set of prime numbers, everybody can quickly reach
the front edge of the modern scientific research [1, 1.1.3].

2. The sum of all prime numbers and Hardy-Littlewood’s Hypothesis

Let P be [1, 1.1.3] the set of all prime numbers p,, k € T € N. Let farther P(X)2 {py: px <
x > 1}. Now let m(x) £ |P(x)|, then lim,_ . m(x) = |P|, what is generally accepted. That is
obviously that the graph y = m(x) of function m(x) has a consecutive form and the function (x) is
a step—function with for all k m(py+1) — m(py) = 1. Let g(x) be a differentiable function which has
following complementary properties g(px) = m(py)- As it is well known [2, chap. 7.1] there exists
any subset AC = {(a)} of the set of Cauchy sequences everyone of them, at the first, does not limited
with any finite number and, secondly, holds the limit condition

lim(an+1 —an) = 0. 1)

Every Cauchy sequences (a) € AC converges by virtue of (1) to some corresponding infinite
large number (ILN(a)). Now let the set {ILN} = Q. In the same place [2, Example 7.2.2] it was shown
that

lim,_m(x) = m(x) £ 0, € N. 2

The number £, is the corresponding ILN (7r) and defines the | P|. It is obvious (o) = g(o) =
Q, too. At the second hand we can investigate the properties of differentiable convex
functions f: R, — R. The diagram Gr(f) of every that function f lies under its tangent T(f) in any
point M(x,f(x)). Right now we support that the derivative f'of the f is a monotone nonnegative

function with f'(0) = 0. That means so « £ lim d(Gr(f),T(f))=0 by virtue of the d(4,B)
X—00

|A — B|. Inthe others word, if T(x, Y (x)) € T(f),M(x,y) € Gr(f) wehave Y(x) —y = 0, thus a
lim (Y (x) — y)=0. At last we say that the tangent T(f) will be at x — oo as an asymptote to diagram
X—00

Gr(f) of the function f. In this case we can say: The differentiable convex functions f: R, — R at
x — oo and with f'(o0) = 0 defines some infinite large number ILN(f) as in [3, 7.2]. Now we write
f() 2 Q(f). Let, for example, the function f(x) be theln(x), then f (o) = Q(f) £ Q.. More we
can show that there exists such finite number k, 0 < k « 1, that the diagram Gr(h) of lineal function
h(x) = kx and diagram Gr(f) of the function f (x) = In(x) have unique common point L(x,, y,) with
Vo < g, Q.<h (:0) =0. About this case we write either
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&% 2 0\(2U R)or®U(RUR) £ ©.

Thus & N Q=@. Following to G. W. F. Hegel, the set & is said to be “foolish infinity”.
Farther we shall use an almost obvious statement (see Theorem 7.2.1 in [3])

Theorem 3. The unbounded differentiable in oo function f:R — R converges to
corresponding ILN Q(f) if and only if the function f has f'(c0) = 0.

Now using both the equalities (1), (2) and Theorem 3 we can prove that the defined above
function g(x) is a convex function at x — oo and has at least asymptotic character. Hence the function
m(x) has the convex character too at x — o. Therefore, we proved that Hardy-Littlewood’s
Hypothesis [1, 1.2.4] has the positive decision.

3. The infinite small numbers and function o(x)

Let the convex function f: R — R, as and above, be the function which tends to Q(f) at x — <.
Then the function w(x) £ 1/f(x) at x — oo tends to zero and we shall write by a definition

w 2 a(f) £ lim(FO)) ™ 3)

However, we have |a(f)| > 0 in (3) by virtue of (o) = Q(e) < o. Now the a(f) is said to
be infinite small number (ISN) which is defined by the function w(x). Yet let the set {ISN} £ w. Itis
obvious, that sign(Q(f))= sign(w(f)) and w’'(c0) = 0. The limiting condition (3) distinguishes
between the set of all infinite small numbers and a set of all infinite small in limit functions (ISLF)
h(x), which holds lim,_,, h(x) = 0 [4, cap. 1.1, it. 24]. The infinite large and infinite small numbers
are the new essences in the set of Real Numbers in contrast to the infinite small and infinite large in
limit variables which are the variables of specific characters only. However, we know that there exists
such ISLF n(x) at x = b which holds

limyp1'(x) = 1'(b) = 0. (4)

By virtue of (4) we have lim,_;, n(x) = n(b) £ w(n) with |w(n)|>0. For example, let the
function n(x) be n(x) 2 1/Ilnx,b £ «. Now we have n(b) = a(n) which is an ISN and a(n) =
1/Q(e) > 0. The use of well-known function ISLF = o(x) ([1, cap.1.1.4], [4, cap.2.3, it.60])
simplifies the proofs with the infinitesimals. In some cases, the either factorization or decomposition
into sum of ISLF, i. e. f(x) = h(x) - n(x) and, corresponding, f(x) = g(x) + A(x), there we have
n() € w and A(x) € w, inserts much more definiteness of arguments by virtue of A(w) - n(w) #
0, as it will be show in following item 4. For example, the authors of [1] Richard Crandall and Carl
Pomerance denoted the (x)/x [1. 1.1.4] by A(x)/x and named ,lcil?oA(x)/x 2 d as an asymptotic
density of the set A. Farther, they asserted that the set A has the zero asymptotic density by virtue of
the asymptotic equality m(x) = o(x). But, by virtue of [3, Example 7.2.2] we have
m(x)/x = 1/Ilnx + o(1/Ilnx) > 1/Inx and by virtue of (4) lim1/Inx = a(n) = 1/Q(e) € w,
and a(n)>0, as it was be shown above in this item again. Thus we have following

Conclusion: lim,_,, (m(x)/x) = limy_,(1/lnx) £ a(z)>0i.e. a(z) € w.

This result contradicts to w(x) = o(x).

4. The maximal prime number, Mersenne’s primes and some hypothesis

Further, let p(x) £ maxp){pi}, then the function z(p(x)) £ n(x)/p(x), x € R, determines

the relative density of the Prime numbers distribution at every point p(x). It is obviously by [4, 3.3.1]
and (2), 3)

z(p(x)) =2 z(x) =n(x)/x = 1/lnx +0o(1/Inx) > 1/Inx > 0 (5)
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Now following to Table 1.1 in the [1, 1.1.5] we have following new Table of some values
of function z(x):

Table.
SOME VALUES OF FUNCTION Z(X)

X 10% | 10° | 10* | 10° | 108 | 10'2 | 10 | 10% | 10 | 10" | 10%° | 10% | 10%* | 4x10%

10%z (x)| 2500 | 1681 | 1229 | 785 | 576 | 376 | 279 | 262 | 247 | 234 | 222 | 211 | 203 196

Now we have from Table that the function z(x) is monotone one and the velocity of function
z(x) decrease diminishes at the x growth with 0,25 > z(x) = 0,005. By our Table we write a
hypothetical equality z(x) = 1073a(x) at lim,_. a(x) = a, at a > 1. Thus we have following
approximate equality

p(x) = 103a(x)"! m(x). (6)

Let }(iénpk 2 po be the maximal prime number. It is obviously that we can write either
s

{Q(f1), Q(2)}: Q(f1) < Pmax < Qf2), OF Prax € Q. At last we have new Hypothesis — the
estimate of maximal prime number by virtue of (2), (6) in following form

Pmax = 103a™1- 0, at > 1. (7)

In general case the equality (7) contains three variables: p,,qx, Q7. a. If we know the properties
of function z(x) = 1073a(x) more exactly we can to know the values of the function m(x) at
corresponding prime number. So we have following estimate from (6)

m(x) = p(x)10~%a(x) (®)

In particular, it is well-known the prime numbers of Maren Mersenne (1588-1648) have the
following form: M, £ 29 — 1[1, 1.3.1]. The largest (2005) of all Mersenne’s prime numbers is equal
the p, = 225964951 — 1, What the index k has this p,? By the definitions of m(x) and p(x) we have
T(x)x=p, = k . Let by our new hypothesis

a(py) = 2-10.
Now we have from (8) k = (225964951 — 1) - 2+ 1072=(225964952) . 1072, Thus we have
|Plmax2016) = (225964952) . 1072,

5. An extension of the real numbers set

As it is accepted in an analysis {R, o0} 2 R. Let, as in the item 2, c0\(Q U R) £ &,

The contents of items 1-4 allow to make the following alternative extension of the real numbers
set R into R. At the first, we will consider a linear function h: R — R, determined by a formula h(x) =
kx,—1 < k < 1. Itis obvious in analysis that

Vxk=0=>h(x)=0andVk,0<k <1,x =00 = h(0) = 0.

Further we will designate a limit value h(o0) of function h by a symbol co;,0 < k < 1. Let
(o0) £ max{x,x € &}, then (o) = 00y ,—1 = 0. Letk 2 a,0 < a € w then we write

h(o0) =a -, £ 0, € 0. 9)

Thus linear function h: R — R defines the mapping
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w - N2h)cn. (10)

On the others hand the every ILN (f) defines by (3) any corresponding w 2 a(f). By virtue of
(3), (9) the right part of (10) cannot has the strong inclusion.

Thus, we have allocated from the volume of concept & the maximal elements +oo, and the set
{04, 0 < |k| < 1,k & w} of infinite elements as “foolish infinity”:

RUQU {{+x0,,0 <k <1,k ¢ w}U{+ o} 2 R.

From the logical point of view it is obvious that R = R. At the third, our future readers will be
to have some questions. Here we give our answers to two of them.

1) The sets (0,1), and R\ (R U Q) are not bijective sets, by virtue of the Euclid Axiom 8-th.

2) Euclid has proved the inequality N Q # @. Our answer is, of course: “It is very possible,
perhaps”.

Reference:

1. Crandall R., Pomerance C. Prime numbers. A Computation Perspective: Second Edition.
Springer, 2005. 663 p.

2. Sukhotin A. M. Higher Mathematics principle. Text-book, Second Edition. Tomsk: TPU
Press, 2004. 147 p. (In Russian).

3. Sukhotin A. M. Alternative Higher Mathematics principle. An Alternative Analysis: Basis,
methodology, theory and some applications. Saarbrucken: LAP Lambert Academic Publishing
GmbH&Co. KG. 2011. 176 p. (In Russian).

4. Gelfand A. O., Linnik Yu. V. Elementary Methods in the analytical theory of numbers.
Moscow: Phyzmathgyz, 1962. 272 p. (In Russian).

Chnucox tumepamypul.

1. Crandall R., Pomerance C. Prime numbers. A Computation Perspective: Second Edition.
Springer, 2005. 663 p.

2. CyxotuH A. M. Hauaino BeicIIeil MaTeMaTUKH: y4e0. TOCOOHE ISl CTY/. Te€X. BY30B; 2-€ U3/I.,
nepepab. u gon. Tomck: U3n—Bo Tom. monutex. yHTa, 2004. 147 c.

3. Cyxotun A. M. AbTepHaTHBHOE HA4aJIO BHICIICH MaTeMaTHKH. AJbTEPHATUBHBINA aHAIU3:
000CHOBaHHE, METOIOJIOTHs, TEOpHs M HEKoTopble mpuiokenus. Saarbrucken: LAP Lambert
Academic Publishing, 2011. 176 c. Pexum JoCTyTa! https://www.lap-
publishing.com/catalog/details/store/es/book/978-3-8465-0875-6/ AnsTepHaTHBHOE-HAYAIO-
BhICIICH-MaTeMaTrku (nata oopaienus 26.09.2016).

4. T'enpdang A. O., Jlunauk 0. B. DnemeHTapHble METO/IbI B aHAIMTHUECKOW TEOPUHU YHCEN.
M: ®usmarrus, 1962. 272 c.

Pa6oma nocmynuna Tpunsma x nyboauxayuu
6 pedaxyuio 16.09.2016 2. 19.09.2016 .

14


http://www.bulletennauki.com/

