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1 Introduction and Preliminaries

It is a well-known fact that the mathematical results regarding fixed points of contraction type mappings
are very useful for determining the existence and uniqeness of solutions to various mathematical models.

Azam et al.[1] introduced the notion of a complex valued metric space which is a generalization of the
classical metric space and obtained sufficent conditions for the existence of common fixed points of a pair
of mappings satisfying a rational contractive condition.Later several authors proved fixed and common
fixed point theorems in complex valued metric spaces ,for example, refer to [2,3,4,6,9,10,13,15,16,18,25].
Recently some authors,for example[5,12,14,19,21,22,23],obtained coupled and common coupled fixed point
theorems for a pair of mappings in complex valued metric spaces.

In this paper,we prove a unique common coupled fixed point theorem for two pairs of mappings
satisfying a contractive condition of rational type in the frame work of complex valued b-metric spaces
using property(E.A.).

To begin, we recall some basic definitions, notations and results.
Throughout this paper R , R+ , N and C denote the set of all real numbers, non-negative real

numbers , positive integers and complex numbers respectively.First we refer to the following preliminaries.
Let z1, z2 ∈ C. Define a partial order- on C as follows: z1 - z2 if and only ifRe(z1) ≤ Re(z2), Im(z1) ≤

Im(z2). Thus z1 - z2 if one of the following holds:

(1)Re(z1) = Re(z2) and Im(z1) = Im(z2),
(2)Re(z1) < Re(z2) and Im(z1) = Im(z2),
(3)Re(z1) = Re(z2) and Im(z1) < Im(z2),
(4)Re(z1) < Re(z2) and Im(z1) < Im(z2).

Clearly z1 - z2 ⇒ |z1| ≤ |z2|.

Definition 1.1 ([1]) Let X be a non empty set. A function d : X ×X → C is called a complex valued
metric on X if for all x, y, z ∈ X the following conditions are satisfied:
(i) 0 - d(x, y) and d(x, y) = 0 if and only if x = y;
(ii) d(x, y) = d(y, x);
(iii) d(x, y) - d(x, z) + d(z, y).
The pair (X, d)is called a complex valued metric space.

Now, we briefly review the notation about complex valued b-metric spaces.
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Definition 1.2 ([7]) Let X be a non empty set and s ≥ 1. A function d : X ×X → C is called a complex
valued b- metric on X if for all x, y, z ∈ X the following conditions are satisfied:
(i) 0 - d(x, y) and d(x, y) = 0 if and only if x = y;
(ii) d(x, y) = d(y, x);
(iii) d(x, y) - s [d(x, z) + d(z, y)] .
The pair (X, d)is called a complex valued b- metric space.

Remark 1.3 Let (X, d) be a complex valued b-metric space with s ≥ 1. Then
(i)|d(x, y)| or |d(u, v)| < |1 + s d(x, y) + s d(u, v)| ,∀x, y, u, v ∈ X.
(ii) If x 6= y then |d(x, y)| > 0.
(iii) For 0 ≤ k < 1 and z, w ∈ C , if |z| ≤ k |w| and |w| ≤ k |z| then z = w = 0.

Definition 1.4 ([7]) Let (X, d) be a complex valued b-metric space.

(i) A point x ∈ X is called an interior point of a set A ⊆ X whenever there exists 0 ≺ r ∈ C such that
B(x, r) = {y ∈ X : d(x, y) ≺ r} ⊆ A.

(ii) A point x ∈ X is called a limit point of a set A ⊆ X whenever there exists 0 ≺ r ∈ C such that
B(x, r) ∩ (X −A) 6= φ.

(iii) A subset B ⊆ X is called open whenever each point of B is an interior point of B.
(iv) A subset B ⊆ X is called closed whenever each limit point of B is in B.
(v) The family F = {B(x, r) : x ∈ X and 0 ≺ r} is a sub basis for a topology on X. We denote this

complex topology by τc. Indeed, the topology τc is Hausdorff.

Let {xn} be a sequence in X and x ∈ X.If for every c ∈ C with 0 � c there is n0 ∈ N such that
for all n > n0, d(xn, x) ≺ c,then {xn} is said to be convergent to x and x is the limit point of {xn}.We
denote this by lim

n→∞
xn = x or xn → x as n→∞. If for every c ∈ C with 0 ≺ c there is n0 ∈ N such that

for all n > n0, d(xn, xn+m) ≺ c, where m ∈ N ,then {xn} is called a Cauchy sequence in (X, d). If every
Cauchy sequence is convergent in (X, d) then (X, d) is called a complete complex valued b-metric space.
We require the following lemmas.

Lemma 1.5 ([7]) Let (X, d) be a complex valued b-metric space and let {xn} be a sequence in X.Then
{xn} converges to x if and only if |d(xn, x)| → 0 as n→∞.

Lemma 1.6 ([7]) Let (X, d) be a complex valued b-metric space and let {xn} be a sequence in X.Then
{xn} is a Cauchy sequence if and only if
|d(xn, xn+m)| → 0 as n,m→∞.

One can easily prove the following lemma

Lemma 1.7 Let (X, d) be a complex valued b-metric space and let {xn} and {yn} be sequences in X
converging to x and y respectively. Then
(i) 1

s |d(x, z)| ≤ lim
n→∞

|d(xn, z)| ≤ s |d(x, z)| for all z ∈ X,
(ii) 1

s2 |d(x, y)| ≤ lim
n→∞

|d(xn, yn)| ≤ s2 |d(x, y)|.

Recently Bhaskar and Lakshmikantham [20] introduced the concept of coupled fixed point and
discussed some problems of the uniqueness of a coupled fixed point and applied their results to the
problems of the existence and uniqueness of a solution for the periodic boundary value problems. Later
Lakshmikantham and Ciric [24] proved some coupled coincidence and coupled common fixed point results
in partially ordered metric spaces.

Definition 1.8 Let X be a non empty set and F : X ×X → X and S : X → X.
(i)([24]) An element (x, y) ∈ X × X is called a common coupled fixed point of mappings F and S if
x = Sx = F (x, y) and y = Sy = F (y, x) .
(ii)([8]) The pair (F, S) is called w-compatible if S(F (x, y)) = F (Sx, Sy) and S(F (y, x)) = F (Sy, Sx),
whenever Sx = F (x, y) and Sy = F (y, x).
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Verma and Pathak [17]defined property(E.A.),like[11]in complex valued metric spaces as follows.

Definition 1.9 ([17]) Let A,S : X → X be two self-maps of a complex-valued metric space (X, d). The
pair (A,S) is said to satisfy property (E.A), if there exists a sequence {xn} in X such that lim

n→∞
Axn =

lim
n→∞

Sxn = t for some t ∈ X.

In this paper, we define property(E.A.) for two mappings F : X ×X → X and S : X → X as follows
in complex valued metric spaces.

Definition 1.10 Let X be a nonempty set and F : X ×X → X and S : X → X be two mappings.Then
the pair (F, S) is said to satisfy property(E.A.) if there exist sequences {xn} and {yn} in X such that for
some t, t′ ∈ X,we have lim

n→∞
F (xn, yn) = lim

n→∞
Sxn = t and lim

n→∞
F (yn, xn) = lim

n→∞
Syn = t′ .

2 Main Result

Theorem 2.1 Let (X, d) be a complex valued b-metric space with s ≥ 1. Let F,G : X ×X → X and
S, T : X → X be mappings satisfying the following :

(2.1.1)
s3 d(F (x, y), G(u, v))

- a1 d(Sx, Tu) + a2 d(Sy, Tv) + a3 d(Sx, F (x, y))
+a4 d(Sy, F (y, x)) + a5 d(Tu,G(u, v)) + a6 d(Tv,G(v, u))

+a7d(Sx,G(u, v)) + a8d(Sy,G(v, u)) + a9d(Tu, F (x, y)) + a10d(Tv, F (y, x))
+a11

d(Sx,F (x,y)) d(Tu,G(u,v))
1+s d(Sx,Tu)+s d(Sy,Tv) + a12

d(Tu,F (x,y)) d(Sx,G(u,v))
1+s d(Sx,Tu)+s d(Sy,Tv)

for all x, y, u, v ∈ X, where ai,i = 1, 2, ....., 12 are non-negative real numbers such that
12∑
i=1

ai <
1
s .

(2.1.2) The pairs (F, S) and (G,T ) are w-compatible.
(2.1.3)(a) The pair (F, S) satisfies property(E.A.),F (X ×X) ⊆ T (X) and S(X) is a closed sub space of

X.
(or)

(2.1.3)(b) The pair (G,T ) satisfies property(E.A.),G(X ×X) ⊆ S(X) and T (X) is a closed sub space of
X.

Then F,G, S and T have a unique common coupled fixed point.

Proof. Suppose (2.1.3)(a) holds.
Then there exist sequences {xn} and {yn} in X such that lim

n→∞
F (xn, yn) = lim

n→∞
Sxn = t and

lim
n→∞

F (yn, xn) = lim
n→∞

Syn = t′ for some t and t′ in X.
Since F (X ×X) ⊆ T (X), there exist sequences {zn} and {wn} in X such that F (xn, yn) = Tzn → t and
F (yn, xn) = Twn → t′ as n→∞.
Consider

s |d(t, G(zn, wn))|
≤ s2 |d(t, F (xn, yn))|+ s2 |d(F (xn, yn), G(zn, wn))|
≤ s2 |d(t, F (xn, yn))|+ s3 |d(F (xn, yn), G(zn, wn))| , since s ≥ 1
≤ s2 |d(t, F (xn, yn))|+ a1 |d(Sxn, T zn)|+ a2 |d(Syn, Twn)|

+a3 |d(Sxn, F (xn, yn))|+ a4 |d(Syn, F (yn, xn))|+ a5 |d(Tzn, G(zn, wn))|
+a6 |d(Twn, G(wn, zn))|+ a7 |d(Sxn, G(zn, wn))|+ a8 |d(Syn, G(wn, zn))|
+a9 |d(Tzn, F (xn, yn))|+ a10 |d(Twn, F (yn, xn))|
+a11

|d(Sxn,F (xn,yn))| |d(Tzn,G(zn,wn))|
|1+sd(Sxn,Tzn)+sd(Syn,Twn)|

+a12
|d(Sxn,G(zn,wn))| |d(Tzn,F (xn,yn))|
|1+sd(Sxn,Tzn)+sd(Syn,Twn)| .
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Letting n→∞ and using Lemma 1.7, we get

s lim
n→∞

|d(t, G(zn, wn))| ≤ s2(0) + a1(0) + a2(0) + a3(0) + a4(0) + a5s lim
n→∞

|d(t, G(zn, wn))|
+a6s lim

n→∞
|d(t′, G(wn, zn))|+ a7s lim

n→∞
|d(t, G(zn, wn))|

+a8s lim
n→∞

|d(t′, G(wn, zn))|+ a9(0) + a10(0) + a11(0) + a12(0)
= (a5 + a7)s lim

n→∞
|d(t, G(zn, wn))|+ (a6 + a8)s lim

n→∞
|d(t′, G(wn, zn))|

Thus
lim
n→∞

|d(t, G(zn, wn))| ≤ a6 + a8

1− a5 − a7
lim
n→∞

|d(t′, G(wn, zn))| .

Similarly, we can show that

lim
n→∞

|d(t′, G(wn, zn))| ≤ a6 + a8

1− a5 − a7
lim
n→∞

|d(t, G(zn, wn))| .

Hence lim
n→∞

|d(t, G(zn, wn))| = 0 = lim
n→∞

|d(t′, G(wn, zn))|.
Thus G(zn, wn)→ t and G(wn, zn)→ t′ , by Lemma 1.5 .
Since S(X) is a closed sub space of X, there exist u, v ∈ X such that
lim
n→∞

Sxn = t = Su and lim
n→∞

Syn = t′ = Sv.
Using(2.1.1) and Lemma 1.7, we have

s |d(F (u, v), Su)| = s2 1
s |d(F (u, v), Su)|

≤ s3 lim
n→∞

|d(F (u, v), G(zn, wn))| , since s ≥ 1

≤ lim
n→∞


a1 |d(Su, Tzn)|+ a2 |d(Sv, Twn)|+ a3 |d(Su, F (u, v))|+ a4 |d(Sv, F (v, u))|
+a5 |d(Tzn, G(zn, wn))|+ a6 |d(Twn, G(wn, zn))|+ a7 |d(Su,G(zn, wn))|
+a8 |d(Sv,G(wn, zn))|+ a9 |d(Tzn, F (u, v))|+ a10 |d(Twn, F (v, u))|
+a11

|d(Su,F (u,v))| |d(Tzn,G(zn,wn))|
|1+sd(Su,Tzn)+sd(Sv,Twn)| + a12

|d(Su,G(zn,wn))| |d(Tzn,F (u,v))|
|1+sd(Su,Tzn)+sd(Sv,Twn)|


≤ a3 |d(Su, F (u, v))|+ a4 |d(Sv, F (v, u))|+ a9s |d(Su, F (u, v))|+ a10s |d(Sv, F (v, u))|
≤ s(a3 + a9) |d(Su, F (u, v))|+ s(a4 + a10) |d(Sv, F (v, u))| , since s ≥ 1

Thus |d(F (u, v), Su)| ≤ (a4+a10)
1−a3−a9

|d(Sv, F (v, u))|.
Similarly, we can show that |d(F (v, u), Sv)| ≤ (a4+a10)

1−a3−a9
|d(Su, F (u, v))|. Hence F (u, v) = Su = t and

F (v, u) = Sv = t′.....(1)
Since (F, S) is w-compatible, we have F (t, t′) = St and F (t′, t) = St′.....(2)
Since F (X ×X) ⊆ T (X), there exist α, β ∈ X such that t = F (u, v) = Tα and t′ = F (v, u) = Tβ.

d(t, G(α, β)) ≤ s3d(F (u, v), G(α, β))
≤ a1d(Su, Tα) + a2d(Sv, Tβ) + a3d(Su, F (u, v)) + a4d(Sv, F (v, u))

+a5d(Tα,G(α, β)) + a6d(Tβ,G(β, α)) + a7d(Su,G(α, β))
+a8d(Sv,G(β, α)) + a9d(Tα, F (u, v)) + a10d(Tβ, F (v, u))
+a11

d(Su,F (u,v)) d(Tα,G(α,β))
1+sd(Su,Tα)+sd(Sv,Tβ) + a12

d(Tα,F (u,v)) d(Su,G(α,β))
1+sd(Su,Tα)+sd(Sv,Tβ)

= a5d(t, G(α, β)) + a6d(t′, G(β, α)) + a7d(t, G(α, β)) + a8d(t′, G(β, α))
= (a5 + a7)d(t, G(α, β)) + (a6 + a8)d(t′, G(β, α)).

Thus |d(t, G(α, β))| ≤ a6+a8
1−a5−a7

|d(t′, G(β, α))|.
Similarly, we can show that |d(t′, G(β, α))| ≤ a6+a8

1−a5−a7
|d(t, G(α, β))|.

Hence G(α, β) = t = Tα and G(β, α) = t′ = Tβ.
Since (G,T ) is w-compatible, we have G(t, t′) = Tt and G(t′, t) = Tt′....(3)
Consider

1 + d(St, t) + d(St′, t′)
- 1 + sd(St, Tzn) + sd(Tzn, t) + sd(St′, Twn) + sd(Twn, t′)

|1 + d(St, t) + d(St′, t′)|
≤ |1 + sd(St, Tzn) + sd(St′, Twn)|+ s |d(Tzn, t)|+ s |d(Twn, t′)| .
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Letting n→∞ and using Lemma 1.5, we get

|1 + d(St, t) + d(St′, t′)| ≤ lim
n→∞

|1 + sd(St, Tzn) + sd(St′, Twn)| .......(4)

From(2.1.1) and using Lemma 1.7, we get

s2 |d(St, t)| = s3 1
s |d(F (t, t′), t)| ≤ s3 lim

n→∞
|d(F (t, t′), G(zn, wn))|

≤ lim
n→∞


a1 |d(St, Tzn)|+ a2 |d(St′, Twn)|+ a3 |d(St, F (t, t′))|+ a4 |d(St′, F (t′, t))|
+a5 |d(Tzn, G(zn, wn))|+ a6 |d(Twn, G(wn, zn))|+ a7 |d(St,G(zn, wn))|
+a8 |d(St′, G(wn, zn))|+ a9 |d(Tzn, F (t, t′))|+ a10 |d(Twn, F (t′, t))|+
a11
|d(St,F (t,t′))| |d(Tzn,G(zn,wn))|
|1+sd(St,Tzn)+sd(St′,Twn)| + a12

|d(St,G(zn,wn)))| |d(Tzn,F (t,t′))|
|1+sd(St,Tzn)+sd(St′,Twn)|


≤ a1s |d(St, t)|+ a2s |d(St′, t′)|+ a7s |d(St, t)|+ a8s |d(St′, t′)|+ a9s |d(St, t)|

+a10s |d(St′, t′)|+ a12
s|d(St,t)| s|d(St,t)|
|1+d(St,t)+d(St′,t′)|

≤ (a1 + a7 + a9 + a12)s2 |d(St, t)|+ (a2 + a8 + a10)s2 |d(St′, t′)| .

Thus |d(St, t)| ≤ a2+a8+a10
1−a1−a7−a9−a12

|d(St′, t′)|.
Similarly, we can show that |d(St′, t′)| ≤ a2+a8+a10

1−a1−a7−a9−a12
|d(St, t)| .

Hence St = t and St′ = t′.Thus from (2),
F (t, t′) = St = t and F (t′, t) = St′ = t′.....(5)
Similarly, consider

s2 |d(t, T t)| = s3 1
s |d(t, G(t, t′))| ≤ s3 lim

n→∞
|d(F (xn, yn), G(t, t′))|

≤ lim
n→∞


a1 |d(Sxn, T t)|+ a2 |d(Syn, T t′)|+ a3 |d(Sxn, F (xn, yn))|+ a4 |d(Syn, F (yn, xn))|
+a5 |d(Tt,G(t, t′))|+ a6 |d(Tt′, G(t′, t))|+ a7 |d(Sxn, G(t, t′))|
+a8 |d(Syn, G(t′, t))|+ a9 |d(Tt, F (xn, yn))|+ a10 |d(Tt′, F (yn, xn))|+
a11
|d(Sxn,F (xn,yn))| |d(Tt,G(t,t′))|
|1+sd(Sxn,T t)+sd(Syn,T t′)| + a12

|d(Sxn,G(t,t′)))| |d(Tt,F (xn,yn))|
|1+sd(Sxn,T t)+sd(Syn,T t′)|


≤ a1s |d(t, T t)|+ a2s |d(t′, T t′)|+ a7s |d(t, T t)|+ a8s |d(t′, T t′)|+ a9s |d(t, T t)|

+a10s |d(t′, T t′)|+ a12
s|d(t,T t)| s|d(t,T t)|
|1+d(t,T t)+d(t′,T t′)|

≤ (a1 + a7 + a9 + a12)s2 |d(t, T t)|+ (a2 + a8 + a10)s2 |d(t′, T t′)| .

Thus |d(t, T t)| ≤ a2+a8+a10
1−a1−a7−a9−a12

|d(t′, T t′)|.
Similarly, we can show that |d(t′, T t′)| ≤ a2+a8+a10

1−a1−a7−a9−a12
|d(t, T t)| .

Hence Tt = t and Tt′ = t′.Thus from (3),
G(t, t′) = Tt = t and G(t′, t) = Tt′ = t′....(6)
From (5) and (6),it follows that (t, t′) is a common coupled fixed point of F,G, S and T .Uniqueness of
common coupled fixed point follows easily from (2.1.1). Similarly, we can prove the theorem whenever
(2.1.3)(b) holds.

Now we give an example to illustrate Theorem 2.1
Example 2.2 Let X = [0, 1] and d(x, y) = i |x− y|2 , ∀ x, y ∈ X. Then s = 2.
Define F,G : X ×X → X by F (x, y) = x2+y2

12 and G(x, y) = x+y
24 and S, T : X → X by Sx = x2 and

Tx = x
2 .

ThenF (X ×X) = [0, 1
6 ] ⊆ [0, 1

2 ] = T (X) and T (X) is a closed subspace of X.
Let xn = 1

n , yn = 1√
n
∈ X.Then

lim
n→∞

F (xn, yn) = lim
n→∞

Sxn = lim
n→∞

F (yn, xn) = lim
n→∞

Syn = 0.Thus (2.1.3)(a) holds. Clearly the pairs
(F, S) and (G,T ) are w-compatible. Now consider

s3d(F (x, y), G(u, v))
= 8i

∣∣∣x2+y2

12 − u+v
24

∣∣∣2
= 8

576 i
∣∣2x2 − u+ 2y2 − v

∣∣2
≤ 1

72 2i[
∣∣2x2 − u

∣∣2 +
∣∣2y2 − v

∣∣2]
= i

9 [
∣∣x2 − u

2
∣∣2 +

∣∣y2 − v
2
∣∣2]

= 1
9 [d(Sx, Tu) + d(Sy, Tv)]
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Thus (2.1.1) is satisfied with a1 = a2 = 1
9 and ai = 0 for i = 3, 4, ...., 12. Thus all the conditions of

Theorem 2.1 are satisfied and (0, 0) is the unique common coupled fixed point of F,G, S and T .

If s = 1 in Theorem 2.1, we have the following corollary.

Corollary 2.3 . Let (X, d) be a complex valued metric space. Let F,G : X ×X → X and S, T : X → X
be mappings satisfying the following :

(2.3.1)
d(F (x, y), G(u, v))

- a1 d(Sx, Tu) + a2 d(Sy, Tv) + a3 d(Sx, F (x, y))
+a4 d(Sy, F (y, x)) + a5 d(Tu,G(u, v)) + a6 d(Tv,G(v, u))

+a7d(Sx,G(u, v)) + a8d(Sy,G(v, u)) + a9d(Tu, F (x, y)) + a10d(Tv, F (y, x))
+a11

d(Sx,F (x,y)) d(Tu,G(u,v))
1+d(Sx,Tu)+d(Sy,Tv) + a12

d(Tu,F (x,y)) d(Sx,G(u,v))
1+d(Sx,Tu)+d(Sy,Tv)

for all x, y, u, v ∈ X, where ai,i = 1, 2, ....., 12 are non-negative real numbers such that
12∑
i=1

ai < 1.

(2.3.2) The pairs (F, S) and (G,T ) are w-compatible.
(2.3.3)(a) The pair (F, S) satisfies property(E.A.),F (X ×X) ⊆ T (X) and S(X) is a closed sub space of

X.
(or)

(2.3.3)(b) The pair (G,T ) satisfies property(E.A.),G(X ×X) ⊆ S(X) and T (X) is a closed sub space of
X.

Then F,G, S and T have a unique common coupled fixed point.
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