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ABSTRACT

Flood forecasting can be predicted numerically by the solution of 1D (One-Dimensional) unsteady

diffusive wave equation. This research paper presents the development of a Finite Element Model for

flood routing using diffusive wave equation with and without lateral inflow/outflow. The model is

based on two-step semi—implicit Taylor-Galerkin technique. The accuracy of the model has been

verified by comparing computed results with available solution of the diffusive wave problems

available in open literature. Numerical results demonstrate that the technique is an efficient and

accurate tool to simulate diffusive wave equation for outflow hydrograph for temporal variation of

lateral inflow and outflow.
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1. INTRODUCTION

to urbanization and growth of population. Pakistan

has a long history of flooding from the Indus
River and its tributaries due to heavy rainfall mostly
occur in the monsoon season (July-September). Due to
high floods, loss of human lives, crops and livestock,
damages of infrastructures and extensive erosion caused.

The occurrence of floods globally has increased due

The successful research study of any river depends upon
the data availability and the tools for its analysis. The best
tool to forecast the flood is the use of flood routing
technique.

The flood advances in flood analysis include, the solution
of the practical problem in the form of probabilistic
design value for the engineering structures such as levees,
reservoirs, spillways etc.

the behavior of the catchment system, understanding the
flood phenomena itself through basic research on the
rainfall-runoff process and; the development of forecast

One-Dimensional, Finite Element Model, Flood Routing, Lateral Inflow and Outflow,

models for the flood warning systems [1]. Out of above
advances, there is still room for research to be conducted
on the last theme, through developing an efficient and
accurate numerical model for unsteady flow in order to
forecast the flood-warning program.

The one-dimensional, fixed bed water surface profile and
steady state are computed as river hydraulic studies. The
Flood management plan and flood control research study
may need of some consideration of unsteady flow, mobile
boundary that can change with time and flow and multi-
dimensional characteristics to perform the required
studies properly [1].

1D numerical models have extensively been used to
compute unsteady free surface flows of tidal oscillating
and flows produced by the operation of control structures,
the first attempt was made by [2]. Since then, a variety of
numerical techniques have been used to solve shallow
water wave equations [3-4].
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The finite volume has not presented on a frictionless bed
for exact solution for a dam break flood. The realistic
case involving a rough bed was addressed by a numbers
authors but only approximate solution was developed to
date. A non-uniform velocity distribution in the vertical
direction leads to numerical difficulties but self-similar
solution can still be obtained current with variables
inflow [5].

The FDM (Finite Difference Method) is simple and
requires less computation for simple problems. FDM
proves complicated and less accurate owing to its
inflexibility to deal with requisite complex geometrical
specification of problems [6-7].

The FEM was applied for solving individual channels and
a double sweep method used to save computing time for
computation two channel networks by [8]; the obtained
results by FEM was very close to those provided by the
widely applied Preissmann scheme, showing that FEM is
an accurate method to model flows in open channels [8].

In most of numerical models, the FDM has been used due
to the fact that the FDM requires using small space and
time steps, but which decreases its efficiency. On the
contrary, the finite element method is not only accurate
and efficient method but also flexible in handling general
shapes of domain and boundary conditions, which is vital
for fluid dynamic problems that often require the
calculation of flows in complex geometrical phenomenon
[9-10].

The diffusive wave equation describes both convection
and diffusion terms depend on two parameters, celerity
and diffusivity, which are functions of the discharge. The
resolution of this equation depends also on initial
conditions, the input hydrograph, the lateral
inflow/outflow hydrographs and geometric characteristics
of the channel [11].

The Taylor-Galerkin scheme generates an accurate time-
marching technique in accordance with high spatial
resolution, which results from a Galerkin approximation
[12]. Therefore, in this research, the FEM using two-step
predictor-corrector Taylor-Galerkin scheme is used to
develop 1D numerical model for the computation of flood
routing at the downstream. The developed model is
validated through comparing discharge values (outflow
hydrograph) with the analytical solution and available
numerical predictions of [11].

2. GOVERNING EQUATIONS

Neglecting the local inertia and momentum source terms
in the equation of motion in Saint-Venant system, [13-15]
leading in the following equation for stream flow and
overland flow for the diffusive wave model.

2
20 -_c 20 +D8 0
dt dx ox?
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(1)

Where Q is Discharge, C is Wave celerity, D is
Diffusivity, q is Lateral flow, t is time and x is Flow
direction.

2.1 Non-Dimensionalization

For convenience, the governing system of equation is cast
into following non-dimensional forms: space and time
« Cx , . 2t

th=—
D D

X
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Where Q,is Initial discharge lateral flow
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putting above non-dimensional parameters in Equation
(1), we get:
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dropping the asterisks for simplicity and brevity, the
Equation (2) can be written as:

2
w__w v, ®
ot ox  ox’

Where additionally, Q* is non-dimensionalized value of
Q, g* is non-dimenisonalized value of q, t* is non-
dimenisonalized value of t, and x* 1is non-
dimenisonalized value of x,

2.2 Wave Celerity

A wave is a deviation in a flow, such as a fluctuation in
flow rate or water surface elevation, and wave celerity is
velocity which develops variation travels along with the
channel. It depends on the type of wave being considered
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and may be quite different from the water velocity. The
kinematic wave celerity can be expressed in terms of
depth Y as under:

Celerity (C) = 1d0Q 4)
BdY

Where B is Width of the channel and Y is Depth of water.

2.3  Diffusion Coefficient or Diffusivity

The diffusion coefficient includes the combined effects of
molecular diffusion turbulent mixing, and the rise and fall
of a flood occurs much more slowly than many other
types of unsteady flow changes. It is an important
parameter known to govern the 1D flow in streams. It is
necessary to estimate the diffusion coefficient of flow in
streams and channels, which has been of concern to
hydrologists, civil engineers and environmental scientists
for the last five decades. As a result, a considerable
research has been applied to its conceptual and analytical
modeling by different researchers. However, the most
appropriate and accurate proposed method for
determination of diffusion coefficient for some mighty
rivers presented by [16] have recommended following
formula.

0.0580
BS

Diffusion Coefficient =D= (5)

where, S is Longitudinal bed slope.
3. NUMERICAL SCHEME

In the proposed finite element scheme two-step Lax-
Wendroff predictor-corrector technique has been adopted.
The choice of numerical scheme is rest on the accuracy,
efficiency and stability of the scheme. Literature shows
that in an explicit scheme the basic difficulty arrives
when using large time steps (At) which leads to use the
alternate approach i.e. semi-implicit scheme. Semi-
implicit scheme allows calculations to be performed with
the large time-steps, which enhance the numerical
stability and efficiency [9-10, 17]. The finite element
scheme is described in following two steps:

Step 1: Predict the discharge Q at half time step
(n+1/2) level using following Equation (6).

(%*s?j[QQJ ~(N(©)+D So)Q;" +M q,"+b1. (6)

Step-2: Using the above information, correct the second
order accurate Q at full time (n+1) level using
following Equation (7).

M SQ n+l n n-Fl n rHJ
(A—t+7j(Q/ ~0/')==N()Q">-D S 0"+ M, 3+b. (7)

where,

M = I(%-(D ,dQ = MassMatrix
Q

N(C) = I%{pi(pjdﬁ = Non— Linear Convective Matrix
Q

S~ E[ [aa_(j %}m = Diffusive Matrix

b.t = boundary terms
4. PROBLEM SPECIFICATION

A channel having its reach length (L) of 30 units was
used for this study. At the upstream, the prescribed inflow
hydrograph is the function of parameter of form of
Hayami function z, time t, Kernal function 6, and base
flow Q, as under:

Upstream Inflow Q =f (z, t, 6, Q) @®)

Where, z = a form parameter and 0 = time that represents
the centre of gravity of hydrograph. For this problem, the
upstream boundary condition is described by the
following Equation (9):

X [
exp|:z (2 —? —Z—H ) ©)

where, non-dimensional form parameter z*=2, non-
dimensional Kernel function 6°=30, and non-dimensional
base flow Q, = 0.005

0'0.:)=

Following three cases have been used for the computation
of outflow hydrographs:

Case-1: Inflow Hydrograph without Lateral Flow

q =0 (Fig. 1).
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Case-2: Inflow Hydrograph with Lateral Inflow

q =04 (Q - Q)L (Fig. 2).

Case-3: Inflow Hydrograph with Lateral Outflow q = -
0.4 (Q - Q, )L’ (Fig.3).

S. RESULTS AND DISCUSSION

Above three test cases are computed using FEM
described in Equations (6-7) applying upstream boundary
condition given in Equation (9). The predicted outflow
hydrographs are compared with available outflow
hydrograph given in [11] and are discussed as under:

5.1 Case-1: Inflow Hydrograph without
Lateral inflow q" = 0

The outflow hydrograph predicted using the proposed
finite element model given in Fig. 4(a) shows good
agreement when compared with analytical solution and
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FIG. 1. CASE-1: INFLOW HYDROGRAPH WITHOUT LATERAL INFLOW Q* = 0
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FIG. 2. CASE-2: INFLOW HYDROGRAPH WITH LATERAL
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FIG. 3. CASE-3: INFLOW HYDROGRAPH WITH LATERAL
OUTFLOW Q% = - 0.4 (Q" - 05 /L

outflow hydrograph given in Fig. 4(b) computed using
finite difference method by Moussa and Bocquillon [11].
During computation, it is observed that the proposed
model is stable and accurate.

The present model has been tested with various time steps
(At) of 0.1, 0.5 and 1.0 and element sizes (Ax) of 0.5 and
1.0. Tt has been observed that the numerical scheme
predict the accurate results even increasing both At and
Ax to 1.0. This show that with such increased time step
(At) and element size (Ax) reduce the computation cost;
Hence, the efficiency of the model is increased.

5.2 Case-2: Inflow Hydrograph with
Lateral Inflow

For this case outflow hydrograph was computed with the
lateral inflow [q*=0.4 (Q-Qb)/L] described in Fig. 5(a)
which is compared with that of [11] and analytical
solution given in Fig. 5(b). This comparison shows good
resolution between them.

Case-3: Inflow Hydrograph with
Lateral Outflow q" = - 0.4 (Q"-Q,, )/L

5.3

In this case, the data of inflow hydrograph and lateral
outflow hydrograph of [11] are used in proposed FEM
and predicted the outflow hydrograph. The predicted
outflow hydrograph in Fig. 6(a) is compared with that of
Moussa and Bocquillon [11] described in Fig. 6(b) their
comparison shows a nice agreement of simulation
between them.
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(a) OUTFLOW HYDROGRAPH PREDICTED BY PROPOSED
FINITE ELEMENT MODEL
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o
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S
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(b) OUTFLOW HYDROGRAPH BY FDM [11] AND ANALYTICAL SOLUTION

FIG. 4. COMPARISON OF PRESENTED FE MODEL WITH
ANALYTICAL SOLUTION AND FDM OF [11]
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On the whole, it is concluded that the FEM developed
model is efficient and accurate for predicting outflow
hydrograph not only for given inflow hydrographs but
also for lateral inflow and outflow. This developed FEM
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(a) PREDICTED OUTFLOW HYDROGRAPH WITH LATERAL INFLOW
FOR THE PRESENT STUDY
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(b) OUTFLOW HYDROGRAPH WITH LATERAL INFLOW [11] AND
ANALYTICAL SOLUTION

FIG. 5. COMPARISON OF PRESENT MODEL WITH ANALYTICAL
SOLUTION AND FDM [11]

6. CONCLUSIONS

The developed FEM using two-step predictor-corrector
Taylor-Galerkin scheme has been applied for the
prediction of flood routing. The model shows stability,
accuracy and efficiency for the solution of diffusive wave
equation with and without lateral inflow/ outflow.

The validation of accuracy of this model was made
through comparing the numerical prediction against the
analytical solution and numerical results of Moussa and
Bocquillon for all three cases on spatial and temporal
distribution of lateral flow.

Efficiency and accuracy of this model has been studied
by increasing element size (Ax) and time step (At) up to
1.0 for predicting outflow hydrograph for flood routing
with lateral inflow and outflow hydrographs.

It is suggested that the proposed Finite Element model
can be applied for predicting the flood routing in any
river by providing suitable Celerity and Diffusivity values
and boundary conditions.

Discharge (Q*)

has also been verified against hydrographs computed by
the finite FDM and HEC-RAS for a 29 km river [18-21]
and applied with observed discharges at upstream of

Sukkur and Kotri barrages of the Indus River [22,23].
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(a)COMPUTED OUTFLOW HYDROGRAPH WITH LATERAL OUTFLOW

FOR THE PRESENT STUDY
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FIG. 6. COMPARISON OF PRESENT FINITE ELEMENT MODEL WITH
ANALYTICAL SOLUTION AND FDM OF [11]
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