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Abstract. In this paper, we introduce some generalizations of ω-open sets in

ideal topological spaces and investigate some properties of the sets. Moreover,
we use them to obtain decompositions of continuity via idealization.

1. Introduction

By a space (X, τ), we always mean a topological space (X, τ) with no separation
properties assumed. If H ⊂ X, cl(H) and int(H) will, respectively, denote the
closure and interior of H in (X, τ).

An ideal I ([19]) on a space (X, τ) is a non-empty collection of subsets of X
which satisfies the following conditions.

(1) H ∈ I and G ⊂ H imply G ∈ I and
(2) H ∈ I and G ∈ I imply H ∪G ∈ I.

Given a space (X, τ) with an ideal I on X if P(X) is the set of all subsets of
X, a set operator (.)⋆ : P(X) → P(X), called a local function of H with respect to
τ and I is defined as follows: for H ⊂ X,

H⋆(I, τ) = {x ∈ X : U ∩H /∈ I for every U ∈ τ(x)}
where τ(x) = {U ∈ τ : x ∈ U} ([14]). A Kuratowski closure operator cl⋆(.)
for a topology τ⋆(I, τ), called the ⋆-topology, finer than τ is defined by cl⋆(H) =
H ∪H⋆(I, τ) ([18]). We will simply write H⋆ for H⋆(I, τ) and τ⋆ for τ⋆(I, τ). If
I is an ideal on X, then (X, τ, I) is called an ideal topological space or an ideal
space.

In this paper, we introduce and investigate the new notions called b-Iω-open
sets, α-Iω-open sets and pre-Iω-open sets which are weaker than ω-open sets. More-
over, we use these notions to obtain decompositions of continuity via idealization.
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2. Preliminaries

Throughout this paper, R (resp. Q, Q⋆, N) denotes the set of all real numbers
(resp. the set of all rational numbers, the set of all irrational numbers, the set of
all natural numbers).

Definition 2.1. A subset H of a space (X, τ) is said to be

(1) α-open [16] if H ⊂ int(cl(int(H))),
(2) pre-open [15] if H ⊂ int(cl(H)),
(3) β-open [1] if H ⊂ cl(int(cl(H))),
(4) b-open [5] if H ⊂ int(cl(H)) ∪ cl(int(H)).

Definition 2.2. [20] Let H be a subset of a space (X, τ), a point p in X is
called a condensation point of H if for each open set U containing p, U ∩ H is
uncountable.

Definition 2.3. [12] A subset H of a space (X, τ) is called ω-closed if it
contains all its condensation points.

The complement of an ω-closed set is called ω-open.

It is well known that a subset W of a space (X, τ) is ω-open if and only if
for each x ∈ W , there exists U ∈ τ such that x ∈ U and U − W is countable.
The family of all ω-open sets, denoted by τω, is a topology on X, which is finer
than τ . The interior and closure operator in (X, τω) are denoted by intω and clω
respectively.

Lemma 2.1. [12] Let H be a subset of a space (X, τ). Then

(1) H is ω-closed in X if and only if H = clω(H).
(2) clω(X\H) = X\intω(H).
(3) clω(H) is ω-closed in X.
(4) x ∈ clω(H) if and only if H ∩G ̸= ∅ for each ω-open set G containing x.
(5) clω(H) ⊂ cl(H).
(6) int(H) ⊂ intω(H).

Remark 2.1. [3, 12] In a space (X, τ), every closed set is ω-closed but not
conversely.

Definition 2.4. [17] A subset H of a space (X, τ) is said to be

(1) α-ω-open if H ⊂ intω(cl(intω(H))),
(2) pre-ω-open if H ⊂ intω(cl(H)),
(3) β-ω-open if H ⊂ cl(intω(cl(H))),
(4) b-ω-open if H ⊂ intω(cl(H)) ∪ cl(intω(H)).

Definition 2.5. [4] A space (X, τ) is said to be anti-locally countable if every
non-empty open set is uncountable.

Lemma 2.2. [4] If (X, τ) is an anti-locally countable space, then intω(H) =
int(H) for every ω-closed set H of X and clω(H) = cl(H) for every ω-open set H
of X.
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Definition 2.6. A subset H of an ideal topological space (X, τ, I) is said to be

(1) α-I-open [10] if H ⊂ int(cl⋆(int(H))),
(2) semi-I-open [10] if H ⊂ cl⋆(int(H)),
(3) pre-I-open [7] if H ⊂ int(cl⋆(H)),
(4) strongly β-I-open [11] if H ⊂ cl⋆(int(cl⋆(H))),
(5) b-I-open [9] if H ⊂ int(cl⋆(H)) ∪ cl⋆(int(H)).

Remark 2.2. [8] The following diagram holds for a subset of an ideal topological
space:

Diagram-1

open −→ α-I-open −→ pre-I-open −→ strongly β-I-open

The converses of the implications in this diagram are not true, in general.

Lemma 2.3. [2] Let (X, τ, I) be an ideal topological space and H a subset of X.
Then the following properties hold:

(1) If O is open in (X, τ, I), then O ∩ cl⋆(H) ⊂ cl⋆(O ∩H).
(2) If H ⊂ X0 ⊂ X, then cl⋆X0

(H) = cl⋆(H) ∩X0.

Proposition 2.1. [2] Let (X, τ, I) be an ideal topological space and H a subset
of X. If I = {ϕ} (resp. P(X), N ), then H⋆ = cl(H) (resp. ϕ, cl(int(cl(H)))) and
cl⋆(H) = cl(H) (resp. H, H ∪ cl(int(cl(H)))) where N is the ideal of all nowhere
dense sets of (X, τ).

Lemma 2.4. [14] Let (X, τ) be a space with an arbitrary index set △, I an
ideal of subsets of X and P(X) the power set of X. If {Hα : α ∈ △} ⊂ P(X), then
the following property holds:

(∪α∈△H⋆
α) ⊂ (∪α∈△Hα)

⋆.

3. Weaker forms of ω-open sets

In this section we introduce the following notions.

Definition 3.1. A subset H of an ideal topological space (X, τ, I) is said to be

(1) α-Iω-open if H ⊂ intω(cl
⋆(intω(H))),

(2) pre-Iω-open if H ⊂ intω(cl
⋆(H)),

(3) β-Iω-open if H ⊂ cl⋆(intω(cl
⋆(H))),

(4) b-Iω-open if H ⊂ intω(cl
⋆(H)) ∪ cl⋆(intω(H)).

Theorem 3.1. For a subset of an ideal topological space (X, τ, I), the following
properties hold:

(1) Every ω-open set is α-Iω-open.
(2) Every α-Iω-open set is pre-Iω-open.
(3) Every pre-Iω-open set is b-Iω-open.
(4) Every b-Iω-open set is β-Iω-open.

Proof. (1). If H is an ω-open set, then H = intω(H). Since

H ⊂ cl⋆(H), H ⊂ cl⋆(intω(H)) and intω(H) ⊂ intω(cl
⋆(intω(H))).
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Therefore H ⊂ intω(cl
⋆(intω(H))) and H is α-Iω-open.

(2). If H is an α-Iω-open set, then H ⊂ intω(cl
⋆(intω(H))) ⊂ intω(cl

⋆(H)).
Therefore H is pre-Iω-open.

(3). If H is a pre-Iω-open set, then

H ⊂ intω(cl
⋆(H)) ⊂ intω(cl

⋆(H)) ∪ cl⋆(intω(H)).

Therefore H is b-Iω-open.

(4). If H is a b-Iω-open set, then

H ⊂ intω(cl
⋆(H)) ∪ cl⋆(intω(H)) ⊂ cl⋆(intω(cl

⋆(H))) ∪ cl⋆(intω(H)) ⊂
cl⋆(intω(cl

⋆(H))).

Therefore H is β-Iω-open. �
Example 3.1. In R with the topology τ = {ϕ,R,Q} and ideal I = {ϕ},
(1) H = Q ∪ {

√
2} is α-Iω-open, since intω(cl

⋆(intω(H))) = intω(cl
⋆(Q)) =

intω(cl(Q)) = intω(R) = R ⊃ H. But H = Q∪{
√
2} is not ω-open, since

intω(H) = Q ̸= H.

(2) H = Q is pre-Iω-open, since intω(cl
⋆(H)) = intω(cl(Q)) = intω(R) =

R ⊃ Q = H. But H = Q is not α-Iω-open, since intω(cl
⋆(intω(H))) =

intω(cl
⋆(ϕ)) = intω(ϕ) = ϕ + Q = H.

(3) H = (0, 1] is b-Iω-open, since intω(cl
⋆(H))∪cl⋆(intω(H)) = intω(cl(H))∪

cl⋆((0, 1)) = intω([0, 1])∪ cl((0, 1)) = (0, 1)∪ [0, 1] = [0, 1] ⊃ H. But H =
(0, 1] is not pre-Iω-open, since intω(cl

⋆(H)) = intω(cl(H)) = intω([0, 1]) =
(0, 1) + (0, 1] = H.

(4) H = [0, 1)∩Q is β-Iω-open, since cl⋆(intω(cl
⋆(H))) = cl⋆(intω(cl(H))) =

cl⋆(intω([0, 1])) = cl⋆((0, 1)) = cl((0, 1)) = [0, 1] ⊃ H. But H = [0, 1) ∩
Q is not b-Iω-open, since intω(cl

⋆(H)) ∪ cl⋆(intω(H)) = intω(cl(H)) ∪
cl⋆(ϕ) = intω([0, 1]) ∪ ϕ = (0, 1) ∪ ϕ = (0, 1) + H.

Theorem 3.2. For a subset of an ideal topological space (X, τ, I), the following
properties hold:

(1) Every α-I-open set is α-Iω-open.
(2) Every pre-I-open set is pre-Iω-open.
(3) Every b-I-open set is b-Iω-open.
(4) Every strongly β-I-open set is β-Iω-open.

Proof. (1). If H is an α-I-open set, then

H ⊂ int(cl⋆(int(H))) ⊂ intω(cl
⋆(intω(H))).

Hence H is α-Iω-open.

(2). If H is a pre-I-open set, then H ⊂ int(cl⋆(H)) ⊂ intω(cl
⋆(H)). Therefore

H is pre-Iω-open.
(3). If H is a b-I-open set, then

H ⊂ int(cl⋆(H)) ∪ cl⋆(int(H)) ⊂ intω(cl
⋆(H)) ∪ cl⋆(intω(H)).
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Therefore H is b-Iω-open.

(4). If H is a strongly β-I-open set, then

H ⊂ cl⋆(int(cl⋆(H))) ⊂ cl⋆(intω(cl
⋆(H))).

Therefore H is β-Iω-open. �
Example 3.2. Let X = {a, b, c} with the topology τ = {ϕ,X, {a}} and ideal

I = P(X). Then

(1) H = {b} is α-Iω-open, since

intω(cl
⋆(intω(H))) = intω(cl

⋆(H)) = intω(H) = H ⊃ H.

But H = {b} is not α-I-open, since

int(cl⋆(int(H))) = int(cl⋆(ϕ)) = ϕ + H.

(2) H = {b} is pre-Iω-open, since intω(cl
⋆(H)) = intω(H) = H ⊃ H. But

H = {b} is not pre-I-open, since int(cl⋆(H)) = int(H) = ϕ + H.

(3) H = {b} is b-Iω-open, since intω(cl
⋆(H)) ∪ cl⋆(intω(H)) = intω(H) ∪

cl⋆(H) = H ∪ H = H ⊃ H. But H = {b} is not b-I-open, since
int(cl⋆(H)) ∪ cl⋆(int(H)) = int(H) ∪ cl⋆(ϕ) = ϕ ∪ ϕ = ϕ + H.

(4) H = {b} is β-Iω-open, since cl
⋆(intω(cl

⋆(H))) = cl⋆(intω(H)) = cl⋆(H) =
H ⊃ H. But H = {b} is not strongly β-I-open, since cl⋆(int(cl⋆(H))) =
cl⋆(int(H)) = cl⋆(ϕ) = ϕ + H.

Proposition 3.1. For a subset of an ideal topological space (X, τ, I), the fol-
lowing properties hold:

(1) Every α-I-open set is α-ω-open.
(2) Every pre-I-open set is pre-ω-open.
(3) Every b-I-open set is b-ω-open.
(4) Every strongly β-I-open set is β-ω-open.

Proof. (1). Let H be an α-I-open set. Then

H ⊂ int(cl⋆(int(H))) ⊂ intω(cl
⋆(intω(H))) ⊂ intω(cl(intω(H))).

This shows that H is α-ω-open.

(2). Let H be a pre-I-open set. Then

H ⊂ int(cl⋆(H)) ⊂ intω(cl(H)).

This shows that H is pre-ω-open.

(3). Let H be a b-I-open set. Then

H ⊂ int(cl⋆(H)) ∪ cl⋆(int(H)) ⊂ intω(cl(H)) ∪ cl(intω(H)).

This shows that H is b-ω-open.

(4) Let H be a strongly β-I-open set. Then

H ⊂ cl⋆(int(cl⋆(H))) ⊂ cl(intω(cl(H))).

This shows that H is β-ω-open. �
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Example 3.3. In Example 3.2,

(1) H = {b} is α-ω-open, since

intω(cl(intω(H))) = intω(cl(H)) = intω({b, c}) = {b, c} ⊃ H.

But H = {b} is not α-I-open by (1) of Example 3.2.

(2) H = {b} is pre-ω-open, since

intω(cl(H)) = intω({b, c}) = {b, c} ⊃ H.

But H = {b} is not pre-I-open by (2) of Example 3.2.

(3) H = {b} is b-ω-open, since

intω(cl(H)) ∪ cl(intω(H)) = intω({b, c}) ∪ cl(H) = {b, c} ∪ {b, c} =
{b, c} ⊃ H.

But H = {b} is not b-I-open by (3) of Example 3.2.

(4) H = {b} is β-ω-open, since

cl(intω(cl(H))) = cl(intω({b, c})) = cl({b, c}) = {b, c} ⊃ H.

But H = {b} is not strongly β-I-open by (4) of Example 3.2.

Proposition 3.2. For a subset of an ideal topological space (X, τ, I), the fol-
lowing properties hold:

(1) Every pre-I-open set is b-I-open.
(2) Every b-I-open is strongly β-I-open.

Proof. (1). Let H be a pre-I-open set. Then

H ⊂ int(cl⋆(H)) ⊂ int(cl⋆(H)) ∪ cl⋆(int(H)).

This shows that H is b-I-open.

(2). Let H be a b-I-open set. Then

H ⊂ int(cl⋆(H))∪ cl⋆(int(H)) ⊂ cl⋆(int(cl⋆(H)))∪ cl⋆(int(H)) = cl⋆(int(cl⋆(H))).

This shows that H is strongly β-I-open. �

Example 3.4. Let X = {a, b, c}, τ = {ϕ,X, {a}, {b}, {a, b}} and I = {ϕ, {b}}.
Then H = {a, c} is b-I-open, since int(cl⋆(H)) ∪ cl⋆(int(H)) = int(H ∪ H⋆) ∪
cl⋆({a}) = int(H ∪H) ∪ ({a} ∪ {a}⋆) = int(H) ∪ ({a} ∪H) = {a} ∪H = H ⊃ H.
But H = {a, c} is not pre-I-open, since int(cl⋆(H)) = {a} + H.

Example 3.5. Let X = {a, b, c, d}, τ = {ϕ,X, {d}, {a, c}, {a, c, d}} and I =
{ϕ, {b}}. Then H = {a, b} is strongly β-I-open, since cl⋆(int(cl⋆(H))) = cl⋆(int(H∪
H⋆)) = cl⋆(int(H ∪ {a, b, c})) = cl⋆(int({a, b, c})) = cl⋆({a, c}) = {a, c} ∪ {a, c}⋆ =
{a, c}∪{a, b, c} = {a, b, c} ⊃ H. But H = {a, b} is not b-I-open, since int(cl⋆(H))∪
cl⋆(int(H)) = int({a, b, c}) ∪ cl⋆(ϕ) = {a, c} ∪ ϕ = {a, c} + H.

Remark 3.1. Since every open set is ω-open [3, 12], we have the following
diagram for properties of subsets.
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Diagram-2

open −→ α-I-open −→ pre-I-open −→ b-I-open −→ strongly β-I-open
↓ ↓ ↓ ↓ ↓

ω-open −→ α-Iω-open −→ pre-Iω-open −→ b-Iω-open −→ β-Iω-open

The converses of the above implications are not true in general as can be seen from
the above Examples.

Theorem 3.3. If H is a pre-Iω-open subset of an ideal topological space (X, τ, I)
such that U ⊂ H ⊂ cl⋆(U) for a subset U of X, then U is a pre-Iω-open set.

Proof. Since H ⊂ intω(cl
⋆(H)), U ⊂ intω(cl

⋆(H)) ⊂ intω(cl
⋆(U)) since

cl⋆(H) ⊂ cl⋆(U). Thus U is a pre-Iω-open set. �

Theorem 3.4. A subset H of an ideal topological space (X, τ, I) is semi-I-open
if and only if H is β-Iω-open and intω(cl

⋆(H)) ⊂ cl⋆(int(H)).

Proof. Let H be semi-I-open. Then H ⊂ cl⋆(int(H)) ⊂ cl⋆(intω(cl
⋆(H)))

and hence H is β-Iω-open. In addition cl⋆(H) ⊂ cl⋆(int(H)) and hence

intω(cl
⋆(H)) ⊂ cl⋆(int(H)).

Conversely let H be β-Iω-open and intω(cl
⋆(H)) ⊂ cl⋆(int(H)). Then

H ⊂ cl⋆(intω(cl
⋆(H))) ⊂ cl⋆(cl⋆(int(H))) = cl⋆(int(H))

and hence H is semi-I-open. �

Proposition 3.3. The intersection of a pre-Iω-open set and an open set is
pre-Iω-open.

Proof. LetH be a pre-Iω-open set and U an open set. ThenH ⊂ intω(cl
⋆(H)).

Since every open set is ω-open,

U ∩H ⊂ intω(U) ∩ intω(cl
⋆(H)) = intω(U ∩ cl⋆(H)) ⊂ intω(cl

⋆(U ∩H))

by Lemma 2.3(1). This shows that U ∩H is pre-Iω-open. �

Proposition 3.4. The intersection of a β-Iω-open set and an open set is β-
Iω-open.

Proof. Let H be a β-Iω-open set and U an open set. Then

H ⊂ cl⋆(intω(cl
⋆(H))).

Since every open set is

ω-open, U ∩H ⊂ U ∩ cl⋆(intω(cl
⋆(H))) ⊂ cl⋆(U ∩ intω(cl

⋆(H))) ⊂
cl⋆(intω(U) ∩ intω(cl

⋆(H))) = cl⋆(intω(U ∩ cl⋆(H))) ⊂ cl⋆(intω(cl
⋆(U ∩H)))

by Lemma 2.3(1). This shows that U ∩H is β-Iω-open. �

Proposition 3.5. The intersection of a b-Iω-open set and an open set is b-Iω-
open.
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Proof. Let H be a b-Iω-open and U an open set. Then

H ⊂ intω(cl
⋆(H)) ∪ cl⋆(intω(H)).

Since every open set is ω-open,

U∩H ⊂ U∩[intω(cl⋆(H))∪cl⋆(intω(H))] = [U∩intω(cl⋆(H))]∪[U∩cl⋆(intω(H))] =
[intω(U)∩intω(cl⋆(H))]∪[U∩cl⋆(intω(H))] ⊂ [intω(U∩cl⋆(H))]∪[cl⋆(U∩intω(H))]

by Lemma 2.3(1). Thus

U ∩H ⊂ [intω(cl
⋆(U ∩H))] ∪ [cl⋆(intω(U ∩H))].

This shows that U ∩H is b-Iω-open. �

Remark 3.2. The intersection of two pre-Iω-open (resp. b-Iω-open, β-Iω-open)
sets need not be pre-Iω-open (resp. b-Iω-open, β-Iω-open) as can be seen from the
following Example.

Example 3.6. In R with usual topology τu and ideal I = {ϕ},
(1) A = Q is pre-Iω-open, since intω(cl

⋆(A)) = intω(cl(A)) = intω(R) = R ⊃
A. Also B = Q⋆∪{1} is pre-Iω-open, since intω(cl

⋆(B)) = intω(cl(B)) =
intω(R) = R ⊃ B. But A∩B = {1} is not pre-Iω-open, since intω(cl

⋆(A∩
B)) = intω(cl

⋆({1})) = intω(cl({1})) = intω({1}) = ϕ + A ∩B.
(2) A = Q and B = Q⋆ ∪ {1} are b-Iω-open, by (1) of Example 3.6 and

Theorem 3.1 (3). But A∩B = {1} is not b-Iω-open, since intω(cl
⋆({1}))∪

cl⋆(intω({1})) = ϕ ∪ cl⋆(ϕ) = ϕ ∪ ϕ = ϕ + {1} = A ∩B.
(3) A = Q and B = Q⋆ ∪{1} are β-Iω-open by (2) of Example 3.6 and Theo-

rem 3.1 (4). But A∩B = {1} is not β-Iω-open, since cl
⋆(intω(cl

⋆({1}))) =
cl⋆(intω(cl({1}))) = cl⋆(intω({1})) = cl⋆(ϕ) = ϕ + {1} = A ∩B.

Proposition 3.6. The intersection of an α-Iω-open set and an open set is
α-Iω-open.

Proof. Let H be α-Iω-open and U be open. Then

U = intω(U) and H ⊂ intω(cl
⋆(intω(H))).

U ∩H ⊂ intω(U) ∩ [intω(cl
⋆(intω(H))] = intω[U ∩ cl⋆(intω(H))] ⊂

intω[cl
⋆(U ∩ intω(H))]

by Lemma 2.3(1). Thus

U ∩H ⊂ intω[cl
⋆(intω(U) ∩ intω(H))] = intω[cl

⋆(intω(U ∩H))]

which implies U ∩H is α-Iω-open. �

Proposition 3.7. If {Hα : α ∈ △} is a collection of pre-Iω-open sets of an
ideal topological space (X, τ, I), then ∪α∈△Hα is pre-Iω-open.

Proof. Since Hα ⊂ intω(cl
⋆(Hα)) for every α ∈ △,

∪α∈△Hα ⊂ ∪α∈△intω(cl
⋆(Hα)) ⊂ intω(∪α∈△cl⋆(Hα)) = intω(∪α∈△(Hα

⋆ ∪Hα))
= intω((∪α∈△Hα

⋆) ∪ (∪α∈△Hα)) ⊂ intω((∪α∈△Hα)
⋆ ∪ (∪α∈△Hα))
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by Lemma 2.4. Thus

∪α∈△Hα ⊂ intω[(∪α∈△Hα)
⋆ ∪ (∪α∈△Hα)] = intω(cl

⋆(∪α∈△Hα)).

Therefore, ∪α∈△Hα is pre-Iω-open. �
Theorem 3.5. If {Hα : α ∈ △} is a collection of b-Iω-open (resp. β-Iω-

open) sets of an ideal topological space (X, τ, I), then ∪α∈△Hα is b-Iω-open (resp.
β-Iω-open).

Proof. We prove only the first result since the other result follows similarly.
Since Hα is b-Iω-open for every α ∈ △, Hα ⊂ intω(cl

⋆(Hα)) ∪ cl⋆(intω(Hα)) for
every α ∈ △.

Then ∪α∈△ Hα ⊂ ∪α∈△[intω(cl
⋆(Hα)) ∪ cl⋆(intω(Hα))]

= [∪α∈△intω(cl
⋆(Hα))] ∪ [∪α∈△cl⋆(intω(Hα))]

⊂ [intω(∪α∈△cl⋆(Hα))] ∪ [cl⋆(∪α∈△intω(Hα))]

⊂ [intω(cl
⋆(∪α∈△Hα))] ∪ [cl⋆(intω(∪α∈△Hα))].

Therefore, ∪α∈△Hα is b-Iω-open. �
Proposition 3.8. Let H be a b-Iω-open set such that intω(H) = ϕ. Then H

is pre-Iω-open.

Recall that a space (X, τ) is called a door space if every subset of X is open or
closed.

Proposition 3.9. If (X, τ) is a door space, then every pre-Iω-open set in
(X, τ, I) is ω-open.

Proof. Let H be a pre-Iω-open set. If H is open, then H is ω-open. Oth-
erwise, H is closed and hence H ⊂ intω(cl

⋆(H)) ⊂ intω(cl(H)) = intω(H) ⊂ H.
Therefore, H = intω(H) and thus H is an ω-open set. �

Theorem 3.6. Let (X, τ) be an anti-locally countable space and H a subset of
(X, τ, I). Then the following properties hold:

(1) if H is pre-Iω-open, then it is pre-open.
(2) if H is b-Iω-open and ω-closed, then it is b-open.
(3) if H is β-Iω-open, then it is β-open.

Proof. (1) Let H be a pre-Iω-open set. Then

H ⊂ intω(cl
⋆(H)) ⊂ intω(cl(H)) = int(cl(H))

by Lemma 2.2, since every closed set is ω-closed. This shows that H is
pre-open.

(2) Let H be a b-Iω-open and ω-closed set. Since H and cl(H) are ω-closed,
intω(cl

⋆(H)) ⊂ intω(cl(H)) = int(cl(H)) and cl⋆(intω(H)) ⊂ cl(int(H))
by Lemma 2.2. Since H is b-Iω-open, H ⊂ intω(cl

⋆(H))∪ cl⋆(intω(H)) ⊂
int(cl(H)) ∪ cl(int(H)). This shows that H is b-open.

(3) Let H be a β-Iω-open set. Then

H ⊂ cl⋆(intω(cl
⋆(H))) ⊂ cl(intω(cl(H))) = cl(int(cl(H)))
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by Lemma 2.2. This shows that H is β-open.
�

Proposition 3.10. For an ideal topological space (X, τ, I) and H ⊂ X,

(1) If I = {ϕ}, then H is pre-Iω-open (resp. b-Iω-open) if and only if H is
pre-ω-open (resp. b-ω-open).

(2) If I = P(X), then H is pre-Iω-open (resp. b-Iω-open) if and only if H is
ω-open.

Proof. (1) It is obvious from Proposition 2.1.
(2) It is obvious from Proposition 2.1.

�

4. Decompositions of continuity via idealization

Definition 4.1. A subset H of an ideal topological space (X, τ, I) is called

(1) a t-Iω-set if int(H) = intω(cl
⋆(H));

(2) a B-Iω-set if H = U ∩ V , where U ∈ τ and V is an t-Iω-set.

Example 4.1. (1) In R with usual topology τu and ideal I = {ϕ}, H = Q is
not a t-Iω-set, since intω(cl

⋆(H)) = intω(cl(H)) = intω(R) = R ̸= ϕ = int(H).

(2) In R with the topology τ = {ϕ,R,Q⋆} and ideal I = P(R), H = Q is a
t-Iω-set, since intω(cl

⋆(H)) = intω(H) = ϕ = int(H).

Remark 4.1. In an ideal topological space (X, τ, I),

(1) Every open set is a B-Iω-set.
(2) Every t-Iω-set is a B-Iω-set.

The converses of (1) and (2) in Remark 4.1 are not true in general as illustrated
in the following Examples.

Example 4.2. In Example 4.1 (2), H = Q is a t-Iω-set and hence by (2) of
Remark 4.1, H = Q is a B-Iω-set. But H = Q is not open, since Q /∈ τ .

Example 4.3. In R with the topology τ = {ϕ,R,Q⋆} and ideal I = {ϕ},
H = Q⋆ is open in R and hence by (1) of Remark 4.1, H is a B-Iω-set. But
intω(cl

⋆(H)) = intω(cl(H)) = intω(R) = R ̸= Q⋆ = int(H). Thus H = Q⋆ is not
a t-Iω-set.

Example 4.4. In R with usual topology τu and ideal I = {ϕ}, H = Q is not
a B-Iω-set. If H = U ∩ V , where U ∈ τ and V is t-Iω-set, then H ⊂ U . But R
is the only open set containing H. Hence U = R and H = R ∩ V = V which is a
contradiction, since H = V is not a t-Iω-set by Example 4.1 (1). This proves that
H = Q is not a B-Iω-set.

Proposition 4.1. Let A and B be subsets of an ideal topological space (X, τ, I).
If A and B are t-Iω-sets, then A ∩B is a t-Iω-set.

Proof. Let A and B be t-Iω-sets. Then we have int(A ∩ B) ⊂ intω(cl
⋆(A ∩

B)) ⊂ intω(cl
⋆(A) ∩ cl⋆(B)) = intω(cl

⋆(A)) ∩ intω(cl
⋆(B)) = int(A) ∩ int(B) =

int(A∩B). Then int(A∩B) = intω(cl
⋆(A∩B)) and hence A∩B is a t-Iω-set. �
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Proposition 4.2. For a subset H of an ideal topological space (X, τ, I), the
following properties are equivalent:

(1) H is open;
(2) H is pre-Iω-open and a B-Iω-set.

Proof. (1) ⇒ (2): Let H be open. Then H = int(H) ⊂ intω(cl
⋆(H)) and H

is pre-Iω-open. Also by Remark 4.1 H is a B-Iω-set.
(2) ⇒ (1): Given H is a B-Iω-set. So H = U ∩ V where U ∈ τ and int(V ) =
intω(cl

⋆(V )). Then H ⊂ U = int(U). Also, H is pre-Iω-open implies H ⊂
intω(cl

⋆(H)) ⊂ intω(cl
⋆(V )) = int(V ) by assumption. ThusH ⊂ int(U)∩int(V ) =

int(U ∩ V ) = int(H) and hence H is open. �
Remark 4.2. The following Examples show that the concepts of pre-Iω-openness

and being a B-Iω-set are independent.

Example 4.5. In Example 4.4, H = Q is pre-Iω-open, since intω(cl
⋆(H)) =

intω(cl(H)) = intω(R) = R ⊃ Q = H. But H = Q is not a B-Iω-set.

Example 4.6. In R with the topology τ = {ϕ,R,Q⋆} and ideal I = P(R),
H = Q is a t-Iω-set, by (2) of Example 4.1. Hence H = Q is a B-Iω-set by (2) of
Remark 4.1. But H = Q is not pre-Iω-open, since intω(cl

⋆(H)) = intω(H) = ϕ +
Q = H.

Definition 4.2. A subset H of an ideal topological space (X, τ, I) is called

(1) a tα-Iω-set if int(H) = intω(cl
⋆(intω(H)));

(2) a Bα-Iω-set if H = U ∩ V , where U ∈ τ and V is a tα-Iω-set.

Example 4.7. In R with usual topology τu and ideal I = P(R), H = R\{0} is
a tα-Iω-set, since intω(cl

⋆(intω(H))) = intω(cl
⋆(H)) = intω(H) = H = int(H).

Example 4.8. In R with usual topology τu and ideal I = P(R), H = Q⋆ is not a
tα-Iω-set, since intω(cl

⋆(intω(H))) = intω(cl
⋆(H)) = intω(H) = H ̸= ϕ = int(H).

Remark 4.3. In an ideal topological space (X, τ, I),

(1) Every open set is a Bα-Iω-set.
(2) Every tα-Iω-set is a Bα-Iω-set.

Example 4.9. In R with the topology τ = {ϕ,R,N,Q⋆,Q⋆ ∪ N} and ideal
I = {ϕ}, H = Q is a tα-Iω-set, since intω(cl

⋆(intω(H))) = intω(cl
⋆(N)) =

intω(cl(N)) = intω(Q) = N = int(H). Hence by (2) of Remark 4.3, H = Q is
a Bα-Iω-set. But H = Q is not open, since Q /∈ τ .

Example 4.10. In R with the topology τ = {ϕ,R,Q⋆} and ideal I = {ϕ},
H = Q⋆ is open, since H ∈ τ and hence H = Q⋆ is a Bα-Iω-set by (1) of Remark
4.3. But H = Q⋆ is not a tα-Iω-set, since intω(cl

⋆(intω(H))) = intω(cl
⋆(H)) =

intω(cl(H)) = intω(R) = R ̸= Q⋆ = H = int(H).

Example 4.11. In R with usual topology τu and ideal I = P(R), H = Q⋆ is
not a Bα-Iω-set. If H = U ∩ V where U ∈ τ and V is tα-Iω-set, then H ⊂ U . But
R is the only open set containing H. Hence U = R and H = R ∩ V = V which is
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a contradiction, since H = V is not a tα-Iω-set by Example 4.8. This proves that
H = Q⋆ is not a Bα-Iω-set.

Proposition 4.3. IfA and B are tα-Iω-sets of an ideal topological space
(X, τ, I), then A ∩B is a tα-Iω-set.

Proof. Let A and B be tα-Iω-sets. Then we have

int(A ∩B) ⊂ intω(cl
⋆(intω(A ∩B))) ⊂ intω[cl

⋆(intω(A)) ∩ cl⋆(intω(B))] =
intω(cl

⋆(intω(A))) ∩ intω(cl
⋆(intω(B))) = int(A) ∩ int(B) = int(A ∩B).

Then int(A ∩B) = intω(cl
⋆(intω(A ∩B))) and hence A ∩B is a tα-Iω-set. �

Proposition 4.4. For a subset H of an ideal topological space (X, τ, I), the
following properties are equivalent:

(1) H is open;
(2) H is α-Iω-open and a Bα-Iω-set.

Proof. (1) ⇒ (2): Let H be open. Then H = intω(H) ⊂ cl⋆(intω(H)) and
H = intω(H) ⊂ intω(cl

⋆(intω(H))). Therefore H is α-Iω-open. Also by (1) of
Remark 4.3, H is a Bα-Iω-set.

(2) ⇒ (1): Given H is a Bα-Iω-set. So H = U ∩ V where U ∈ τ and int(V ) =
intω(cl

⋆(intω(V ))). Then H ⊂ U = int(U). Also H is α-Iω-open implies H ⊂
intω(cl

⋆(intω(H))) ⊂ intω(cl
⋆(intω(V ))) = int(V ) by assumption. Thus H ⊂

int(U) ∩ int(V ) = int(U ∩ V ) = int(H) and H is open. �

Remark 4.4. The following Examples show that the concepts of α-Iω-openness
and being a Bα-Iω-set are independent.

Example 4.12. In R with usual topology τu and ideal I = P(R), H = Q⋆ is
α-Iω-open, since intω(cl

⋆(intω(H))) = intω(cl
⋆(H)) = intω(H) = H ⊃ H. But

H = Q⋆ is not a Bα-Iω-set by Example 4.11.

Example 4.13. In R with usual topology τu and ideal I = P(R), H = (0, 1] is
a tα-Iω-set, since intω(cl

⋆(intω(H))) = intω(cl
⋆((0, 1))) = intω((0, 1)) = (0, 1) =

int(H). Hence H = (0, 1] is a Bα-Iω-set by (2) of Remark 4.3. But H = (0, 1] is
not α-Iω-open, since intω(cl

⋆(intω(H))) = (0, 1) + (0, 1] = H.

Definition 4.3. A function f : X → Y is said to be ω-continuous [13]
(resp. pre-Iω-continuous, B-Iω-continuous, α-Iω-continuous, Bα-Iω-continuous)
if f−1(V ) is ω-open (resp. pre-Iω-open, a B-Iω-set, α-Iω-open, a Bα-Iω-set) for
each open set V in Y .

By Propositions 4.2 and 4.4 we have the immediate result.

Theorem 4.1. For a function f : X → Y , the following properties are equiva-
lent:

(1) f is continuous.
(2) f is pre-Iω-continuous and B-Iω-continuous.
(3) f is α-Iω-continuous and Bα-Iω-continuous.
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