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ON WEAK AND STRONG FORMS OF β-OPEN SETS

Hakeem A. Othman

Abstract. In this paper, new classes of sets in general topology called a
supra-β-open (closed)

(
an infra-β-open (closed)

)
set are introduced. Using

new concepts, the fundamental properties and special results are highlighted.

The relations between supra-β-open (closed)
(
an infra-β-open (closed)

)
set

and other topological sets are investigated. Moreover, counter-examples are
given to show that the converse of these relations in Diagram 1 need not be

true, in general. Finally, some special theorems are introduced by adding
condition to achieve the converse relations in Diagram 1.

1. Introduction

In 1983, Abd El-Monsef, El-Deeb and Mahmoud introduced new class of set in
general topology called a β-open set and in 1982 Dunham defined new operators
( Cl∗ and Int∗ ). Our goal in this paper is to introduce weak and strong forms
of β-open Sets in general topology, namely, supra-β-open (closed)

(
an infra-β-open

(closed)
)
set by using that new operator, and investigate special theorems related

to these new concepts. The paper also discusses the relation and converse relation
between these new sets and other set in general topology.

Throughout this paper if λ is a set and p is a point in X then N(p), Intλ, cl λ
and λc denote respectively, the neighborhood system of p, the interior of λ, the
closure of λ and complement of λ.

Now we recall some of the basic definitions and results in topology.

Definition 1.1. A set λ ∈ X is called a α−open [11] (resp. preopen [10], semi
open [9] set if λ ⊆ Int cl Int λ (resp. λ ⊆ Int cl λ, λ ⊆ cl Int λ). The family of all
α-open (resp. preopen, semi open) sets of X is denoted as αO(X) (resp. PO(X),
SO(X)).

2010 Mathematics Subject Classification. 54A40, 54C08, 54C10.
Key words and phrases. infra-β-open set; infra-β-closed set; infra-β-closure; supra-β-closure;
infra-β-Interior; supra-β-Interior.

1



2 OTHMAN

Definition 1.2. A set µ ∈ X is called:
- semi∗open (infra-semiopen) [13] if η ⊆ µ ⊆ Cl∗(η) where η is an open or

equivalently µ ⊆ Cl∗(Int(µ));
- semi∗closed (infra-semiclosed) [13] if Int∗(η) ⊆ µ ⊆ η where where η is a

closed or equivalently Int∗(Cl(µ)) ⊆ µ;
- pre∗open (supra-preopen) [14] if µ ⊆ Int∗(Cl(µ)) and pre∗closed (supra-

preclosed) if Cl∗(Intµ))) ⊆ µ;
- α∗-open (supra-α-open) [12] if µ ⊆ Int∗(Cl(Int∗(µ))) and α∗-closed (supra

α -closed) if Cl∗(Int(Cl∗(µ))) ⊆ µ;
- infra α-open [8] if µ ⊆ Int(Cl∗(Int(µ)));
- infra α-closed [8] if Cl(Int∗(Cl(µ))) ⊆ µ.
The family of all infra-semiopen, infra-semiclosed, supra-preopen, supra-preclosed,

supra α-open, supra α-closed, infra α-open and infra α-closed sets in X will be de-
noted as ISO(X), ISC(X), SPO(X), SPC(X), Sα−O(X), Sα−C(X), Iα−O(X)
and Iα− C(X) respectively.

Definition 1.3. ([2]) Let λ any set. Then
(i) Cl∗λ = ∩ {µ : µ ⊇ λ, µ is a generalized closed set of X} is called closure∗.
(ii) Int∗λ = ∪ {µ : µ ⊆ λ, µ is a generalized open set of X} is called Interior∗.

Lemma 1.1. ([2]) Let λ any set. Then:
λ ⊆ Cl∗ λ ⊆ Clλ.
Intλ ⊆ Int∗ λ ⊆ λ.

2. Weak and Strong Forms of β-open Sets

Definition 2.1. A set η ∈ X is called:

• infra -β-open if η ⊆ Cl∗ Int Cl∗ η.
• supra -β-open if η ⊆ Cl Int∗ Cl η.
• infra-β-closed if Int∗ Cl Int∗ η ⊆ η.
• supra -β-closed if Int Cl∗ Int η ⊆ η.

The family of all supra -β-open (infra -β-open) and supra- β-closed (infra -β-closed)
sets in X will be denoted by Sβ-O(X) (Iβ-O(X))and Sβ-C(X) (Iβ-C(X)), respec-
tively.

Definition 2.2. A set η ∈ X is called:

• infra -preopen if η ⊆ Int Cl∗ η.
• infra -preclosed if Cl Int∗η ⊆ η.
• supra -semiopen if η ⊆ Cl Int∗ η.
• supra -semiclosed if Int Cl∗ η ⊆ η.

The family of all infra -preopen, infra -preclosed, supra -semiopen and supra -
semiclosed sets in X will be denoted by I − PO(X), I − PC(X), S − SO(X) and
S − SC(X), respectively.

Theorem 2.1. Let η any subset of X, then the next properties are equivalent:

(i): η ∈ Iβ −O(X).
(ii): Cl∗η = Cl∗ Int Cl∗ η.
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(iii): δ ⊆ Cl∗ η ⊆ Cl∗ δ, where δ is an open set.
(iv): ηc is infra-β-closed set.
(v): Int∗ Cl Int∗ ηc = Int∗ηc.
(vi): Int∗ δ ⊆ Int∗ ηc ⊆ δ, where δ is closed set.

Proof. (i)⇒ (ii). We have η ⊆ Cl∗ Int Cl∗ η and we know that Cl∗ Int Cl∗ η ⊆
Cl∗η, then Cl∗η = Cl∗ Int Cl∗ η.

(ii) ⇒ (iii). We have Cl∗η = Cl∗ Int Cl∗ η. Therefore, Int Cl∗ η ⊆ Cl∗η ⊆
Cl∗ Int Cl∗ η. If we take δ = Int Cl∗η for some η ∈ τ , then δ ⊆ Cl∗ η ⊆ Cl∗ δ.

(iii) ⇒ (i). We have Int Cl∗ η ⊆ Cl∗η ⊆ Cl∗ Int Cl∗ η. This implies that
Cl∗ Int Cl∗ η ⊆ Cl∗η ⊆ Cl∗ Int Cl∗ η. Then η ⊆ Cl∗ Int Cl∗ η.

(i) ⇒ (iv). We have η ⊆ Cl∗ Int Cl∗ η. Therefore (η)c ⊆ (Cl∗ Int Cl∗ η)c and
we get Int∗ Cl Int∗ ηc ⊆ ηc.

(iv) ⇒ (i). We have Int∗ Cl Int∗ ηc ⊆ ηc. Therefore (Int∗ Cl Int∗ η)c ⊆ (η)c

and η ⊆ Cl∗ Int Cl∗ η.
(iv) ⇒ (v). We have Int∗ Cl Int∗ ηc ⊆ ηc and we know that Int∗ηc ⊆

Int∗ Cl Int∗ ηc. So, Int∗ Cl Int∗ ηc = Int∗ηc.
(v) ⇒ (vi). We have Int∗ Cl Int∗ ηc ⊆ Int∗ηc ⊆ Cl Int∗ ηc. Let us take

δ = Cl Int∗ηc for some δ closed set. Then Int∗ δ ⊆ Int∗ ηc ⊆ δ.
(vi) ⇒ (iv). We have Int∗ Cl Int∗ ηc ⊆ Int∗ηc ⊆ Cl Int∗ ηc. This implies

that Int∗ Cl Int∗ ηc ⊆ Int∗ηc ⊆ Int∗ Cl Int∗ ηc and Int∗ Cl Int∗ ηc ⊆ ηc. �

Corollary 2.1. Let η any subset of X, then the next properties are equivalent:

(i): η ∈ Sβ −O(X).
(ii): Clη = Cl Int∗ Cl η.
(iii): δ ⊆ Cl η ⊆ Cl δ, where δ is a generalized open set.
(iv): ηc is infra-β-closed set.
(v): Int Cl∗ Int ηc = Intηc.
(vi): Int δ ⊆ Int ηc ⊆ δ, where δ is a generalized closed set.

Definition 2.3. Let λ any set. Then

(1) Sβ − Cl λ = ∩ {µ : µ ⊇ λ, µ is a supra-β-closed set of X} is called a
supra-β-closure.

(2) Sβ − Int λ = ∪ {µ : µ ⊆ λ, µ is a supra-β-open set of X} is called a
supra-β-Interior.

(3) Iβ − Cl λ = ∩ {µ : µ ⊇ λ, µ is an infra-β-closed set of X}. is called an
infra-β-closure

(4) Iβ − Cl λ = ∪ {µ : µ ⊆ λ, µ is an infra-β-open set of X}. is called an
infra-β-interior

Proposition 2.1. Let λ and µ be the sets in X and λ ⊆ µ. Then the following
statements hold:

(1) Sβ−Int(λ)
(
Iβ−Int(λ)

)
is the largest supra-β-open

(
infra-β-open

)
set

contained in λ.
(2) Sβ − Int λ ⊆ λ,

(
Iβ − Int λ ⊆ λ

)
.

(3) Sβ − Int λ ⊆ Sβ − Int µ,
(
Iβ − Int λ ⊆ Iβ − Int µ

)
.
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(4) Sβ−Int(Sβ−Int λ) = Sβ−Int λ,
(
Iβ−Int(Iβ−Int λ) = Iβ−Int λ

)
.

(5) λ ∈ Sβ−O(X) ⇔ Sβ− Int λ = λ,
(
λ ∈ Iβ−O(X) ⇔ Iβ− Int λ = λ

)
.

Proposition 2.2. Let λ and µ be the sets in X and λ ⊆ µ. Then the following
statements hold:

(1) Sβ − Cl(λ)
(
Iβ − Cl(λ)

)
is the smallest supra-β-closed

(
infra-β-closed

)
set containing λ.

(2) λ ⊆ Sβ − Cl(λ),
(
λ ⊆ Iβ − Cl(λ)

)
.

(3) Sβ − Cl λ ⊆ Sβ − Cl µ,
(
Iβ − Cl λ ⊆ Iβ − Cl µ

)
.

(4) Sβ − Cl(Sβ − Cl λ) = Sβ − Cl λ,
(
Iβ − Cl(Iβ − Cl λ) = Iβ − Cl λ

)
.

(5) λ ∈ Sβ − C(X) ⇔ Sβ − Cl λ = λ,
(
λ ∈ Iβ − C(X) ⇔ Iβ − Cl λ = λ

)
.

Theorem 2.2. Let λ be a set of X. Then, the following properties are true:

(a): (Sβ − Int λ)c = Sβ − Cl λ,
(
(Iβ − Int λ)c = Iβ − Cl λ

)
.

(b): (Sβ − Cl λ)c = Sβ − Int λ,
(
(Iβ − Cl λ)c = Iβ − Int λ

)
.

(c): Sβ − Int λ ⊆ λ ∩ Cl Int∗ Cl λ,
(
Iβ − Int λ ⊆ λ ∩ Cl∗ Int Cl∗ λ

)
.

(d): Sβ − Cl λ ⊇ λ ∪ Int Cl∗ Int λ,
(
Iβ − Cl λ ⊇ λ ∪ Int∗ Cl Int∗ λ

)
.

Proof. We will prove only (a) for Sβ − Int λ and (d) for Iβ − Cl λ.
(a)

(Iβ − Int λ)c =
(
∪ {v : v ⊆ λ, v is an supra− β − open set of X}

)c
= Iβ − Cl λ.

(d) Since λ ⊆ Iβ − Cl λ and Iβ − Cl λ is an infra-β-closed set. Hence,
Int∗ Cl Int∗(Iβ −Cl λ) ⊆ Iβ −Cl λ. Then, Iβ −Cl λ ⊇ λ ∪ Int∗ Cl Int∗ λ. �

Theorem 2.3. If λ any sets in Xand µ are closed (generalized closed) sets in
space X such that µ ⊆ λ ⊆ Cl Int∗ µ

(
µ ⊆ λ ⊆ Cl∗ Int µ

)
, then λ ∈ Sβ − O(X)(

λ ∈ Iβ −O(X)
)
.

Proof. We can show that Cl Int∗ µ ⊆ Cl Int∗ Clλ
(
Cl∗ Int µ ⊆ Cl∗ Int Cl∗λ

)
this implies that λ ⊆ Cl Int∗ Cl λ

(
λ ⊆ Cl∗ Int Cl∗ λ

)
, then λ ∈ Sβ − O(X)(

λ ∈ Iβ −O(X)
)
. �

Corollary 2.2. If λ any sets in X and µ is a supra-preopen (infra-preopen)
set in X such that µ ⊆ λ ⊆ Cl Int∗ µ

(
µ ⊆ λ ⊆ Cl∗ Int µ

)
, then λ ∈ Sβ −O(X)(

λ ∈ Iβ −O(X)
)
.

Corollary 2.3.

• If λ any sets in X and µ are open (generalized open) sets in space X such
that Int Cl∗ µ ⊆ λ ⊆ µ

(
Int∗ Cl µ ⊆ λ ⊆ µ

)
, then λ ∈ Sβ − C(X)(

λ ∈ Iβ − C(X)
)
.

• If λ any sets in X and µ is a supra-preclosed (infra-preclosed) set in X
such that Int Cl∗ µ ⊆ λ ⊆ µ

(
Int∗ Cl µ ⊆ λ ⊆ µ

)
, then λ ∈ Sβ − C(X)(

λ ∈ Iβ − C(X)
)
.
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Remark 2.1. Let τ be the class of open set of X, then

• τ = Int
(
SB −O(X)

)
.

• τ = Int
(
IB −O(X)

)
.

Theorem 2.4.

(a): The arbitrary union of infra-β-open (supra-β-open) set is an infra-β-
open (supra-β-open) set.

(b): The arbitrary intersection of infra-β-closed (supra-β-closed) set is an
infra-β-closed (supra-β-closed) set.

Proof. We will prove for infra-β-open sets.

(a): Let {λi} be family of infra-β-open set. Then, for each i,
λi ⊆ Cl∗ Int Cl∗λi and ∪λi ⊆ ∪(Cl∗ Int Cl∗ λi) 6 Cl∗ Int Cl∗ (∪λi).
Hence ∪λi is an infra-β-open set.

(b): Obvious.

�
Remark 2.2. The intersection of infra-β-open (supra-β-open) sets need not be

infra-β-open (supra-β-open) set.
The union of supra-β-closed sets need not be supra-β-closed set.

These are illustrated by the following example:

Example 2.1. Consider the space X where, X = {a, b, c, d}. Let B1 and B2

be sets of X defined as:

B1 = {a, b} B2 = {c, d}
Let τ = {ϕ,B1, B2, X}. We can see

• B1 and B2 are supra-β-open (infra-β-open) set.
• But B1 ∩B2 is not supra-β-open (infra-β-open) set.

Example 2.2. Consider the space X where, X = {a, b, c, d}. Let B1, B2, B3

and B4 be sets of X defined as:

B1 = {a, b}, B2 = {a, b, c}, B3 = {a, c}, B4 = {a}
Let τ = {ϕ,B1, B2, B3, B4, X}. We can see

• B1 and B3 are supra-β-closed set.
• But B1 ∪B2 is not supra-β-closed set.

Theorem 2.5. Let λ be a set of a topological space X. Then the following
statements hold:

(a): If λ is an infra-β- open (infra-β- closed) set, then λ is a β-open (β-
closed) set.

(b): If λ is a β- open (β- closed) set, then λ is a supra-β-open (supra-β-
closed) set.

(c): If λ is a supra-preopen (supra-preclosed) set, then λ is a supra-β-open
(supra-β-closed) set.

(d): If λ is an infra-preopen (infra-preclosed) set, then λ is an infra-β-open
(infra-β-closed) set.
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(e): If λ is a supra-semiopen (supra-semiclosed) set, then λ is a supra-β-
open (supra-β-closed) set.

(f): If λ is an infra-semiopen (infra-semiclosed) set, then λ is an infra-β-
open (infra-β-closed) set.

(g): If λ is an open (closed) set, then λ is a supra-β- open (supra-β- closed)
set.

(h): If λ is an open (closed) set, then λ is an infra-β- open (infra-β- closed)
set.

Proof. It is clear from Definition 1.1, Definition 1.2, Definition 2.1, Definition
2.2 and basic relations. �

The following ”Implication Diagram 1” illustrates the relation of different
classes of open sets.

Diagram 1

Remark 2.3. The converse of these relations need not be true, in general as
shown by the following examples.

Example 2.3. Consider the space X where, X = {a, b, c}. Let B1 and B2 be
sets of X defined as:

B1 = {a} B2 = {a, c}
Let τ = {ϕ,B1, X}. We can see

• B2 is a α-open set which is not an infra-β-open set.
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• B2 is a β-open set which is not an infra-β-open set.

Example 2.4. Consider the space X where, X = {a, b, c, d}. Let B1, B2, B3

and B4 be sets of X defined as:

B1 = {b} B2 = {a, b} B3 = {a, b, c} B4 = {a, c, d}
Let τ = {ϕ,B1, B2, B3, X}. We can see

• B4 is a supra-β-open set which is not infra-β-open set.
• B4 is a supra-β-open set which is not β-open set.
• B4 is a supra-β-open set which is not supra-preopen set

Example 2.5. Consider the space X where, X = {a, b, c}. Let B1, B2 and
B3 be sets of X defined as:

B1 = {a} B2 = {b, c} B3 = {a, b}
Let τ = {ϕ,B1, B2, X}. We can see

• B3 is a supra-β-open set which is not infra-preopen set.
• B3 is a supra-β-open set which is not infra-semiopen set.

Remark 2.4. We can reach the converse relations in Diagram (1) as shown
in next theorem.

Theorem 2.6. The following statements are true:

i: Each supra-β-open set which is infra-semiclosed is supra-semiopen set.
ii: Each infra-β-open set which is supra-semiclosed is infra-semiopen set.
iii: Each supra-β-open set which is infra-α-closed is closed set.
iv: Each supra-β-closed set which is infra-semiopen is supra-semiclosed set.
v: Each infra-β-closed set which is supra-semiopen is infra-semiclosed set.
vi: Each supra-β-closed set which is infra-α-open is open set.

Proof.

i: If A is supra-β-open and infra-semiclosed set, this implies that
A ⊆ Cl Int∗ Cl A and Int∗ Cl A ⊆ A. Therefore,
Cl Int∗ Cl A ⊆ Cl Int∗ A, then A ⊆ Cl Int∗ A. This show that A is
supra-semiopen set.

ii: If A is infra-β-open and supra-semiclosed set, this implies that
A ⊆ Cl∗ Int Cl∗ A and Int Cl∗ A ⊆ A. Therefore,
Cl∗ Int Cl∗ A ⊆ Cl∗ Int A, then A ⊆ Cl∗ Int A. This show that A is
infra-semiopen set.

iii: If A is supra-β-open and infra-α-closed set, this implies that
A ⊆ Cl Int∗ Cl A and Cl Int∗ Cl A ⊆ A. Then, A is closed set.

iv: If A is supra-β-closed and infra-semiopen set, this implies that
Int Cl∗ Int A ⊆ A and A ⊆ Cl∗ Int A. Therefore,
Int Cl∗ A ⊆ Int Cl∗ Int A, then Int Cl∗ A ⊆ A. This show that A is
supra-semiclosed set.

v: If A is infra-β-closed and supra-semiopen set, this implies that
Int∗ Cl Int∗ A ⊆ A and A ⊆ Cl Int∗ A. Therefore,
Int∗ Cl A ⊆ Int∗ Cl Int∗ A, then Int∗ Cl A ⊆ A. This show that A is
infra-semiclosed set.
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vi: If A is supra-β-closed and infra-α-open set, this implies that
Int Cl∗ Int A ⊆ A and A ⊆ Int Cl∗ Int A. Then, A is open set.

�

Remark 2.5. In an indiscreet Topology X, each

• supra-β-open set is supra preopen set.
• infra-β-open set is infra preopen set.

3. Conclusion

In this paper, we introduced the new topological notions, supra-β-open (closed)
and infra-β-open (closed) sets. The connections between these notions and other
topological notions are studied. The results in this paper are just the beginning
of a new structure and not only will form the theoretical basis for further applica-
tions of topology on fuzzy sets or soft sets but also will lead to the development
of information system and various fields in computational topology for geometric
design, computer-aided geometric design, engineering design research and mathe-
matical science. Also, topology plays a significant role in space-time geometry and
high-energy physics see, [3, 4, 5, 6, 7].
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