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ABSTRACT. The aim of this paper is to prove a coincidence point theorem for
a class of self mappings satisfying nonexpansive type condition under various
conditions and a fixed point theorem is also obtained. Our results extend and
generalizes the corresponding result of Singh et al. [7].

1. INTRODUCTION AND PRELIMINARIES

The concept of 2-metric space was introduced by Géhler ([2, 3, 4]) whose ab-
stract properties were suggested by the area function in Euclidean space. Employing
various contractive conditions Iseki [5] setout the tradition of proving fixed point
theorems in 2-metric spaces. Later on, Naidu and Prasad [6] contributed few fixed
point theorems in 2-metric spaces introducing the concept of weak commutativity.

Recently, Singh et al. sg proved a fixed point theorem in 2-metric space for
nonexpansive type mappings. They obtained the following result:

THEOREM 1.1. Let (X,d) be a 2-metric space and T : X — X be a self mapping
satisfying the following nonexpansive type condition:

d(Tx, Ty,u) <
1
amax{d(z,y,u),d(x, Tz,u),d(y, Ty, u), i[d(x, Ty,u) + d(y, Tz, u)]}
(1.1) + bmax{d(z, Tz, u),d(y, Ty,u)} + cld(x, Ty, u) + d(y, Tz, u)]

for all z,y,u € X, where a,b,c are real numbers such that a + b+ 2¢c = 1 and
a>0,b>0, ¢c>0. Then T has a unique fixed point and T is continuous at the
fixed point.

In this paper, we introduce a new class of self mappings satisfying the following
nonexpansive type condition:

d(Tz,Ty,u) < a(z,y) max{d(fz, fy,u),d(fy,Ty,u)}
+ bmax{d(fx, Tz,u),d(fy, Ty,u),d(y, Tx,u)}
(1.2) +cld(fz, Ty,u) + d(fy, Tz, u))
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for all z,y,u € X, where a,b, ¢ are real numbers such that sup{a(z,y) + b(z,y) +
2¢(xz,y)} = 1 and a(z,y) > 0, B = infbd(z,y) > 0, v = infe(x,y) > 0. Our
condition is an extension of that of Ciri¢ ([1])(see also [8]).

Also, we will show that our condition (1.2) includes the above condition (1.1)
of S. L. Singh et al. [7].

Now we give some definitions which are used frequently to prove our main
results.

Gahler defined 2-metric space as follows:

DEFINITION 1.1. A 2-metric on a set X with at least three points is a non-
negative real-valued mapping d : X x X x X — R satisfying the following properties:

(1) To each pair of points a, b with a # b in X there is a point ¢ € X such
that d(a, b, c) # 0.

(2) d(a,b,c) =0, if at least two of the points are equal,

(3) d(a,b,c) =d(b,c,a) =d(a,c,b),

(4) d(a,b,c) < (a,b,u) +d(a,u,c)+ d(u,b,c) for all a,b,c,u € X.

The pair (X,d) is called a 2-metric space.

DEFINITION 1.2. The sequence {x,} is convergent to x € X and x is the limit
of this sequence if lim,, o d(zy, z,u) =0 for each u € X.

DEFINITION 1.3. A sequence {z,} is called Cauchy sequence if
limn,m%oo d($na LTon,y u) =0

for allu € X. A 2-metric space in which every Cauchy sequence is convergent is
called complete.

DEFINITION 1.4. Let f and g be two self mappings of a 2-metric space (X, d).
Then f and g are said to be compatible if lim, oo d(fgzy, gfxn,u) = 0 for each
u € X, whenever {x,} is a sequence such that

lim, o fz, = lim, o gz, = t € X.

2. MAIN RESULTS

THEOREM 2.1. Let (X,d) be a 2-metric space. Let T, f be self mappings of X
satisfying nonexpansive type condition (1.2) with sup{a(z,y)+b(z,y)+2c(z,y)} =1
and a(zx,y) > 0, 8 =infb(z,y) > 0, v = infe(x,y) > 0. Let T(X) C f(X) and
either
(a) X is complete and f is surjective, or,

(b) X is complete, [ is continuous and T, f are compatible, or

(c) f(X) is complete, or

(d) T(X) is complete.

Then f and T have a coincidence point in X . Further, the coincidence point is
unique, that is, fp = fy, whenever f, =T, and f, =T,; p,q € X.

PROOF. Let x = xg be an arbitrary point in X. Since T(X) C f(X), choose z1
so that y; = fx; = Tzg. In general, choose x,,+1 such that y,11 = fr,11 =Tz,
foralln=0, 1, 2,---.

On applying inequality (1.2) and taking a(zn,xnt1) = @, b(2n,Tpy1) = b and
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(Xp, Tpy1) = ¢, we get

d(fento, frni1, fon) = d(Tni1, Ton, f2,)
< amax{d(frni1, fTn, fon), d(fTni1, TTnir, fo,)}
+ bmax{d(fxn, Tan, fon), d(fTni1, TTni1, fTni1)
yAd(frny1, Top, f2,)}
+cld(fen, Txni1, fan) +d(fxner, Tey, fo,)]
= (a+b)d(frni1, TTpi1, frn)
= (a+0)d(fznt2, fTni1, fTn)

This implies that
(1 - (a‘ + b))d(fanrQa f‘rn+17 ffn) <0
Since 1 — (a4 b) > 0, we get

(2.1) d(frnt2, fTni1, fo,) =0

On applying inequality (1.2) again and using triangular inequality and (2.1), we
get
A(Txp, Tapi1,u) < amax{d(fx,, ftni1, 1), d(fXni1, TTny1,u)}
+ bmax{d(fx,, Txy,u),d(frnt1, TTpi1,u)
s d(frng1, T, u)}
+ cld(fan, Tent1,u) + d(frps1, Ton, uw)]
< amax{d(frn, Txn,u),d(frpi1, TTpi1,u)}
+ bmax{d(fan, Txn,u),d(frnt1, TTni1,u)}
+cd(fen, Topyer,u)
= amax{d(fzn, TTn,u), d(frni1, TTpi1,u)}
+ bmax{d(fan, Txn,u),d(fTni1, TTni1,u)}
+cld(fen, Tens1, Ten) + d(frn, TTn,u)
+d(Tzpy1,Tan,u)]
= amax{d(fzn, TTn,u), d(frni1, TTpi1,u)}
+ bmax{d(fan, Txn,u),d(fTnt1, TTni1,u)}
(2.2) +cld(fen, Ten,u) +d(fepi1, TTni1, )]

Suppose that, for some n, d(frpi1, Txni1,u) > d(fr,, To,,u), then from
(2.2),we have

d(frnt1, Toni1,u) = d(Txn, Tpir,uw)
< ad(frnt1, Txni1,u) +bd(frpi1, Toni1,uw)
+cld(frnt1, TTns1,u) + d(fTni1, T4, u)]
=(a+b+2¢)d(frni1, TTni1,u)
<d(frpt1, TTni1,u)

a contradiction. Hence we must have, d(fz,i1,TTnt1,u) < d(fan, Txp,u),0r
equivalently,

(2.3) d(Txp, Txpi1,u) < d(Txp—1,Te,,uw)



184 PANKAJ KUMAR JHADE, R. A. RASHWAN, AND A S SALUJA

On applying inequality (1.2) again and evaluating a, b, ¢ at (z,—1, ), we have

Ad(Yn, Ynt1,u) = d(Txp—1, Txp,u)
< amax{d(frn—1, fxn,u), d(fen, TTp,u)}
+bmax{d(fr,—1,Txn_1,u),d(fEn, TTpn,u)
yA(fag, Txn_1,u)}
+cld(fep—1,Txn,u) + d(fan, Te,_1,u))
=amax{d(Txn—2,Txpn_1,u),d(Txp_1,TT,,u)}
bmax{d(Txp—2, Txn_1,u),d(Txp_1,Txn,u)}
+cd(Txp—o,Tx,,u)
=ad(Txp—o2,Tep_1,u) + bd(Txp—o,TTyp_1,u)
(2.4) + cd(Txp—o, Ty, u)

On applying inequality (1.2) again and using (2.1), (2.3) and by triangular inequal-
ity, we get

A(Tp—2,Txpn,u) < amax{d(fa,_o, fon,u),d(fTn, Ty, u)}
+bmax{d(frn,_o, TTn_2,u),d(fr,, T2y, u)
yA(frn, Tep_o,u)}
+eld(fep2,Trn,u) +d(fe,, Tan_o,u)]
max{d(Tx,_3, Txp_1,u),dTxp_1,TTn,u)}
bmax{d(Tz,_3,Txn_2,u),d(Txn_1, TTy,u)
yA(Txp—1, Txp_o,u)}
+cldTxn—s3,Try,u) +d(Txn_1,TxHn_2,u)]

=a
+

<amax{d(Tz,—3,Tep—o,Trp_1)+ d(T2p_3,TTy_2,u)
+d(Txp—2,Txn_1,u),d(Txpn_1,TxH,u)}
+bmax{d(Tz,_3,Txn_o,u),d(T2p_1, T2, u)
yA(Txp—1,Txp_o,u)}
+eld(Txyn—3,Txpn—2,Txy) + d(Txp_3, Trn_o,u)
+d(Txp—2,Txn,u) + d(Txp—1, TTn_2,u)]

<amax{d(Txn_3,Trp—2,Txn_1) + dTxpn_3,Try_2,u)

+d(Txp—o,Trp_1,u),d(Tx,—1,Txn,,u)}

+bmax{d(Tx,_3, Txp_o,u),d(Txy_1,Txpn,u)
yAd(Txp—1,Txp_2,u)}

+eldTxp—3,Trp—o,Txn_1)+d(Txp_3,TTn_1,Tx,)
+d(Txp—o,Trp_1,Txy) +d(T2xp_3,TTH_2,u)
+d(Txp—2,Txn_1,Txy) + d(TTp, Tp_1,u)
+d(Txp—2,Trp_1,u) + d(Txp_1,TTn_2,u)]
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=amax{d(Txn—3,Tep_o,u) + d(Txp_o, TTp_1,u)
ATy 1, Ty, u)}
+ bmax{d(Tx,_3, T2y _2,u),d(Txy_1, T2, u)
ATy 1, Ty _o,u)}
+eld(Tan—3,Txn-1,Txy) + d(TTp_5,TTn_o,u)
+d(Txy, Txp—1,u) + d(Txp_o,TTp_1,u)
+d(Tzp—1,Txp_o,u))

<amax{2d(Txp_3,TTp—2,u),d(Txp_3,Txp_2,u)}
bmax{d(Tx,_3,Txn_2,u),d(Txn_3,TTn_2,u)
yA(T -3, TTp_o,u)}
+eld(Txn—3,Taxn—2,u) +d(Txp_3,TTn_2,u)
d(Txp—3,Txp_o,u)+ d(Txp_3,TTp_o,u)
+d(Tzp—3,TTn_1,Tx,))
=[2(@+b+72) — bld(Trn_3,Trn_o,u)
(2.5) <(2-b)d(Trn_3,TTy_2,u)
where @, b, ¢ are evaluated at (z,_2,x,).

At the bottom line of the above inequality, d(Tx,—3, Txp—1,Txy) = 0.
Because, let d(Txp—3, Txn—1,Tx,) # 0, then applying (2.2), we get
d(Txp—3,Txpn_1,Tx,) = d(Txn_1,Txn, Txp_3)

<amax{d(frp—1,Txn—1,Txn_3),d(frn, Tey, TxHn_3)}
+bmax{d(frp—1,Txn-1,Txn—3),d(fan, Txn, Txy_3)}
+cld(frp—1,Tan_1,Txn_3) +d(fan, Tan, Try_3)]

<amax{d(Tzp—o,Ttp-1,Txn_3),d(TTn-1,TTn, Tan_3)}
+bmax{d(Tzp—2,Txn_1,Txn_3), d(Txp_1,Txpn, Txn_3)}
+cld(Txp—o,Trp1,Txn_3) +d(Txp-1,TTpn, Txy_3)]

=(a+b+c)d(Trp_1,Txn, TTpn_3)

< d(Txp—1,Txpn, Txp_3)

a contradiction. Thus, d(Txy,—3, Txn—1,Tz,) = 0.

On using (2.3), (2.4),and (2.5), we get
Ad(Txp—1,Txn, 1) = d(Yn, Yn+1,8)
<ad(Txp—o,Txp_1,u) + bd(Txp_o,Txp_1,u)
+c[(2 = b)d(Tzp—3,TTp_o,u)]
< ad(Txp—3,Txn_o,u) +bd(Txp_5, TTn_o,u)
+e(2-0)d(Trn_3,TTn—_2,u)
=(a+b+2c)d(Txy_3,Txy 9,u) — bed(Txy_3, Ty _o,u)
< (1 —be)d(Txp_3,T2n_2,u)
<1 =PBy)d(Txn—3,Txn_2,u)
<@1- By)? d(yo, y1,u)
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Hence {y,} is a Cauchy sequence.
For case (a) and (b), suppose that X is complete.Then Cauchy sequence {y,}
will converge to a point p in X.
Case (a): Since f is surjective, then there exist a point z in X such that p = fz.
Now applying inequality (1.2), we get
d(fZ, TZ, u) S d(fZ, Yn+1, u) + d(fZ, TZv yn+1) + d(TZ, Yn+1, u)
< d(fZ, Yn+1, 'LL) + d(fZ, TZ7 yn+1) + d(Txnu Tzv U)
S d(fZ, Yn+1, ’LL) + d(fZ, TZ7 yn+1)
+ a(z,y) max{d(fzn, fz,u),d(fz,Tz,u)}
+b(l‘ y) ma‘x{d(f‘rnaTxnv ) (fZ TZ U),d(fZ,TI'n,U)}
+ (@, y)d(frn, Tz,u) + d(f2, Ton, u)]
(z,

< sup [a(z,y) + e(z,y)] max [ max{d(fzn, f2,u),d(f2, Tz, u)}
z,yeX
,d(fZ, fxn-‘rla u)] + Suer[b(x’ y) + C(J?, y)] max [max{d(fxn, f‘rn-l-la U’)
T,y

d(fz,Tz,u),d(fz, foni, w)}, d(fon, Tz u) + d(fz, foa,u)]
+ d(fzayn+1a u) + d(fZ7Tzvyn+1)

Taking the limit as n — oo, we have
d(fz,Tzu) <supz,y € X(b+c)d(fz,Tz,u) <d(fz, Tz u)
implies that fz = Tz.
Case (b): Since f is continuous and f and T are compatible, we have
lim fy, = fp and lim fz, = lim Tz, = lim y,41 =p
n—oo n—oo n—oo n—oo
and hence

(2.7) lim d(fTxn, Tfxn,u)=0

Using (2.5), we get
d(fp,Tp,u) < d(fp, [yn+1,Tp) + d(fD, [Ynt1,u) + d(fYni1,u, Tp)

< d(fp, fyn+1,Tp) + d(fp, fynt1,w) + d(Tp, T frn, u)

< d(fp, [Yn+1,TP) + d(fD, fYni1,0)
+ amax{d(f fxn, fp,u),d(fp, Tp,u)}
+ bmax{d(f fen, T frn,u),d(fp,Tp,u),d((fp, T frn,u)}
+ c[d(f fon, Tp,u) + d(fp, T'fxn, u)]

< d(fp, [Yn+1,TP) + d(fD, fyni1,0)

+ sup [a(e,y) + b(z,y) + c(z, )] max { max{d(f fan, fp,u),
z,yeX

d(fp,Tp,u)}, max{d(f fn, T frn,u), d(fp, Tp,u),
(2.8) A((fp, T frn, W)}, ld(f 0, T, w) + d(fp, Tfn, )] |
Now we have
d(ffan, Tfen,u) <d(ffan, fTep,u) + d(fTan, Tfrn,u) +d(ffon, Tfe,, Tfr,)
Using the continuity of f and the compatibility of f and T, it follows that
(2.9) nlgr;o d(ffen, Tfx,,u) =0, nl;rrgo d(ffen, fTey,u) =0
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lim ffx, = fp, impliesthat, lim T fxz, = fp
n— 00 n—00
Taking limit as n — oo and using the inequality (2.7) and (2.8), we get

d(fp,Tp,u) < sup [a(z,y)+b(z,y)+c(z,y)]d(fp, Tp,u), , impliesthat, , fp=Tp

x,ye

Case (c):In this case, p € f(X). Let z € f~!p, then p = fz, and the proof is
completed by Case (a).

To establish uniqueness, suppose that ¢ is another coincidence point of f and 7.
Then from (1.2) with a, b, c evaluated at (p, q), we have

d(Tp,Tq,u) < amax{d(fp, fq,u),d(fq, Tq,u)}
+ bmax{d(fp,Tp,u),d(fq,Tq,u),d(fq,Tp,u)}
+cld(fp, Tq,uw) +d(fq, Tp,u)]
<(a+b+2c)d(Tp,Tq,u)
Hence Tp = Tq.

COROLLARY 2.1. Let (X,d) be a complete 2-metric space and T be a self map
of X satisfying (1.2) with f = I, the identity mapping on X. Then T has a unique
fized point and at this fized point T is continuous.

PROOF. The existence and uniqueness of the fixed point comes from Theorem
(2.1) by setting f = I.
To prove continuity at the unique fixed point p, we apply inequality (1.2), where
a, b, c are evaluated at (yn,p).

d(Tyn, p,u) = d(Tyn, Tp, u)
< amax{d(yn,p,u),d(p, Tp,u)}
+ bmax{d(yn, Tyn, w), d(p, T'p, u), d(p, Tyn, u)}
+ cd(yn, Tp, u) + d(p, Tyn, u)]

Taking limit as n — oo yields
lim d(Ty,,p,u) < (b+c) lim d(p, Ty,,u) < lim d(p,Tyn, u)
n—oo n—oo n—oo
a contradiction. Therefore, lim,, o Ty, = p =Tp. O

REMARK 2.1. Our condition (1.2) includes condition (1.1) of [7] if we define,
with f = I the identity mapping,

1
m(z,y,u) = max{d(z,y,u),d(z, Tx,u),d(y, Ty, u), 5[6[(%‘, Ty,u) + d(y, Tz, u)]}.
For each z,y € X such that

define a(z,y) =0, b(z,y) =a+b, c(z,y) =c.
For each x,y € X such that

(i, ,u) = 3 ld(e, Ty, u) +d(y, Tz, )]

define a(z,y) = 0, b(z,y) = b, c(z,y) = a+ 2c. Hence our Theorem (2.1) is a
proper generalization of [7].
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