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Abstract

Rosa [12] introduced the notion of graceful labelings. In 1985, Lo [11]
introduced the notion of edge — graceful graphs. We extended the concept of edge —
graceful labelings to directed graphs in [8]. In this paper we investigate directed
edge — graceful labeling of cycle and star related graphs.
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1 Introduction

All graphs in this paper are finite and directed. Terms not defined here are
used in the sense of Harary [9]. The symbols V(G) and E(G) denote the vertex set
and edge set of agraph G. The cardinality of the vertex set is called the order of G
denoted by p. The cardinality of the edge set is called the size of G denoted by g. A
graph with p vertices and g edgesis caled a(p, g) graph.

A graph labeling is an assignment of integers to the vertices or edges or both
subject to certain conditions. Labeled graphs serve as useful models for a broad
range of applications [1, 2]. A good account on graceful labeling problems can be
found in the dynamic survey of Gallian [6].

A graph G is called a graceful labeling if f is an injection from the vertices of
G totheset {0, 1, 2, ..., g} such that, when each edge xy is assigned the label | f(x) —
f(y)|, the resulting edge labels are distinct.
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A graph G(V, E) is said to be edge-graceful if there exists abijection f from E
to{1, 2, ..., |[E[} such that the induced mapping f* from Vto{0, 1, .., |V|-1} given
by, f + (X) = (Zf(xy)) mod(]V|) taken over all edges xy incident at x is a bijection.

A necessary condition for a graph G with p vertices and q edges to be edge-

p(p+1)
2

graceful isq(q + 1) = (mod p) . Gayathri and Duraisamy introduced the

concept of even edge-graceful labeling in [7]. Bloom and Hsu [3, 4, and 5] extended
the notion of graceful labeling to directed graph. The concept of magic, antimagic
and conservative labelings have been extended to directed graphs [10]. In [8] we
extended the concept of edge-graceful labelings to directed graphs. In this paper we
investigate directed edge — graceful labeling of cycle and star related graphs.

A (p, ) graph G is said to be directed edge — graceful if there exists an
orientation of G and alabeling f of the arcs A of G with {1, 2, ..., g} such that induced
mapping g on V defined by, g(v) = [f+(v) - f_(v)] (mod p) is a bijection where,

f+(v) = the sum of the labels of al arcs with head vand f (v) = the sum of the

|abels of all arcswith v astail.

A graph G is said to be directed edge—graceful graph if it has directed edge-
graceful labelings. Here, we investigate directed edge — graceful labeling of cycle
and star related graphs.

2 Prior Results

Theorem 2.1. [8] The path P+ is directed edge-graceful for all n > 1.

Theorem 2.2. [8] Thecyclegraph Co. isdirected edge-graceful for all n> 1.

Theorem 2.3.[8] The Butterfly graph B, isdirected edge-graceful if nisodd.

Theorem 2.4.[8] The Butterfly graph B, is directed edge — graceful if nis even and
n>4.

Theorem 2.5. [8] The snail graph SN(2n + 1) is directed edge-graceful for all n> 1.

Theorem 2.6. [§] <KLn X KLn> isdirected edge-graceful if nisevenand n > 4.

Theorem 2.7.[8] Thegraph P; U Kj 2n4 isdirected edge-graceful for all n> 1.
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Theorem 2.8. [8] The graph P, @ Ky on+ is directed edge-graceful for all m> 2
andn> 1.
Theorem 2.9. [8] The graph Pom @ Kj 2, is directed edge-graceful for all m>1 and

n>1.

3 Main Resaults
Definition 3.1. G; @ G; is nothing but one point union of G; and G..

Theorem 3.2. The graph Com @ Ky, 2n+1 i directed edge-graceful for m>2and n> 1.

Proof. Let G = Coy @ K1, 2n+1 @0d V[Com @ K1, 2n41] = {Va, V2, ..y Vom, Ug, U, ..., Uznst}
be the set of vertices. Now we orient the edges of Con @ Ky, 2n+1 SUCh that the arc set
Aisgiven by,

A={(va1, Vi), L<i <m=1} U {vy, Vom)} U {(Vai1, Vi), L<i<m} U {(vg, W),
1<j<2n+1}.

The edges and their orientation of Coy, @ Ky on41 @€ asin Figure 1.

Uon+1

Figure 1: Com @ K12n+1 With orientation
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We now label the arcs of A as follows:

f ((Vais, V2i)) =i,1<i<m-1

f ((v1, Vam)) =m

f ((Vai-1, V21)) =m+2n+1+i,1<i<m
f (v, Ugja)) =m+j,1<j<n+1

f (v, uy)) =m+2n+2-j, 1<j<n

Thenthevaluesof ¥ (v), ¥ (u)and f~(v), f~ (u) are computed as under.

£ (vai) =m+2n+1+2i,1<i<m
f(va) =0,1<i<m

f (W)  =0,1<i<m-1

f (Vo) =—(M+2n+2+2i),1<i<m-1
f(w)=0

f(v)=-(m+n+1)[2n+1)+1]

f (W)  =m+j,1<j<n+1

f (uy-) =01<j<n+1

¥ () =m+2n+2-j,1<j<n
f () =0,1<j<n

Then the induced vertex labels are,

9(ugz.1) =m+j,1<j<n+1
g(uz) =m+2n+2-j,1<j<n
Case (i) misodd.
m+1

9(Vai1) =m+1-2i,1<i<
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. . m-=-1
g(v2i) =m+2n+1+2i,1<i < ;
. . m+1
9(Vim-1+21) =2i-1,1<i<
m- . - m-1
9(Vm+21) =(2m+2n+1) - +2-2i,1<i< 5
Case (ii) miseven.
. .. m
9(Vai-1) :m+1_2I’lSISE
. . m=2
g(v2i) =m+2n+1+2i,1<i <
. . m+2
O(Vim2+2i) =21-2,1<i< 5
. .. m
9(Vim1+2i) =2m+2n+2-2i, 13|£E.

Clearly,g(V) ={0,1,..,2m+2n} ={0,1, ..., p-1}
So, it follows that all the vertex labels are distinct and g is a bijection. Hence,
Com @ Ky 2n+1 isadirected edge - graceful graph. The directed edge - graceful labeling
of Cio @Ky3and C, @ Kyg aregivenin Figure 2 and Figure 3 respectively.
[

22

Ne

oe

21

Figure 2: C,o @ Ky,13 with directed edge - graceful labeling
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5 20 4 19
Figure 3: C;, @ K19 with directed edge - graceful labeling

Theorem 3.3. Thegraph Coni @ Ky 2y isadirected edge - graceful for m > 1 and
n>1.

Proof. Let G = Cyns @ Ky on and V[Comen @ Ky on] = { V1, V2, oy Vomua, Ug, Uy, ..., Upn}
be the set of vertices. Now we orient the edges of Comy @ Ky 2n SUch that the arc set A
isgiven by,

A={(Vai, Vai), L<i <m}p U {(Vaisg, V2i), L <0 <m} U { (Vomes, V) U { (Vinet,
u), 1<j<2n}

The edges and their orientation of Comiy @ Ky, @reasin Figure 4.

Figure 4: Come1 @ Ky 2n With orientation

We now label the arcs of A asfollows:
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f((Voir, Vo)) =m+2n+i,1<i<m
f((Vai+s, V2)))  =1,1<i<m

f((Vames, V1)) =2m+2n+1

f((Vmez, 1))  =m+1

f((Vm2, Ug)) =m+1+j,1<j<n

f ((Vims1, Uppa))=M+2n+1-j,1<j<n-1

f+(v) =2m+2n+1
1

f(v) =-(m+2n+1)

m
m+2n+2i,1sisE if miseven

()

. . o m-1_
m+2n+2i,1<i< 5 if misodd

0,1<i< if miseven.

N3

f(v,)

2i

. m=-1__
0,1<i< 5 if misodd

v )= 2m+2n+1, if misodd
med” |0, if miseven

v )= -[(n-1)(@2m+2n + 2) + 2(m +1) + n], if misodd
m+l’ | -[n(2m+2n + 3) + 2m + 1], if miseven
2m+2n+2i,1 sisg if miseven
v )=
m+2i . _om+l

0,1<i< Tifmisodd

95

Then the values of f+(vi), f+(uj) and f(vi), f_(uj) are computed as under.
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O,lsis% if miseven
A .
M2 om+2n +2i), 1< i < ™2 if misodd
O,lsisgifmiseven
fr(v )= .
M2 | omyon+1+2,1 <i sm_Tifmisodd
~ ~em+2n+1+2),1<i<Xifmiseven
v )= . ?
m+2 g 1<i< mT_if m is odd.
) =m+1
7 (u) =0
f+(u2_) =m+1+j,1<j<n
]
f‘(uzj) =0,1<j<n
f"'(u2j 1) =m+2n+1-j,1<j<n-1
f"(u ) =01<j<n-1

2j+1

Then the induced vertex labels are

g(u) =m+1
9(uz) =m+1+j,1<j<n
9(uzi+1) =m+2n+1-j,1<j<n-1

Case (i) misodd
+1

9(V2i) =m+2-2i,1<i< ,
m-1

g(v2) =m+2n+2i,1<i< 5

9(Vim+1) =0
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m+1
9(Vims2i) =2m+2n+2-2i, 1<i< ;
. . . m-1
9(Vin+1+21) =2i,1<i<
2
Case (ii) miseven
. om
o(Vai1) =m+2—2|,1s|sE
. .m
a(va) =m+2n+2|,1£|£E
9(Vim+1) =0
. . m
9(Vims2i) =2i-1,1<i< —
2
m
9(Vim+1+21) =2m+2n+1-2i,1sisE

Clearly, g(V) ={0, 1, ...,2m+2n} ={0, 1, ..., p-1}

So, it follows that all the vertex labels are distinct and g is a bijection. Hence,
Comns @ Ky 2n isadirected edge-graceful graph. [

The directed edge-graceful labeling of Co @ K110 and Cy; @ Ky g aregivenin
Figure 5 and Figure 6 respectively.

15
4 > o
16
19
3
1 > ®
4

Figure 5: Cy @ Ky 10 With directed edge - graceful labeling
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14 1 15
o—>—=0 < @ >
5 15 3
19A
14 4 16
—>—= < @ >
5 18

Figure 6: C;; @ Ky g with directed edge - graceful labeling

Definition 3.4. If G has order n, the corona of G with H denoted by GC¢H is the
graph obtained by taking one copy of G and n copies of H and joining the i"" vertex of
G with an edge to every vertex in thei copy of H.

Theorem 3.5. Thegraph C,® Km isdirected edge-graceful if nisodd and mis even

forn>3& m> 2.

Proof. Let G = Cn® K and V[Cn ® Km] = {V]_, V2, ..., Vn, V11, V12, «ovy Vimy Vo1, Voo, ...,

Vamy --s Vi1, Vi2s -y Vamp D€ the set of vertices. Now we orient the edges of C, © Km

such that the arc set Ais given by,

n-1

vV ), 1<i<——
2

2i1’ 2 { (v i)}

A=l(v v ), 1<i Sngl}u {(v

{(vivi), 1<i<n1<j<m}

The edges and their orientation of C, ® IZm areasin Figure 7.
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% Vim Var oy,

®
Vom

Vi1
Vn2

Vn1

Figure7: C, ® Km with orientation

We now label the arcs of A asfollows:
. . h-1
f (Vaisa, Va2i) =j,1<i< ——
2
n-1
2

n-1

f (Vai1, V2i) =n(m+1) - ( j—1+i,1§i£2

f (Vi V1) =n(m+1)

- m . . ) .om
f(Vi, Vi) = T +E(I—1)+j,1£I£n,1SJSE

1 , : . . m
f (i, Vi) = [n(m+1) —(nzﬂ—rg(l -1 - j,1<i<nl<]| SE

Thenthevaluesof ¥ (v), ¥ (v)and f~(v), f (v;) are computed as under

f+(v1) =n(m+ 1)
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f’(Vl) ={(nm+ n)(r;“)_(n;lﬂ

n-1 n-

f (v =(mm+n)—| — |-1+2i,1<i< ——

v,) (nm+ n) ( Zj .
_ m n-1
f (v =—| —(m+n) |,1<i<

v,) {2< )} .

+ _ n-1

(VM) =0,1<i< 5

+ (n=1} m_ , _ _
v, ) —(2j+2(|—1)+1,1g|gn,131g

—~

N
I
o
H
IN
IN
-
'_\
IN
IN

N3

|
|
N |3

=0 1<'< 1<i< m
(i<21)) - st=n —J—E
Then the induced vertex labels are,
n-1 m . . . )
9(Viz-1)) = 2)+2(I—1)+],1SISH,1SJS

g(Vi(zj)) = n(m-l-l)—(nzljj|—r;(l —1)— J ,1Si£n,l£j£

(i-D)-j,1<i<nl<j<

m
2

m

2

m

2
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[ n=1}).
Case (i) (Zjlseven.

n-1 n+3
9(V2i-1) :(2j+2—2i,1ﬁi£ -
n-1 . . n-1
9(v2) :n(m+1)—( -1+2,1<i< —
2 4
. . n-1
ag|v =2i-1,1<i<
rI771+2i 4
v Cnm+1)-2i1<i< T
g n%ﬂzi T T 4
. (n=1).
Case (ii) | —— | isodd.
2
n-1 n+1
o(V2i-1) =| —|+2-2i,1<i<
- ( 2 j 4
n-1 n-3
g(va) =n(m+1)-| —= | -1+2i,1<i<
2 4
. n+1
al v =2i-2,1<i< ——
[”Ls}rzi 4
2
gl v cnm+1)+1-21<i< T
[n—:')JrZi ' T 4

Clearly,g(V) ={0,1, .., nm+n-1} ={0, 1, ..., p—1}.
So, it follows that all the vertex labels are distinct and g is bijection. Hence,
C\® Ky, isadirected edge-graceful graph. n

The directed edge-graceful labeling of Cs® Ks and C;® IZB are given in
Figure 8 and Figure 9 respectively.
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4415 40 g
34 9

540
41971 ¥/

23
22
24
21
25
20
26
19

8
1729 %3015 3 14

Figure8: Cs ©® IZS with directed edge - graceful labeling

586 57
56 5 7 56

Figure9: C; ® KB with directed edge - graceful labeling
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