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Abstract

In this paper we find the—rainbow domination number of thieregular
Harary graphgi, ,,, n > 5. Upper bound for th@-rainbow domination num-
ber of P, x P, is found. At the end we find the lower bound for theainbow
domination number of-regular graphs.
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1 Notations and Preliminary results

A subsetS of the vertex sel/(G) of a graph( is called adominating seif
every vertex in/(G) \ S is adjacent to a vertex ifi. The domination numbey(G)
Is the minimum cardinality of a dominating set@Gf
Let G be a graph and € V(G). The open neighborhood ofis the setV (v) =
{u € V(G) | wv € E(G)} and its closed neighborhood is the 8] = N(v) U
{v}. Letf: V(G) — p{1,2,...,k} be afunction that assigns to each vertex:cd
set of colors chosen from the power sef of2, ..., k}. If for each vertex € V(G)
with f(v) = ¢,

U flw)={12,.. %},
uEN (v)
then the functiory is called ak—rainbow dominating functiofk RDF') of G. The
weight of the functionf, denoted byu( f) is defined as

w(f)= Y If@)]

veV(Q)
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The minimum weight of & RD F' is called thek-rainbow domination number af
and is denoted by, (G).

In this paper we consider the-rainbow domination, defined g5: V(G) —
©{1,2} such that for each vertexe V(G) with f(v) = ¢, we have

U r)={1,2}
u€eN (v)
Such a functionf is called a2—rainbow dominating functioti2RD F') and mini-
mum weight of such function is called tRe-rainbow domination number @f and
is denoted byy,»(G). The cartesian product ¢f; andG, denoted byG; x Gs is
a graph with vertex sét' (G; x Ga) = {(v;, u;)|v; € V(G1) and u; € V(G2)}
and(v;, u;) (v, u,) € E(Gy x Ge), iff v; = vy andujuy, € E(G3) oru; = uy; and
vy € E(Gh).
Throughout this paper we denote a pathmon 1 vertices byP, .
If 1 <k < n, the Harary grapl#/; ,, of ordern is constructed as follows:

Then vertices are placed on the circumference of a circle.

(a) If k = 2r, join each vertex to the nearesvertices in each direction around
the circle.

(b) If £ = 2r 4+ 1 andn is even, join each vertex to the nearesertices in each
direction on the circle and also to the vertex exactly opposite to it.

(c) Supposé = 2r + 1 andn is odd. First the graplis, ,,, is constructed as in
part (b). Defingn + i = i for any positive integet and using this (modulo)
addition rule, construct additional edges by joining veriend vertex”zl?’
for1 <4< 2H,

Some known results about tBe-rainbow Domination in graphs are given below.
Theorem 1.1.[1] 2—rainbow dominating function is NP-complete.

Theorem 1.2.[1] 2—rainbow dominating function is NP-complete even when re-

stricted to chordal graphs.
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Theorem 1.3.[1] 2—rainbow dominating function is NP-complete even when re-
stricted to bipartite graphs.

Theorem 1.4.[1] v,2(P,) = | %] + 1.

Theorem 1.5.[1] Forn > 3, 7,2(Cy) = [ 5] + [5] — %]

Theorem 1.6.[1] Forn > 3, v,2(S,) = n.

Theorem 1.7.[1] For the generalized Petersen graph GP(n, k),
Yr2(GP(n, k)) < n.

Theorem 1.8.[1] For any relatively prime numbers n and k, with k < n,

4n

PYTZ(GP(na k)) 2 ( 5 —‘

Theorem 1.9.[1] v,2(GP(5,2)) = 5.

2 On 2-rainbow domination number of 4-regular Harary graph

In this section we find the—rainbow domination number of theregular Harary
graphsH, ,, n > 5. Also the upper bound for tHerainbow domination number of
P, x P, iand the lower bound for th2-rainbow domination number df-regular
graphs are found in this paper.

Proposition 2.1.Forn > 5, y(Hy,) < [£].

Proof. In a Harary graphH,,, n > 5 a vertex say is adjacent to four other
vertices. Thus there exists a set of five vertices among which one vertex is adjacent
to the remaining four vertices in Harary graph. We choose that vertex as an element
of the dominating set. Thus we can partition the vertex séfof, n > 5into [ |
subsets. We form a sétsuch thatS| = [£] and exactly one element of the above

[ %] subsets is an element 8f Thusy(Hy,,) < [%]. [

Proposition 2.2.For any connected graph G, v,2(G) < 27,(G).
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Proof. Let S be a dominating set @ with |S| = ~,(G). Define

fVI(G) — {12}

such that
1,2}, ifz; €8
flay = b2 |
0, if x; €S wherei=1,...,n.
This function is 2 RDF of G and we havey,»(G) < 2v,.(G). [ |

Corollary 2.3. Forn > 5, v,2(Ha,) < 2[%].

Proof. LetH,,,n > 5 be aHarary graph. L&t be the set as defined in proposition
2.1.
Definef : V(Hy,,) — p{1,2} such that

{1,2}, ifz; €5,
f(x:) = . .
o, if x; ¢ S wherei=1,...,n.

U f(u;) = {1,2} wherei=1,...,n.

uiEN(xi)Iigs
Clearly, f is a2— rainbow domination function and since each vertex in the domi-

nating set is assigned with a set of two colors and there are a tqtal ofertices in
the dominating set ofl, ,, » > 5, we deduce that,,(H,,) < 2[%],n > 5. [ |

Theorem 2.4.Forn > 5, v,2(Hyyn) > [5].

Proof. Let H,,, be a graph withV' (H,,,)| = n. Let f : V(Hy,,) — o{1,2} be a
2RDF of Hy,, of minimum weight. LetS = {z € V(Hy,,) : f(x) # ¢}. Then for
everyu € V(H,,) \ S, we have|f(N(u))| > 2. By summing up these inequalities
for all vertices ofl/(H,,,) \ S we get,

> AN > 2]V (Hyp)| = [S).

u€V (Hgn)\S

Thatis, >, cv i, s [f(N (W) = 2(|V(Han)| — 12(Han)) Where every vertex
of S is adjacent tal vertices ofV (H,,,) \ S. So, each weight is counted exactly
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times on the left hand-side of the above inequality.

Thus,
4’7r2(H4,n) Z 2(|V(H4,n)| - 'YTQ(H4,n))a
67r2(Han) > 2|V (Hap)l,
6")/7"2(H4,n) 2 277/7
n
77"2(H4,n) Z g
By definition~,,(Hy,,) is an integer. Hence.o(Hy,) > [%],n > 5. [ |

Proposition 2.5.For P, X P,,, v(Py x P,,) < [™2], wherem € N.

Proof. The stripP, x P, is a graph or2m + 2 vertices. The elements for a domi-
nating setS can be selected fro?, x P,, as given below:

Let us suppose that,,u;) € S. Then(vy,u;) € Sif j = 1(mod 4) and
(vg,uj) € Sif j = 3(mod 4) wherej < m + 1.

If m+1 = 0(mod 4) then(vy, u,,,1) may be included irt to dominate(v,, w1 1).

If m+1 = 2(mod 4) then(vy, u,,+1) may be included irt to dominate(vy, t,+1).

If m + 1= 1(mod 4) then(vy, u,,+1) Must be inS.

If m + 1 = 3(mod 4) then(vs, u,,+1) Must be inS.

Thus, S is a dominating set wit + [22=4] vertices.

Hencey(P; x P,,) < [24£2]. |
Corollary 2.6. v,o( Py x P,,) < 2[™2].

Proof. The P, x P, is a graph or2m+ 2 vertices. LetS be the set (dominating set)
suchthats = {z € V(P, x P,,) : f(z) # ¢}. Thenforevery. € V(P x P,,)\ S,
we have|f(N(u))| > 2. Let f : V(P x P,,) — p{1,2} be defined as

{1,2}, if z; € S,
flx) = . .
o, if x; €S wherei =1,2,...,n.

U f(u;) ={1,2} wherei =12,,...,n.

uieN(xi)zigs

Such a functiory is a2— rainbow domination function and since each vertex in the
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dominating set is assigned with a set of two colors and there are a tqté&lof
vertices in dominating set d?, x P,,, we deduce that,o( P x P,,) < 2[’”7”] [ |

Theorem 2.7.Let G be a k-regular graph, then ,2(G) > (kQ—Jg}

Proof. Let G be ak— regular graph withV(G)| = n and f be a2RDF of G of
minimum weight. LetS be the set (dominating set) such thtat= {z € V(G) :
f(z) # ¢}. Then for everyu € V(G) \ S, we have|f(N(u))| > 2. By summing
up these inequalities for all vertices Bi{G) \ S we get,

D IFWN @) =2(V(G)] - I9)),

ueV(G)\S

>IN )] = 2([V(G)| = 12(G)).

ueV(G\S

where every vertex of is adjacent té: vertices (fromV/(G)\ S). The left hand-side
of the above inequality shows that each weight is counted exadtithges. Thus,

(k+2)72(G) = 2|V(G)]

2n
>
7T2(G) - ]C+2
Sincey,»(G) is an integery,»(G) > [2%]. u

Remark 2.8. Theorem 1.3 and Theorem 1.5 are the corollaries of the above theo-

rem.
Corollary 2.9. [1] Forn > 5, y,2(Hyp) > [5].

Corollary 2.10. [1]For any relatively prime numbers n and k, withk < n, v,o(GP(n,k)) >
(31
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3 Conclusion

We conclude this paper with the following open problems.

Open Problem 3.1.Calculate 2—rainbow domination number of Hj, ,, where k is

even other than 4 or k is odd and n is even or k and n are both odd.

Open Problem 3.2.Compute more sharp lower bound for 2—rainbow domination

number of k—regular graph.

Open Problem 3.3.Find the upper bound of 2—rainbow domination number for
k—regular graph.

Open Problem 3.4.Calculate 2—rainbow domination number for P, x P,, where t

is other than 1.
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