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Abstract One of the major problems in the geometric function theory is the coefficients bound for functional and
partial sums. The important method, for this purpose, is the Hankel matrix. Our aim is to introduce a new method to
determine the coefficients bound, based on the matrix theory. We utilize various kinds of matrices, such as Hilbert,
Hurwitz and Turan. We illustrate new classes of analytic function in the unit disk, depending on the coefficients of a
particular type of partial sums. This method shows the effectiveness of the new classes. Our results are applied to the
well known classes such as starlike and convex. One can illustrate the same method on other classes.
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1. Introduction

The Hankel determinant represents a major part in the
theory of singularities [1,2]. In addition, it utilizes in the
investigation of power series with integral coefficients [3].
Also, it appears in the study of meromorphic functions [4],
and various properties of these determinants can be found
in [5]. It is well known that the Fekete-Szego functional

‘a3—a§‘: H, (1). This functional is further generalized
as ‘a3—ya§‘ for some u (real or complex). Fekete and

Szego introduced sharp bounds of ‘a3— ya%‘ for u real

of univalent functions. It is a very important combination
of the two coefficients which describes the area problems
posted earlier by Gronwall. Furthermore, researchers

considered the functional ‘a2a4 —a%‘ (see [6]). Babalola

[7] determined the Hankel determinant H3(1) for some

subclasses of analytic functions. Ibrahim [8] computed the
Hankel determinant for fractional differential operator in
the open unit disk.

Partial sums are studied widely in the univalent
function theory. Szeg [9] proved that if the function

f(z)=2+) ,a,2" is starlike, then its partial sums
fk(z)=z+ZE:2anz” are starlike for |[z]<1/4 .
Moreover, if f(z) is convex, then its partial sums f, (z)
is convex for |z|<1/8. Later Owa [10] imposed the
starlikeness and convexity for special case of
f (2)=z+acz". In addition, Darus and Ibrahim [11]
specified the assumptions, which indicated that the partial

sums of functions of bounded turning are also of bounded
turning. Recently, Darus and Ibrahim [12] considered the
Cesaro partial sums, it has been shown that this type of
partial sums preserves the properties of the analytic
functions in the open unit disk.

In this work, we deal with the partial sums of the form

fi (2)=2+(a /k)zk,k > 2. We introduce some classes

of analytic functions defined by its partial sums. The
stability of these classes is studied by utilizing Hurwitz
matrices convoluting the with Hilbert matrix (a special
type of Hankel matrix). Moreover, we discuss some partial
sums formulated under Turan determinant. The upper
bound as well as the lower bound of the coefficients a, .
This new process includes some well known results. Our
outcomes depend on computational results of different
order of the Turan determinant. We show that some
geometric properties, of the new classes are established by
computing the Turan determinant such as starlikeness and
convexity.

2. Processing

Let 4 be the class of analytic functions

fk(z)=z+zlr<]:2anz“ in  U={z:|z7/<1}  and
normalized by the conditions f (0)= f'(0)-1=0. For a
partial sum of the form

fi(z)= a X +va 2" a2 az,
convoluted with the Hilbert matrix elements in the fit
order, we obtain the partial sums
= a a _ a
fk(Z):—ka k k-1 2 2

+——7""+. .+ +az,k22,8 =1
k k-1 2
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For the above partial sums fy (z), we let

- a O a
fi () ==K 28 + K KT 12272 157,
2

aq=lzeU (1)
= bozk +l:)lzk’1+...+bk_222 +b_1z+Dby,
bk71 = al =1, bk =0.
The minors of Hurwitz (kxk) matrix for (1), are
defined by

A (i) = bl
—\ b b
%2(1)=ly, 1,
b b
As(Fe)=[oo by by
0 b b

Definition 2.1 For zeU, the polynomial f, (z) is called
stable, asymptotically stable and unstable if and only if

Aj >0, Aj =0, Aj <0, for all j=1,2,3,..., respectively.

From (1), we define the partial sums

gk(z):=z+a7kzk.

We proceed to construct new classes based on g, (z).
A computation implies

_29¢(2)
“a2)

0 m-1
I I (S T .

ay Z
m=1 km

(=)™ (k-1)

m=1 km

v

2

R (2)

al'w™ w =z,

Thus for k = 2,3,4,..., we have the following classes:

_1)m—1

m=1 2m

ay'w™

NS
—~~
=
~—
Il
[N
+
M8
—

agw™, 3

We call the above classes the coefficient (a ) -starlike

and they denoted by S*(ak). Similarly, we define the

coefficient (ay ) -convex, which denoted by ' (ay), as
follows:

4

Thus for k = 2,3,..., we have the following classes:
Q(w)=1+ Y 2(-1)" " alw"
=1

Qs (w)=1+ i 3(-1)" "t alw™, (5)
=1

In the same manner of the above classes, one can
construct a, -class such as close to convex, uniformly

classes and concave. Based on these classes, we can study
the stability of starlikeness as well as convexity. Moreover,
relations concerning these classes can be formulated such

as Hy(1), Hy(2),....

3. Outcomes

We have the following stability results for the classes
$"(a) and C'(a):
Theorem 3.1 Consider P, €S (a,), a,>0. Then a

polynomial of degree 2 is starlike stable, while of degree 3
is not stable.

Proof. By employing P, , in Eq. (3), polynomials of
degree 2 and 3 can be expressed respectively as follows:

2
a 8 2
w)=1+—=w-——45w
p2,2( ) 2 22
:=b2+blw+b0w2

and

=bg+b,w+ blw2 +bow3.

Let a, >0, thus we obtain

A1<P2,2)=A2(P2)=a?2>0

and

3
Az(pzvg):—:—g<0.

Theorem 3.2 Consider Q, e(ay), a, >0. Then a

polynomial of degree 2 is convex stable, while of degree 3
is not stable.

Proof. Consider Q, e C(a,), a, >0. Then polynomials

of degree 2 and 3 can be formulated respectively as
follows:

2
_1.% . 8 2
q2'2(w)_l+?w_2_2

=h, +bw+ bow2

and
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Up3(W) —1+a—zw—ﬁw2 +—<w
23 > 52 53

=hy +b2W+le2 +b0W3.
Let a, > 0, thus we obtain

A1(da2)=Az(dp) =22, >0

and
AZ (q2’3) = —6a§ <0.

Consider pneS*(ak). We deal with polynomial

sequences (pp)e s” (ax ),k =2 (partial sums) satisfying
the recurrent relation

WP, (W):pn(pn+l(w)_ pn—l(W))anJ- 6)
(pn>0,n21,py=1)

and

pn (W) =1+ Zn:“lWawwm.

Define the Turan determinant as follows:
2
An (W)= P (W)= Po-a (W) Proa (W)n =L (D)
We shall prove inequality of the form

CS|An(W)|SC,O<|W|<1,0<C<C. (®

Theorem 3.3 Assume p,, (w) satisfies (6). Then

2 2
Pnn+ pnaAng = (pn _Pn—l)( Pn — pn—l)' nx1.
Proof. By (6), we have

_Wpn+Pnbna

p '
n+1( ) on

this yields that
wp, + _
An - pr2] _(wJ pn_l_
Pn

Consequently, we obtain

2 2
Paln =(Pn = Pnt) P + PraPnPr2 — PnPia (9

By the definition of A, we conclude that

Pn-1An-1 (W)
= pn—lpr%—l (W)= Pn1Pn—2 (W) Py (w),n>1.

then summing (9) and (10), we arrive at the desired
assertion. This completes the proof.

Theorem 3.4 Let (p,)n=>1 be increasing sequence. If
Pn ~ Pna
Pn

(10)

>1 then

|An (W) >0, weU\{0},n>1.

Proof. It suffices to show that |Al(w)| > 0. By the proof

of Theorem 3.3 and the fact that py =1 and p_; =0, we
conclude that

-p
a2 -
|t —p0) p12_4
Pl
>|p? —1‘20.

Therefore, by the assumptions of the theorem, we have
|A1 (w)|>0. Hence by induction we obtain |A; (w)|>0,
n>1.

Define a function g,(w):=py,2—P, then g,(w)

satisfies the following property :
Proposition 3.1 For n>1 we have

W (W) = pny29ns1 (W) = PnGnog (W)
Proof. A calculation implies that
P+29n+1 (W)= pndn-1 (W)
= Pnr2 Pn3 (W) = Pni2 Prsa (W)
= WPp2 (W)= o Pt (W) + o Png (W)
= WQp (W) +WPy = 2 Prsa (W) + on Pnog (W)
=wgp (w).

Theorem 3.5 For n>1 we have
W2An (W) = Pr%grzkl (W) ~ Pn+1Pn-1 (gn72 (W) On (W))’

where g, (W)= Py, (W)= pp (W), n>1.
Proof. We observe that

PnIn-1(W) = py ( Pne1 (W)= Pny (W)) =wp,, (11
and
Pn+1Pn-19n-2 (W) In (W)
= Pn-1(Pn (W)= Paz (W) onsa ( Prsz (W) = s (W) (12)
=w’ Pn-1Pn+1-

Subtracting (12) from (11), we conclude the desired
assertion.

Theorem 3.6 Consider that (p,) achieves (6) with

po <1. Let (p,),n=>1 be increasing such that p, <1/2
and

Yo
1—:3n (Pnsz—pn), N1 (13)

Pn=Pn12

Then

|An (W) 2c, ¢>0,weU,n>1.

Proof. Clearly that (13) is equivalent to (pr%) being

increasing. Define the formula
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A, (W) = pPn gg_l(W)—pm—lgn—Z (W) 9n (W)

Since p,_1 < p,. therefore, in view of Theorem 3.5,
we obtain

|An (W)|= pyg [An (W)], w—+1. (14)

By Proposition 3.1, we have the following expression :

Ao (W) = P15 (W) + 071 (W)
+W0n_o (W) Oha (W)

(15)

Multiplying Eq.(15) by Pl gng replacing n by n—-1,
Pn+l
we arrive on

Pn— Pn-1Pn ~ Pn-2LPn-
An(W)_n_zAn—l(W): n-1Fn n-2Fn 195_2(\/\/)'
Pn Pn

Consequently, we conclude that

Pn—
‘Ah—“—zm >0.
Pn

By iterating the quantities A, and A,_;, we attain in
PL---Pn2
[An (W) 2 = =22 g
P3---Pn
But by utilizing Eq.(15) and Eq.(16), we find
1
o (W) <[ 108 + p20f - g0y > 22 ==
s AL
Therefore, (14) becomes
PL-+-Pn PPl Pn

Hence the proof.
Theorem 3.7 Consider that (pn) achieves (6) with

po <1. Let (p,),
Pn 21/2 and

n>1 be decreasing such that

Pn

17)
1-pn

Pn—Pp1 < (pn+1_/7n)l nz2.

Then
|An(w)<C, C>0,weU,n>2,
Proof. By letting Y, :=./pn.prn, with the following
properties:
. 1

e limY, = >

- v Pne2 (Pn1=Pn)* Pn(Prsz = Poa)
n+1= *n~
\/Pn+2 +2pp4 + \/pn+1pn

o > [ Ynia—Yn| <.
The last property is valid by the monotonicity of (o)

in (17). Define a polynomial (P,) by utilizing Y, as
follows: for

Py(W)=0npn (W), weU,

where
On = &, o =1 nx1
Pn
satisfying
Pﬂ = Yn PnJrl + Yn—lpn—l- (18)
Obviously, P, satisfies
: 2
lim [ B? = Py g (W) Prag () | <.
nN—o0
This implies that (P,(w)), weU is uniformly

bounded on a compact set for n — co. By the definition of
the Turan determinant, we obtain

1
An (W) == (PE (W)= ZnPa_y (W) Prag (),
©n
where
2
Ay =—
On-19n+1
such that
lim 4, =1.
N—oo

We conclude that there exists a constant C e(O,oo)
such that

|An (W)|SC, n>1 weU.

Remark 3.1 If pg =1 in Theorems 3.6 and 3.7, we obtain
that the coefficient a, =0. For example, if |a|<k
(starlike class), then pg <1/k, k>2. Thus, Theorem 3.7
implies that |Ap|<pg <1 as w—+1. Moreover, the

above results can be considered for a sequence of
polynomials (q,)eC(ay), k=>2.

4. Applications

In this section, we utilize the Turan determinant to fined
the coefficients bound of the classes S (&) and ¢ (ay ).
We have the following propositions.

Proposition 4.1 Consider the classes S (a,) and

S”(ag). Then |a,|<1.3 and |a3|s§.

Proof. By utilizing A; and A, respectively for finding
the upper bound of |a,| and |ag| A computation implies
that

2 3
Ap(w) :aTZW2 —%zw‘g

and
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2wt 28 a8us,
81 3

=122 %20 W

<1, when|ay| <1.3.

Similarly for |ag|

In the similar manner of Proposition 4.1, we have the
following result:
Proposition 4.2 Consider the classes ((ay). Then

lap| < 2.

2
Proof. By utilizing A, :=q2(w)—q1(w)q3(w), we
obtain

A2 (W) = ‘Zang —2agw3‘,

which implies that [A, (w)| <1 when |ay| g%.

5. Conclusion

We imposed a new technique for finding the coefficients
bound. This method based on several types of matrices.
The major type was the Tura in the open unit disk. We
proved the boundedness of this matrix from below as well
as from above. We defined classes of analytic functions,
depending on one coefficients, calculating by some special
type of partial sums. The stability of these classes is

considered by utilizing the Hurwitz matrix. We illustrated
some applications of this method for two well defined
classes (starlike and convex). The above method can be
employed on other classes such as uniform, concave etc.
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