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and (1) denotes the Pochhammer symbol defined (for

1. Introduction and Definitions A€ C) by (see [[11], p. 2 and pp. 4-6]; see also [[10], p. 2]):
The S-generalized Gauss hypergeometric function: (,1)n = %
BT, .
FF()a “’)(a,b,c,z) 1 (n=0) (1.3)
was introduced and investigated by Srivastava et al. [[8], p. B /1(,1 +1)...(/1 +n —1) (n eN= {1, 2,3, })

350, Eq. (1.12)]. It is represented in the following manner:
. provided that the Gamma quotient exists (see, for details,
Fé“‘ﬁ’r"‘) (a,b;c;2) [[13], p. 16 et seq.] and [[15], p. 22 et seq.]).

(aﬁw) i 1.1) For 7 =u , the S-generalized Gauss hypergeometric
Z (b +n,c _b) z (|z| < 1) function defined by (1.1) reduces to the following generalized
n=0 B(b,c-b) n! Gauss hypergeometric function Fé“‘ﬁ ﬂ(a,b;c;z) studied
2%(a),2(B), earlier by Parmar [[7], p.44]:
(f)ﬁ’( p)=0; min{ (a).22(5) } >0;9%(c)> 9 (b) > OJ
.’%(T),%(/,l) FF()a’ﬁ;T) (a’ b,C, Z)
in terms of the classical Beta function B(4, ) and the NG ﬁ")(b b) g (1.4)
‘ oo i +n,c— :
S-generalized Beta function B%""ﬁ‘f’”)(x,y), which was =2 (@), B(bc-b)  n! (I <1)
also defined by Srivastava et al. [[8], p. 350, Eq. (1.13)] as n=0
follows: [ (p)=0;min{ 9% (a), 2 (B). % ()} >0;
Bg“'ﬂ;r"‘)(x,y):: 2 (c)> 2 (b)>0

1,4 y-1 P (1.2) which, in the further special case when 7 =1, reduces to
Iot (1-t)" 1R @ -t the following extension of the generalized Gauss
( hypergeometric function (see, e.g., [[6], p. 4606, Section 3];

) 0; mln{%(x) %(y),m(a)’%(ﬂ)} >0;] see also [[5], p. 39]):
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Fé“'ﬂ) (a,b;c;z)

( )(b+nc b) 2" (1.5)

- 2O ey (1Y

(92(p) = 0;min {9 (a), 22(B)} > 0,2 (c) > 92 (b) > 0).

Upon setting « = S in (1.5), we arrive at the following
extended Gauss hypergeometric function (see [[1], p.591,

Egs. (2.1) and (2.2)]):

F (abiciz)= Y (a),

b+n,c-b
~ ﬁn— (|Z| <l) (1 6)

(92(p)=0;9(c)> 9 (b)>0).

In the present paper. we propose to further investigate
the S-generalized Gauss hypergeometric function defined
by (1.1). We first derive an integral representation, the
Mellin transform and a complex integral representation of
the S-generalized Gauss hypergeometric function. We also
introduce and study a new integral transform whose kernel
is the S-generalized Gauss hypergeometric function and
point out its three special cases which are also believed to
be new. The well-known Gauss hypergeometric function
transform follows as a simple special case of our integral
transforms. Finally, we establish an inversion formula for
the integral transform which we have introduced in this
investigation. For other related works on various families
of Gauss and Kummer hypergeometric functions and their
multi-parameter extensions and generalizations, one may
refer (for example) to the recent papers [1,3,4] and [9].

2. A Set of Main Results

In this section, we first give the aforementioned integral
representation, the Mellin Transform and a complex
integral representation of the S-generalized Gauss
hypergeometric function. We also introduce a new integral
transform whose kernel is the S-generalized Gauss
hypergeometric function defined by (1.1).

2.1. Integral Representation of the S-Generalized
Gauss Hypergeometric Function

Theorem 1. Suppose that
27(p)= 0,|arg (1- z)| <,
min{.‘)‘i‘(r),.’?i‘(y),%(b+ra),
and 92(c)>9%(b)>0

922 (c—b+ ua)} >0,

Then the following integral representation holds true:
Fé“'ﬂ;r"‘) (a,b;c;z)

2 (1) (1-2)

2.1
1 1
= dt
B(b,C—b)‘[O o F a;ﬂ;_L
t7 (1-t)"

where the S-generalized Gauss hypergeometric function
F‘g“’ﬂ;”’) (a,b;c;z) is given by (1.1).

Proof. Using Eq. (1.1) on the left-hand side of (2.1), we
find that

Fé“'ﬂ;r’”) (ab;c;z)

5 o)
B b+n,c-b) ;"
(a), =

‘ B(bc-b)  n!

{o+n-1 (1_ t)C—b—l
_b)Z( )J 1Fl[a;ﬁ;——p ji 3
t7(1-t) ) n!
-1 (1_t)c—b—l
=;fl -
B(b,c—b)70 .1Fl{a;ﬂ —LJZ(a)n
(1-t)* JnZo

tb—l (l_t)C—b—l (1_ Zt)_a

p L
R | @ fi-—
Sk Y

which proves Theorem 1.

M

n

(Zt)n dt
n!

1 a
B B(b,c—b)jo

2.2. The Mellin Transform of the S-Generalized
Gauss Hypergeometric Function

As usual, the Mellin transform of a function f(t) is
defined by (see, for example, [[2], p. 340, Eq. (8.2.5)])

W[ F(1)](s)= [t (1)t (9(s)>0).

provided that the improper integral exists.
Theorem 2. If

(2.2)

2 (p)=0, min{;gzi(ﬁil)%(bﬂa)} o
and 97 (c)> % (s) <min(97(a), 22 (b)),
then
%[Féa'ﬁ”’”)(a,b;C;t)](S)
B(s,a—s)BE}“vﬂ;r,ﬂ)(b_slc_b) (2.3)
B(b,c—b)

Proof. In order to prove the assertion (2.3), by taking the
Mellin transform of (2.1), we obtain

A(s)=

tb—l (1 _t )Cfbfl

®_s-1 1 1 -a
J.O z mj.o '(1— Zt) dt dZ.
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Upon interchanging the order of the t- and the z-integrals
(which is permissible under the conditions stated), if we
evaluate the resulting z-integral first, we get

2 (1-)°

A(S)ZB(b,t—b)j; Fl[
(s)
t

B dt.
a

. N
t7(1-t)"
L)r(@a-s)

(
I'(a)

1 o
r'(s)r
(-t)°

Now, with the help of (1.2), we get the desired result
(2.3) after a little simplification.

2.3. A Complex Integral Representation of
the S-Generalized Gauss Hypergeometric
Function

If we take the inverse Mellin transform of (2.3), we

easily arrive at the following complex integral
representation for the S-generalized Gauss hypergeometric

function Fp(,a’ﬂ;f’”) (a,b;c;z):

F‘g“’ﬂ;”’) (a,b;c;2)

1 g —SB(S’a_S)BE’a'ﬂ;T'ﬂ)(b—S,C—b) (2.4)

= ) (—z) ds.

27 4~ B(b,c—b)

2.4. The S-Generalized Gauss Hypergeometric
Function Transform

We define the S-generalized Gauss hypergeometric
transform by the following equation (see also a recent

work [14] dealing with several new families of integral
transforms):

S[f(2);s]=0(s)= J(:O Fé“’ﬁ;"“) (a,b;c;sz) f (z)dz

(2.5)
(f(z)en),
where A denotes the class of functions for which
o(z¢ (z—0)
f(z)= ( ) (2.6)
O(zwlcwzz) (2] > =),

provided that the existence conditions in (1.1) for the S-
generalized Gauss hypergeometric function

Fé“’ﬂ;"“) (a,b;c;z)
are satisfied and
7(¢)>-1
and

27 (Wp)>0 or 92(w,)=0and % (w —a+1)<0.(2.7)

2.5. Special Cases

In this section, we give three special cases of our
integral transform defined by (2.5).

25.1. Generalize Gauss Hypergeometric Function
Transform

If we put =g in (2.5), the transform in (2.5) reduces

to the generalized Gauss hypergeometric function transform
given by

o (s)= _[w Fp(,a‘ﬂ;”‘) (a,b;c;sz) f (z)dz.

0 (2.8

2.5.2. Extension of the Generalized Gauss Hypergeometric
Function Transform

By taking r=u=1 in (2.8), we get the following

extension of the generalized Gauss hypergeometric function
transform:

02(s)= [ F5™P) (abicise) f (2)dz

Moreover, if we take o = g in (2.9), it reduces to the

extended Gauss hypergeometric function transform given
below:

(2.9

¢3(s)=J‘gon(a,b;c;sz)f(z)dz. (2.10)

if we set p = 0 in the integral transforms defined by (2.8),
(2.9) and (2.10), we easily get the Gauss hypergeometric
transform (see, for details, [12]).

2.6. Inversion Formula for the S-Generalized
Gauss Hypergeometric Function Transform

Theorem 3. If y<f (y)e L(0,0), the function f(y) is of

bounded variation in the neighborhood of the pointy = z,
and

(2.11)

then

%{f(t+0)+ f(t-0)}

1 f (-1 B(b,c—b)
27i°L(B(l-x,a+x-1)

Bl ATH) (b4 -1,c-b)

7% 0(x)dx, (2.12)

where

Q(x):= J;Os_Kw(s)ds, (2.13)

provided that existence conditions for the S-generalized
Gauss hypergeometric  function Fé“‘ﬁ;””)(a,b;c;z)

given by (1.1) are satisfied, the S-generalized Gauss
hypergeometric function transform of |f (z)| exists, and

2(1-x)>0 and H#(1-a-x)<O0.

Proof. In order to prove the inversion formula (2.12), we
substitute the value of ¢(s) from (2.11) into the right-

hand side of (2.13). We thus find that
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Q(x):= JSOS_K¢(S)dS
= jgo sk Ugo Fé“’ﬂ;r’”) (a,b;c;sz) f (z)dzjds.

Upon interchanging the order of the z- and the s-integrals
in (2.14) (which is permissible under the given conditions),
if we evaluate the s-integral by using (2.3), we obtain

Q(x)

B(l-x,a+x-1)

B4 (b4 xc-1,c—b)
B(b,c—b)

(2.14)

(2.15)

= J'go (—z)’“1 f (z)dz.

Finally, by applying the Mellin Inversion Formula to
the above integral (2.15), we get the desired result (2.12)
after a little simplification.

3. Concluding Remarks and Observations

In our present investigation, we have further studied the
S-generalized Gauss hypergeometric function:

Flg“’ﬂ;””) (a,b;c;2),

which was recently introduced by Srivastava et al. [8]. In
the course of our study, we have presented an integral
representation, the Mellin transform and a complex
integral representation of the S-generalized Gauss
hypergeometric function. We have also introduced a new
integral transform whose kernel is the S-generalized
Gauss hypergeometric function and pointed out its three
special cases which are also believed to be new.
Furthermore, we have specified that the well-known
Gauss hypergeometric function transform follows as a
simple special case of our integral transforms. Finally, we
have established an inversion formula for the integral
transform which we have introduced in this investigation.
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