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1. Introduction

Let IP be the set of prime numbers, and for all x € R,
let m(x) denote the number of prime numbers less than or
equal to x. The prime number theorem which was shown
independently by de la Vallé Poussin [1], and Hadamard
[2] in 1896, states that:

ﬂ(X)*% as X — +oo 1)

or
7(X) = Li(X), as X — +o,

where Li(x) is the logarithmic integral of x defined by:

)

. . e dy
LI(X) - SITODO Iny

We can give an equivalent statement for this theorem as,

for example, let p,, denote the n'th prime number. Then
7t (n)=p, =Lit(n)~ninn asn >+ (2)

One of our objectives here is to use a restriction of the
function = to P to study intrinsic properties of some
sequences of primes defined by iterations. The point of
departure for this study is the construction of an
equivalence relation that we denote by R. The purpose of
this equivalence relation is to show first, that there is a
recurrence relation between prime numbers which can be
arranged in an infinity of well-defined classes dependent
on the initial value. Second, the use of its properties with
the famous prime number theorem is one way to find and
prove other results for the possible applications in number
theory. Part of our motivation came from the prime
number theorem and the Riemann hypothesis. Also, it was
an attempt to establish the relationship between these
prime numbers classes and several as-yet unproved

conjectures, such as Goldbach's Conjecture and Twin
Prime Conjecture.

The structure of this paper is as follows. In section 2,
we begin with the definition of our equivalence relation
and its equivalence classes p where p is a prime number,
which constitute the fundamental object of study, and we
propose some preliminary results. In section 3, we exhibit
the main results of this work by introducing and studying
the functions e, 1, T, 9 and 6,. The methods used
here are part of elementary number theory and we have
attempted to present the ideas in as elementary a way as
possible. Finally, in section 4, we give some open
questions related this subject.

Notation
1) We set
X)= 2L
p<x
this function count the number of primes less than x.
2) We define the following functions:

n times
7" (X)=zormo...on(X),
n times
7 "(y)= Y 0...07T_1(y),

where o is the composition operator.
3) In many situations, we search to estimate Y, f(p),
where p € IP. Then, we use the following formula:

PRICEDY

p<x n

S0,
2

= Inn nt

2. Preliminary results

2.1. The Classes p and Its Elements
We start with the following lemma:
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Lemma 2.1. Let m|p be the restriction of = to P. Then,
m|p: P —» N is a bijection and its inverse function is
|pt:N - P.

Notation. Throughout this paper, we simply use the
notation m to designate the restriction of m to the set P
instead of using Tt|p.

The proof of the following theorem is obvious.
Theorem 2.1. We define the relation R on the set of prime
numbers P defined by: if p and g are two prime numbers,
pRq if and only if:

1) n°(p) = p for any prime number p,

2) there exists n € Z such that p = t™(q).

Then, R is an equivalence relation.
Notation. The elements of the equivalence class p are
defined by:

p={..7%(p).2(P), P2 (P).7 2 (). ).

The smallest element of p, which we denote by p,, is
called the origin of the class p. Then, in this case, we note
that the sets p and p, have the same elements.

Example 1.

2={2,3511,31127,...},7=1{7,17,59,...}.

Notation. We denote by P, the set of all origins p,. The
set P, is given explicitly by:

R ={2,7,1319,23,29,37,43.. },

and we denote by P, , the set of all origins less than or
equal to x.

Theorem 2.2. Let p be a prime number. Then, t(p) is not
a prime number implies that, for all ¢ < p, there is no an
integer n such that p = 77" (q).

Proof. Let p € IP. By the prime number theorem, 7~1(p)
represents the p-th prime number which we denote by
pp =1 ' (p).

Next, p, = 7~ '(p), implies that ='(p,) = =~ (~1(p)),
which is the 7~ 1(p)-th prime number, so we obtain the
formula:

-1 _ -1 N
T (pp)—ﬂ (7[ (p))—ﬂ (p)—pﬂ_l(p). (4)
Now, we use the equation (4) which composed by 71
gives

=P =2t p g =7z (p)),

P 7 =(p)

7 L(p)

that is the 7 ~2(p)-th prime number. We can write

-1 = L2 _ _ 73
70,1, =7 EEE) =P 2 =7 ()

Inductively, we obtain the following general formula:

P00y = 7 "(p),n>1. (5)

To each number p, we associate the set A,,:

A, ={7 " (p).n=0k={p,7 *(p). 7 2(p)... }

Now, suppose that m(p) is not a prime number, we
must prove that for all g < p, there is non € N such that
p =1m""(q). To show this, suppose that there exists a
positive integer k such that m*(q) € 4,, i.e, m7%(q) =

n~(p),k =i+ 1,i € N and we show that r(p) is a prime
number. Hence, we have, t=%(q) = =~!(p) if and only if
p = ni7¥(q), which implies that m(p) = n(n'*(q)) =
aD=k(g), k> i+ 1.

But, for all k>i+ 1,7¢+Yk(q) = n(p) is prime,
which proves what we wanted.
Remark. The cardinality of the set A,, is infinite.
Theorem 2.3. There exists a partition P of the set of
prime numbers IP defined by

P={Apl,Ap2,...,Apn,...},

such that A,, = {p;, ' (p;), 7" %(p;), ...}, where p; € P
and (p;) is not prime number.
Proof. On the one hand, according to the prime number
theorem, the number of prime numbers belonging to
[m(p), ] is equal to T(p) — m2(p). On the other hand, by
the Theorem 2.2, there are m(p) —m%(p) —1 prime
numbers which do not belong to
A, = {p,m*(p),n~*(p), ...}. We denote these numbers
by p1,p2, ...,pj, Where j =m(p) —n*(p) —1. So, we
obtain (p) — m2(p) — 1 of sets Ap, which are defined by:

Ao =P (PO K (PO},

such that Yy<; L, = m(p) — m2(p) — 1 and ™7 (py) <
p,Vk < j. Finally, it is not difficult to see that the sets
Ap,, k < j constitute a partition of the set of prime
numbers less than or equal to p. So, since p is arbitrary in
PP, letting p tend to +oco we obtain an infinity of sets 4,,
which then form a partition P of the set P.

Theorem 2.4. Let A be a finite set of prime numbers
defined by

A={py. P2.--- Pn},

such that 5 < p; < p;;+1,1 < i < n are consecutive. Then,
there exists at least one set p € A where p € A, such that
p = {p}

Before giving the proof of this result, we give an
illustrative example.
Example 2. Let A be a set which defined by

A={57111317}.

« The class of the integer 5 is 5= {511} and its
cardinality is greater than 1.

« We notice that 7 & 5, therefore the integer 7 constitutes
the origin of a new class which is 7 = {7,17} and its
cardinality is greater than 1. It only remains to see that the
prime number 13 does not belong to the two classes 2 and
7. Thus the prime number 13 constitutes the origin of a
new class 13 and clearly its cardinality is 1.

Proof of theorem 2.4. We suppose that each class
D, P1 < p; < p, containing at least two elements i.e., the
cardinality of p; is equal or greater than 2, and we suppose
that (p,,) is prime. According to the theorem of prime
numbers, the interval [m(p,),p,.] contains m(p,) —
m?(p,) = k prime numbers. This leads to the two
following cases:

e If k=1, i.e., there exists only one prime number in
[t(p,), pn], Nnamely q. Therefore, we obtain 7~1(q) & A
and (q) is not a prime number since (q) and t(p,,) are
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consecutive. Then g contains only one element in A which
is the prime number q.

«If k > 1, i.e., there exist at least two prime numbers in
[r(py), pn], Nnamely qy, ..., q,. We suppose that g, where
t €{1,..,k}, is a prime number. Then g, is not prime
and since m~1(q.41) € A, then, the unique element of g,
IS Gri1.

Finally, in both cases, there exist at least one class p
where p € A, such that p is a unique element of this class
in 4, i.e, p = {p}. The proof now is completed.

We have the following definition:

Definition 1. Let A be the set defined as in the Theorem
2.4 and p is a prime number belonging to A. We say that p
is an outside class of 4, if

z(p)is not prime in A andz 1(p) ¢ Aie.,| pl=lin A

if |p| = 2 in A, we say that this class is an inside class of
A.

Remark. According to the Definition 1, the number p is
the smallest element of the class p in A, therefore, it is the
origin of thisclass i.e., p = p,.

2.2. Study of x,,,1 = p(xn) = x,/Inx,

The function p(x) = —, x € [e, +o], is a contraction.
Therefore, the sequence xn defined by:

Xn
Xnt1 = P(Xp) =
n+l = p( n) In Xn

admits a fixed point. Since x,, decreasing and is bounded

below by e =~ 2.7182818, then it converges to the single

fixed point e.
k times

———FY Y} ———
Notation. p¥(x) =popo..op(x) ,
function composition operator.

Theorem 2.5. Let x, = e be an initial value. Then

where o is the

p(xo) =e[ JIn p(x) =e] TIn p™ (%), ®)

i=0 i=0
Proof. We set Inlnx = In,x and we have

X = p(xo)zﬁzﬂnxlzlnxo—lnzxo

X
Xy = p(xl):ﬁzﬂnxzzlnxl—lnz X
1

Xn
Xni1 = P(Xp) = o INXy.q =N X, =Ny X,

n

And combining all these, we obtain

n
InXp =10 p(xy) =InXg = >INy X;. (7
i-0

Which is equivalent to

X0 ZHlnXi. (8)

Then, passing to the limit, we obtain

lim = lim —2_ = Jim Hln X;
N—>+0 Xnp1 N> p( n—>+eo0j_g )
n-1
= lim In Inln p(x;
n—oo XO:Il_!): p( )
Consequently,
&:HIn X =Inx [ Tin p(x), (10)
i=0 i=0
and since
lim x,=e,
nN—+o0

the formula (10) is obviously equivalent to

p(x%) =e] [In p(%)-
i=0

Which is the desired result.

Lemma 2.2. Let x,,,; = p(x;,) be the sequence which is
decreasing and bounded below by e, and let p > e be a
real number. Then, the number of iterations, which denote
by njter, IS depend on p and the initial value x, = x, and
given by :

Inc Inx
+

Inin&  Inin&,

where ¢ > 0 is a bounded value, and &, = &,(x) < x, i.e.,
&, depend on x.
Proof. We have

X2 = x| = | P'(&)| X — %o & € [0, %01,

where p' is the derivative of the function p.

,aS X >+, (11)

Niter (X, ) ~ =

X3 =% =‘p'(§2)‘|x2 —x| =|P(&)|| (&)X — ol

where, &, € [x,, x;]. Inductively, we obtain
o Xy = [Hp«:. J.|x1—xO|,¢ne[xn,xn_ﬂ.

Next, there exists a real number &, € [&,, ], such that

X112 = Xn| =|p'(§o)|n X — |

Or in an equivalent way, since, x, > x,.,,¥n € N and
x> e,

Xn = %ns1 = ( p'(égo))n (%0 —x)-
We can extract the value of n from the above equality:

_ In(Xy —Xn11) _ In(xo — %)

np(&%)  Inp&)

and replacing p’ by its value, we get

|n(xn — Xn+1) _ In(XO — Xl)
In(In&y —1) —2InIn&;  In(In&; —1) —2InIn&,

Now, according to the definition of p, the sequences x,,
and x,,, are bounded, then it holds for the difference

Niter =
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X, — Xn+q Which we denote it by c. Then, we have, by
setting xo = x and n = Ny (x, p):

Inc
-1)-2InIn&,
In(x—x)
“In(In&, —1) - 2Ining,

Finally, we have the following limits:

Niter (X, ) =
In(In (12)

&y —> +oo as X —> +oo,
In(In&, —1) —2InIn&; — —InIn&; as X — +o,
X—X —> X aS X —> +o0,
then,

Inc Inx
Inin& Inin&

Niter (X, p) ~ — , @S X —> +o0.

3. Principal Results

3.1. Definition and Estimate of the Functions
Titer, N ANd 9

We set the following definition:
Definition 2. Let x € R, x > 0. We define

Titer (X, Pg) = Z 1= Z lleN
POSP<Xx  pp=<p<x
L )
Then ;.- (x, py) counts the number of prime numbers

less than or equal to x belonging to the class p,.
Lemma 3.1. We have

Titer (X, pO)"niter (X, P)'”niter (X! pO)i as X — +oo.

Proof. According to the definition of p, there exists n € N
such that x,, = p™(x) = p. Next, from the prime number
theorem, we have

2O)~P(X) = —— X = 00 = 2" (X)~p" (X), X —> 0.

In(x)

Moreover, supposing that 7™ (x) = p, with T (p,) not a
prime number, it follows that

(po =7"())~(p"(x) = p), x > 0.

And,

Titer (X, Po) = z 1= z 1~ 21~ z 1
Po<pP<X pPo<pP<Xx PSPX PSPSX
PEPO p=rzl(pg) PEPO ppl(p)
n(x,p)

= Z 1= niter (X7P)~niter (X, pO)v

1=1

as x — oo,

Definition 3. Let x > 0. We define the functions n(x, py)
and 9(x, p,) as follows:
> Ininp.

n(x pg)=
po<p<x

pepo

19(X, pO) =

z InlnxI In

p<x. pedo Ininp
Theorem 3.1. We have
n(X, pg)~Inx+o(In x).
Proof. In view of the proof of Lemma 3.1, we have,
n n
Inxg[ [Inz(x) ~Inx] [Inp(x)~ %o _%
i=0 i=0 Po Po
which is equivalent to

n

Inlnx0+ilnln7r(xi):lnln X+ Ininz(x;)

i=0 i=0
= > Inlnp~Inx—Inp,.
po< p<x
p<po

Finally, for all fixed p, and x tend to infinity, we have
—Inp, /Inx - 0, then

> Ininp~Inx+o(Inx).
po< pP<X
Pepo

i.e., n(x,pg)~Inx + o(lnx).
Theorem 3.2. We have,

7(x po)

D Ziter (X, po)~—,x — o0

Inln x
Inx Inx
+0 , X —> 00
Inln x Inln x

8(x po)+O( Inx j X — o0,

Inln x Inln x

2)7iter (X, Po ) ~7iter (X)~

3) Ziter (X, pO) =

Proof.
1) For the proof of the first formula, we have, on the one

hand
n(x,pg)= D, Inlnp<ininx > 1
Po<pP<Xx pPo<pP<Xx
pepg P<Po

= Ziter (X, Po ) ININX.

Then we obtain

(% po)
Ininx

Titer (X, Pg) >

On the other hand, for all x > e, x% > p, with0 < § <
1, we have

n(x po)=Inx° Z 1=(Ins+ninx) > 1
%0 <p<x Po<p=x
pepo pPepo
=(Ins+Inin X)(”iter (X, Po) — Titer (Xa, po))
> (In X)d + U(X’ pO)
B InS+Inlnx
Then
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. , <(1 o 77()(1 pO) .
”lter(x pO) (nX) +|n8+|n|nx
Now, according to Lemma 3.1,

(In x)(S = O(T[iter(x' po)) )
and thus

(X Po)

. < 0AH
Zier (X Po) < 5(In&+Inlnx)

Now, for all e > 0, we can choose 6 more near to 1.
For this &, so that% = ¢+ 1, and for x sufficiently large,

we have

(X, pg)
Inlnx

Ziter (X, Po) < (1+¢)

2) According to Theorem 3.1, we have

n(x po)  Inx H{ In x j

Titer (X, Po ) ~
ter (X Po) Inlnx  Inlnx Inln x

~ Tiger (X), X > o0,
3) Concerning the third equality, we have

9(X, Po) < iter (X, Po ) ININx.
Evaluate now the difference
Inlnx
Zier (X Po)ININX =2 oy ey LWJIH e
Then

Tiger (X, Po ) INIn X —

: [t

p<x.pepo L M"P

Inlnx
Inlnx - Tino Inln p
p<x,pefg ninp

- ¥

S

<X, pe o

+ > Inlnx—m Inlnp
& . Inlnp
X< p<x, pepg
< > {Inlﬂ}ln Inp

| Inin
p<X, pepo P
+ X

Jx<p<x,pepg

(Inlnx—InIn p)
_Q(ﬁ, p0)+ Z

J~X dt
JX<px pepo P tint
X dt
<9(\x,po )+ | Y L
: p<t
ﬁﬁﬁpﬁx,pepo 1P<t) {int
However, for ¢ € [V, x|:
> Lpet) = 2 Lpty — 2 Lpsty
JX<p<x,pepo P<X, pepp p<v/x,pepo
Then,

and then for x sufficiently
large (depending on s ), (Inx)% < (1 — &)mizer (%, Do) ,

Zl_ Z 1= ”lter t pO ~ Titer (\ﬁ, po)S”iter (t: po),

st p<ix
thus
Titer (X, Po ) ININ X —3(x)

<19(\/; po) J‘X ”lter(t pO)dt

tinint

(J_ po) Ifu 2Int

ntlnlnt

< 9( o) [z
By using 9(x, py) < 2Inx, since

InInx=Inx.

Inx
(X, Pg) < 7iter (X, Po)ININX < o

we obtain

Titer (X Po) ININ X —9(x, po)go(,nﬁ)m[ In x )

Inln x

2epo) | g (Inx)

Inlnx Inlnx/"

Then, T[iter(xl pO) =

3.2. Definition and Estimate of . and 8,

3.2.1. Definition and Estimate of

Definition 4.

1. Let x be a positive real number. We denote by . (x)
the number of different classes p such that 2 < p < x.
Precisely,

z 1, Po 67)0.
Po<X

7o (X) =

2. We denote by 6,(x) the function defined by
G()=3 Inp.

Po<X

Example 3. In [2,11]@, the value 2 represents the origin

of the class 2 but the values 3,5,11 do not, since they

belong to the same class 2. The value 7 represent the

origin of the class 7. Thus in this case, we have m.(x) = 2.
We have the following result:

Theorem 3.3. We have,

lim 77, (X) = +<o.
X—00

Proof. Suppose that the number of different classes is
finite as x — co. We know that

Z—_:oo. 13)

Next, let p¥ € p,, where k is finite by hypothesis. We
obtain

>t zi%

i=0 Pi K<wi=

1
Therefore, we have Z—<oo and since the second
i=0 pl
sum has a finite number of terms, we deduce
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31
z — <o,
k<oo i=0 pl
which contradicts formula (13).
Theorem 3.4. Let p, € [2,x]. Then

7. (X) = 7(x) — 7 (7 (X)). (14)

Proof. To find the value of m.(x) means that we estimate
the number of origins p,. Clearly, the prime number p, is
an origin that means m(p,) is not a prime number. Then,
let p, be between 2 and x, and let py, € P, be the
greatest prime number in [2, x], therefore w(p, ) is not a
prime number and for all integer [ > 1, 7~} (m(poy) +
1) > po .. SO, we only have to search the numbers which
are not primes and less than r(p, ). Thus, we have
1°=The number of the even numbers less than or equal

t0 o, equal to T2 "(p" 24
2°The number of the odd numbers less than or equal to
Pox equal to 72X (p‘”‘) — 1((Po)) such that m(m(poy)) is

the number of the prime numbers less than or equal to py .

Next, we add the two quantities, we obtain, since
Pox < x, the quantity . (x) which is equal to

72 (X) = 72(X) = 72(72(X))-

3.2.2. Estimate of 6,
For all initial value y, > e, we define the following
sequence:
Yni1 = Yn INYp. (15)

It is not difficult to see that, this sequence is stationary
for y, = e and increasing divergent to infinite for y, > e
and asn — oo. It is clear that, inductively, y, = y,(Iny, X
Iny, X ... x Inyy) = yo(Iny,)™ , then we have the
following consequence:

Lemma 3.2. We have,

xInInx 2 oo™ inin LB
2y In x n2x Inx '’

where p, represents the origin of the classes p.
Proof.. Since for all p = p,,n > 0, we have p > pyln"p,,

then
Inlnpy = >

dlninp> >
<In x—In pg

p<x Po In" po<x,n pg.N<
Inlnpg

~ > (Inx=Inpy)

Po=x

Z In po.

po=<x

7o (X )_

Inlnpg

In the expression:

> Inlnpg,

Po In" po<x,n

the value of n obviously depends on p, and if we denote
by n,,, then, we have

2 Moo~ (X),
PO

i.e., the number of elements of the form pyIn™p, < x must
be equal to number of prime numbers p < x.
According to the formula (3), we have

xInInx
> Ininp
p<x nx
therefore, the inequality is obtained directly by

substitution.
Proposition 3.1. We have,

1 Inlnx
x| 1- -
Inx—Inlnx Inx

<G(x) < x(l—

(16)

i)
In X —Inlnx
G (X)~x as x — co..

Proof.
1. We have

xlnlnx 2 pOSXInpO
Inx

= > Inpy = (z(x) -z (7 (x)))In X~

Po<x

7(X) =7 (7 (x)) <

xInlnx

Moreover, since

> Inpg <Inx > 1=z (x)Inx.

po=Xx po=Xx

And recalling that

()~ ——.
Inx
We obtain
( X j xInlnx
> Inpg > nx-—
PO Inx In x(In x — InInx) In x

1 Inlnx
=X|1- - .
Inx—Inlnx Inx

The second inequality is obtained in the same way,

X
2, Inpy <Inx (Inx mj

po<x

“x[1-—1 ).
In x —Inlnx

2. Itis enough to tend x to +oo in the inequality (16).

4 Conclusion and Future Work

There is a lot of results on properties of prime numbers.
There are innumerable ideas in this field regarding the
randomness of prime numbers. However, it turns out that
prime numbers do not appear absolutely randomly,
meaning, it is not entirely true that there is no way
whatsoever to see some relations and find some functions
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to generate a lenght of few prime numbers. Patterns do
emerge in the distribution of primes over varied ranges of
number sets. In this paper we have investigated sequences
of primes obtained by the equivalence relation R, from
which we have associated various arithmetic functions. As
we have seen in the sections above, many classical results
stated in elementary number theory can be restated with
our sequences. Also, there are many other asymptotic
formulas can be deduced, we have just presented several
of them as examples.

As far as motivation, the concern relates to the
developing of new ideas for solving great unsolved
problems and conjectures encountered in this field.

A highly intriguing area in primes is the concept of twin
primes. These are prime numbers which differ by the
number 2 for example: 3 and 5, 5 and 7, 11 and 13, etc.
There is an attempt being made to prove that there are
infinitely many twin primes that exist in the natural
number system. These are the concepts that come to mind.
Others are pretty much minor results.

Yitang Zhang, in his paper [3], attacked the problem by
proving that the number of primes that are less than 70
million units apart is infinite. While 70 million is a long,
long way away from 2, Zhang's work marked the first
time anyone was able to assign any specific proven
number to the gaps between primes.

In November 2013, James Maynard, in [4] , introduced
a new refinement of the GPY sieve, allowing him to
reduce the bound to 600 and show that for any m there
exists a bounded interval containing m prime numbers.

At the present time, let me explain and share some
general ideas and questions about my future work. Firstly,
the questions raised are very broad in scope and cannot be
addressed directly. This means that, it is preferable to
resort to a methodology (plan in stages) to tackle the great
problems in a structured manner. Secondly, for that reason,
we have proposed and developed the results of this paper
(see the problem 1 and 2).

Finally, here are just a few questions and conjectures a
little more direct, | think are important.

Problem 1 The twin prime conjecture is equivalent to
conjecturing the translates of the 2 — tuple (0,2) (the
values of the pair (n,n + 2)) are simultaneously prime
values infinitely often. The question is: show that if the

2 —tuple (n,n + 6) are simultaneously prime values
infinitely often then the 2 — tuple (m(n), m(n + 6)) are
simultaneously twin primes infinitely often, and then the
twin prime conjecture is true. We have posed this question
from the perspective of finding recurrence relation
between primes.

Problem 2 Let p; and p; ., be twin primes. Show that

. 2
1=n
(z(n*(pm)—n‘l(pi))] ~0(n®In®n),
i=1
Problem 3

1. Does the set P, contain an infinity of twin primes?

2. Letp, € P, fixed. Are there an infinity of primes of
the form =% (p,) such that =% (p,) + 2 is prime?

3. Study of

1 .
> —sisa complex number,
peRy 1—75
p

There is continuing research to prove these conjectures
and questions rigorously, using the results of this paper
and advanced techniques in number theory in the next
work.
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