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1. Introduction

In [3], N. Elezovi¢ and J. Pelari¢ established the
following theorem.

Theorem A ([3]). Let f:1cR—R and a,bel”. Then

1 ¢b
F(ab) = ﬁja f(x)dx, a=b,
f(a),

a=>b

is Schur-convex (Schur-concave) on 12 if and only if f
is convex (concave) on |.

In [7,10], Theorem A was generalized as the following
theorem.

Theorem B ([7,10]). Let f be a continuous function
and p a positive continuous weight on an interval 7. Then
the weighted arithmetic mean of f with weight p defined

by

jxy n(t) f ()dt

—_— X #Y,
G(x,y)= Ixy p(t)dt

f(x), X=y

is Schur-convex (Schur-concave) on 72 if and only if

Ji POTOR 519+ piy) (1)
J'y p(t)dt pP(x)+p(y)

holds (reverses) for all (z:, 7)) € 12
For more information on this topic, please refer to
[5,8,9] and closely-related references therein.

In this paper, we discuss Schur-geometric and Schur-
harmonic convexity of the mean F'(a, b)and obtain two
results which generate Theorem A.

2. Definitions and Lemmas

In order to prove our main results we need the
following definitions and lemmas.

Definition 1 ([4]). Let 1 c R and X=(X,-X,) .
Y=Yy el andlet p:1" >R

(1) x is said to be majorized by y (in symbols x < y)

. k k
if Zi:lx[i]szizly[i] for k=12-n-1 and

Zin:lxm =Z?:ly[i] . where X >-2xy  and
Y1122 Y are rearrangements of x and y in a
descending order.

(2) x<ymeans x <y; for all i=12,--,n. ¢ is said
to be increasing if x<y implies p(x) <@(y). ¢ is said
to be decreasing if and only —¢ is increasing.

(3) ¢ is said to be a Schur-convex function on 1" if
x=<y on I" implies p(x)<@(y). ¢ is said to be a
Schur-concave function on 1" if and only —¢ is Schur-

convex function.
Definition 2 ([1,2]). Letx= (X, - X,)s Y=(Y1,*" ¥n)

el"cRyand @:1" >R and let Inx=(Inx,--~Inx,),
1_(1...1
X _(xl’ " X )

(1) ¢ is said to be a Schur-geometrically convex

function on 1" if Inx<1Iny on 1" implies p(x) < p(y).
¢ is said to be a Schur-geometrically concave function on
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I" if and only —¢
function.

(2) ¢ is said to be a Schur-harmonically convex

is Schur-geometrically convex

function on 1" if %-<% on 1" implies ¢(x) <o(y). ¢

is said to be a Schur-harmonically concave function on 1"

if and only —¢ is Schur-harmonically convex function.
Lemma 2.1([1]). Let ¢: 12 Rf — R be a continuous

function on I12and differentiable in interior of 12. Then
¢ is Schur-geometrically convex (Schur-geometrically

concave) if and only if it is symmetric and

forall a,bel.
Lemma 2.2 ([2]). Let ¢: 12 ¢ Rf —>R be a
continuous function on 12 and differentiable in interior of

12 . Then ¢ is Schur-harmonically convex (Schur-

harmonically concave) if and only if it is symmetric and
op zan
b-a)| b? =2—a% == |> ()0
( )( ob oa ©

forall a,bel.
For two positive numbers a>0 and b >0, define

A(a,b)=a7+b,

G(a,b) =+/ab,
2ab

H@b=""o

and

br+1 _ar+1
Ly (a,b) = ((r +1)(b-a)

a, a="h.

Y
] , azbr=>1

It is well known that A(a,b) , G(a,b) , H(a,b) and
L (a,b) are respectively called the arithmetic, geometric,
harmonic and generalized logarithmic means of a and b.

Lemma 2.3 ([6]) L,(a,b) is increasing function on
(a,b) e R?.

In this paper, we will prove that the function F(a,b) is
Schur-geometrically convex and Schur-harmonically
convex on Rf.

3. Main Results

Theorem 3.1. Let f:1 c R, - R and F be defined in
Theorem A.
(). If f is convex and increasing on | , then F is

Schur-geometrically convex on | Z

(ii). If f is concave and decreasing on | , then Fis
Schur-geometrically concave on | 2
Proof. If a,be|° and a=h, we have F(a,a) = f(a).

For all a,bel®,a=b, a straightforward computation
gives

oF 1 1

%:b—a ( )_b—aF(a’b)’ (3)
oF___1 1
P b_af(a)er_aF(a,b).

If fis convex and increasing on |, by the inequality
(2), we obtain

_ af (a) +bf (b) — (a+b)F (a,b)
— af (a) + bf (b) —% ab f (x)dx (4)

> %[Zaf (a) + 2bf (b) - (a+b)(f (@) + f (0))]
:%(b—a)(f (b) - f (a)) > 0.

Hence, F(a,b) is Schur-geometrically convex on 12, 1f
f is concave and decreasing on | , then the inequality (4)
is reversed. According to Lemma 2.1, it follows that
F(a,b) is Schur-geometrically concave 12 . This
completes the proof of Theorem 3.1.

Theorem 3.2. Let f:1 c R, - R and F be defined in
Theorem A.

(i). If f is convex and increasing on | , then F is

Schur-harmonically convex on 12,
(ii). If f is concave and decreasing on |, then F is

Schur-harmonically concave on | z,
Proof . If a,be1° and a=b, we have F(a,a) = f(a).

For all a,bel®,a=b, if f is convex and increasing,
using inequality (3) and (2), we get

(b—a)[bzﬁ—azﬁj
ob oa
2 2
_a2f () +b%f (o) -2 +P [ f o0k
b-a ‘a (5)
a +b?

> azf(a)+b2f(b)—T( f(a)+ f (b))
:%(b2 ~a)(f(b)- f(a))>0.

Therefore, F(a,b) is Schur-harmonically convex function

on 12. If f is concave and decreasing function on | ,

then the inequality (5) is reversed. According to Lemma
2.2, it follows that F(a,b) is Schur-harmonically concave

function on 12 . The proof of Theorem 3.2 is complete.
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4. Applications

Theorem 4.1. For a>0 and b>0, if r>1, then
L, (a,b) is Schur-geometrically convex and Schur-
harmonically convex.

Proof. Taking f(x)=x" for all xeR,, if a=b, it
follows that

b b r+1  _r+l
F(a,b):ij f(x)dx:ij k=2 —8

b-a-‘a b-a’a (r+)(b-a)
and f(x)=x" is convex increasing on R, for r>1.
Therefore, by Theorem 3.1 and 3.2, we have

br+l_ar+l
F(ab)=:(r+D(b-a)’

a", a=b

is Schur-geometrically convex and Schur-harmonically
convex on RE for r>1, then L.(ab) is Schur-
geometrically convex and Schur-harmonically convex on
Rf for r>1. Thus, Theorem 4.1 is proved.

Corollary 4.1.1. For b>a>0 and r>1 , define

Uy =ta+(@-b , vy=(@-ta+th , ug=ab" ,

vg=atht ,  u,=tat+@-tht and

g
v, =(1-t)at+tb~! for t € (0,1). Then
(1) when t € (0,1) and t=1/2, we have

1/r 1/r

—(r+1) . —(r+1) ] r+1 r+l
U™ " ~Vn Ug " Vg

<
(r+1)(ug —vg)

(r+2)(upt -vi ) |

r+l el T

< Ya "Va

(r+1)(ua —va) |
(2) when t=1/2, we have

H(a,b) <G(a,b) < A(a,b)=L, (a,b).

< Lr (a,b),

Proof. When t=1/2 , it is easy to obtain that
H(a,b)<G(a,b) < L,(a,b). When te(0,1) and t#1/2,

by Corollary 2 in [6] and Lemma 2.3, Corollary 4.1.1 is
thus proved.
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