Turkish Journal of Analysis and Number Theory, 2014, Vol. 2, No. 6, 223-225

Available online at http://pubs.sciepub.com/tjant/2/6/6
© Science and Education Publishing
DOI:10.12691/tjant-2-6-6

A Double Inequality for the Harmonic Number in Terms
of the Hyperbolic Cosine

Da-Wei Niu"", Yue-Jin Zhang', Feng Qi***

ICollege of Information and Business, Zhongyuan University of Technology, Zhengzhou City, Henan Province, China
%College of Mathematics, Inner Mongolia University for Nationalities, Tongliao City, Inner Mongolia Autonomous Region, China
®Department of Mathematics, College of Science, Tianjin Polytechnic University, Tianjin City, China
“Institute of Mathematics, Henan Polytechnic University, Jiaozuo City, Henan Province, China
*Corresponding author: nnddww@163.com

Abstract
hyperbolic cosine.

In the paper, the author present an inequality for bounding the harmonic number in terms of the
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1. Introduction

The harmonic number H,, is defined as

Hn =1+l+1+...+1
2 3 n

and it has the following close connections with the Euler-
Mascheroni constant y :

y = lim (H, -Inn)=0.57721...

n—o

and
Hy=w(n+1)+y,

where w(x) is the digamma function which is the

logarithmic derivative of the classical Euler gamma
function

r(z)=, e d, ®=(z)>0.

The harmonic number H, has interesting applications

in many areas of mathematics, such as number theory,
special functions, and combinatorics. For example,
Lagarias proved that the Riemann hypothesis is equivalent
to the statement that

o(n)<H,+e"InH,

for ne N, where o(n) denotes the sum of the divisors of

n.
In [20], Paule and Schneider obtained the identity

514 (o

In [2], Alzer presented the inequality

In(Inn+y)

Un 1/(n+1)
@ <H"-HJT < p -

for n>2, where the constants « = 0.0140... and g= 1
are the best possible. In [5], Batir gave an inequality

2
In%—ln(el/(nﬂ) —1) <H, < y—ln(ell("+l) —1).

In(Inn+y)
2

This double inequality was refined in [4] by replacing
2
In% by 1. It also inspired Mortici to construct a

sequence

n
Uy = zl+ In(ea/(n”’) —l)— Ina
k1K
in [15], which converges to more quickly.

For more information on the harmonic number H,,
please refer to [2,6-19,21-26] and plenty of references
therein.

In this paper, we will establish a new double inequality
for bounding the harmonic number H,, in terms of the
hyperbolic cosine.

Our main result may be stated as the following theorem.

Theorem 1.1. For all positive integers n e N, we have

1
Jn
where the constants o = 1-In(cosh 1) = 0.5662... and
pB=y= 0.5772... are the best impossible.

a <H, -Inn-Incosh

< B, (1.1

2. Lemmas

In order to prove Theorem 1.1, we need the following
lemmas.
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Lemma 2.1 ([[3], p. 384]). Let n>1 and k>0 be
integers, for x >0, we have

Sn(2Kix) < ()" W (x) <5

where

Sy (2k+1;%),

(=Dt nt & By g
S”(k’x): X" +2Xn+1 2|+nH 2I+J

i=1
Lemma 2.2 ([10,22]). For x >0, we have
1 1 1

1
X+1 >t —m-——.
l//( ) X 2x? 6x> 30x°

2.1

3. Proof of Theorem 1.1

Now we are in a position to prove our Theorem 1.1.
Let

1
f(x)=w(x+1)-Inx—Incosh—+y, x>0.
(9)=v (x+1) 7
A direct differentiation yields /

eZ/\/; -1
Fx)=v (X+1)_;_2(1+e2/\/§)xa/2

and

21°(x)[L+ e X2 =214 32y (x41)
—1+(1—2«&)e2’ﬁ—2\/;
:(1+e2’ﬁ)[1—2\/§+2x3’2w'(x+1)]—2ég(x)'

By virtue of inequalities (2.1) and

2/\/—>1+—+2+ 42 4 +i
X Bk 3 15k 450
we acquire
2 2 4 2
>(2+—
909> @y 3x«/_ 3
4
)[1 2%
152X 450
+2x2/3(£— 1 + ! 1 1-

x 2x2 6x3 30x°

_ 2 2 312
—35x% —15x%'2 +-90x"/2 +90x*)

2 2
> W(—Z— 6Xx —15x —30x
—35x% —15x3 + 90x3 +90x*)

1 4 3
=W[90(X—1) +435(X—1)
+700(x—1)" +434(x—1)+77]

>0

for x >1. This implies that f'(x)>0 and that f(x) is
increasing on (1,0) .
By the asymptotic expansion

://(x)~lnx—i— 12+ 14— 16+
2X  12x° 120x* 252x
as X — oo in[[1], p. 259] and the well-known formula

y/(x+l):z//(x)+%,

(3.1)

we easily find

1 1 1 1
Inx+—- Yo s+
120x 252x

w(x+1)~ YUY

as X — oo. Hence, it follows that

f(n):w(n+1)—lnn—lncoshi+y

Jn
1 (1), e i
= Il
2n+o(nj n Z Nl
—>y,N — o,

Taking into account that f(x) is increasing on (1, )
reveals

f(1)<f(n)< (3.2)

Combining (1), (3.1), and (3.2) concludes that the
double inequality (1.1) holds for all n>1 and that the
bounds a = 0.5662... and = y = 0.5772... in (1.1)

are the best impossible. The proof of Theorem 1.1 is
complete.

lim f(n)=y, neN.
n—oo
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