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1. Introduction

In the development of non-linear analysis, fixed point
theory plays a very important role. Also, it has been
widely used in different branches of engineering and
sciences.

Metric fixed point theory is an essential part of
mathematical analysis because of its applications in
different areas like variational and linear inequalities,
improvement, and approximation theory. The fixed point
theorem in metric spaces plays a significant role to
construct methods to solve the problems in mathematics
and sciences.

Although metric fixed point theory is vast field of study
and is capable of solving many equations. To overcome
the problem of measurable functions w.r.t. a measure and
their convergence, Czerwik [8] needs an extension of
metric space. Using this idea, he presented a
generalization of the renowned Banach fixed point
theorem in the b-metric spaces (see also [9,10,11]). Many
researchers including Aydi [1], Boriceanu [3,4,5], Bota [6],
Chug [7], Du [12], Kir [14], Olaru [15], Olatinwo [16],
Pacurar [17,18], Rao [19], Roshan [21] and Shi [22]
studied the extension of fixed point theorems in b-metric
space.

In this paper, our aim is to show the validity of some
important fixed point results into b-metric spaces.

2. Preliminaries

We recall some definitions and properties for b-metric
spaces given by Czerwik [8].
Definition 2.1. If M (= ¢) is a set having s(>=1) e R
then a self-map p on M is called a b-metric if the
following conditions are satisfied:

(i) p(x,y)=0 ifand only x =y;

(ii) p(x,y)=p(y.X);

(ii)) p(x,2) <sp(x,y)+p(y,2)] forall x,y,zeM .

The pair (M, p) s called a b-metric space.

From the above definition it is evident that the b-metric
space extended the metric space. Here, for s = 1 it reduces
into standard metric space.

Let us have a look on some example [2] of b-metric
space:
Example 2.1. The space Ip,(O < p<l),

0 p
lp ={(%) SR Y |%y| <o},
n=1

together with the function p:1, xl, — R where

1
P06 y) = (X 40 = va| )P
n=1

where x=X,,y =Y, €l, is a b-metric space. By an
elementary calculation we obtain that
1
p(x ) <2P[p(x,y)+ p(y, 2)]

Example 2.2. The space |y, (0<p<1), of all real
functions x(t), t €[0,1] such that

1

[x)]"dt <o,

0
is b-metric space if we take
1

1 =
pxy) = ([|x®) - y®]° dt) P
0

foreach x,y el,.

Now we present the definition of Cauchy sequence,
convergent sequence and complete b-metric space.
Definition 2.2. [8] Let (M; p) be a b-metric space then
{x,} inMis called
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(@ A Cauchy sequence iff We > ( there exists
n(e) € N, such that for each 7,m >n(e) we have

P(Inv -'Tm.) <€

(b) convergent sequence if and only if there exist
xeM such that for all € > 0 there exists n(c) € N,
such that for every 7. > 7:(€) we have oz, ) < e
Definition 2.3. [8] 1. If (M, p) is a b-metric space then a

subset L < M s called
(i) compact iff for every sequence of elements of L
there exists a subsequence that converges to an element of L.
(i) closed iff for each sequence {x,} in L which

converges to an element x, we have x [ L.

2. The b-metric space is complete if every Cauchy
sequence converges.

To prove the theorem 3.2 and 3.4 we will use the
following lemma 2.1 [23].
Lemma 2.1. Suppose (M, p) be a b-metric space and

{y,} be asequence in M such that

PYni1 Yne2) £ A40(Yns Ynaa): N =0,1,... 2.1

where 0< 4 <1 Then the sequence {y,} is a Cauchy
sequence in M provided that s.1 <1,

3. Main Result

The following theorem is given by Reich [20]:
Theorem 3.1. Let M be a complete metric space with
metric p and let T:M — M be a function with the

following property
PT(X),T(y)) <ap(x,T(x))+bo(y,T(y))+co(x,y)

for all x,yeM where a,b,c are non-negative and

satisfy a + b + ¢ < 1. Then T has a unique fixed point.

We have extended the above theorem 3.1 to the b-
metric space.
Theorem 3.2. Let M be a complete b-metric space with
metric p and let T:M — M be a function with the
following

AT (X).T(y)) <ap(x,T(x)+bp(y,T(y))+co(x, y) (3.1)
VX;y € M, where a, b, ¢ are non-negative real numbers
and satisfy a+s(b+c)<1 for s>1 then T has a unique
fixed point.
Proof. Let x, e M and {x,} be a sequence in M, such
that

Xn =TXpg =T "X
Now

P(Xni1: %) = P(T%q, TXp 1)
<ap(Xn,T(%,)) +bp(Xq_1, T (Xq_1)) + € (X, Xn_1)
=ap(Xn, Xn41) +Do(Xn_1, %) +Co(Xn, Xn 1)
= (1-a)p(Xns1, %) < (0+C) (X, Xn-1)

(b+c)
1-a)

= P(Xns1, Xn) < P(Xns Xq-1) = PP(Xn s Xn-1)

continuing this process we can easily say that

P(Xni1, Xn) < pnp(Xo, %)

This implies that T is a contraction mapping.
Now, it is to show that {x,} is a Cauchy sequence in M.
Letm,n>0, withm>n
P(Xn, Xm) < s[o(Xn s Xn11) + 2 (Xns1s Xm)]
2
<5p(Xn: Xn11) + 8% P(Xn41: Xn12)
3
+5°p(Xnp2: Xnaz) + o
<sp"p(xg, ) +s°p"
+5°p"2 (X0, %) + ..

= 5p" p(xg, X)[L+5p+(sp)% + (sp)® +...]

n

P(X0, %)

Tsp (X0, %)

Now using lemma 2.1 and taking limit n — « we get

lim p(X,, Xn) =0
n—oo

= {x,} is a Cauchy sequence in M. Since M is complete,
we consider that {x,} convergesto x*.

Now, we show that x* is fixed point of T.
we have

P T (x*)) < s[p(X*, X ) + p(Xn, T (x*))]
< s[p(x*, %) + A(T (X01), T (x))]
< s[p(x*, %p) +ap(xX* T(x*))
+bp (X1, T (%n-1)) + € (Xn_1, X*)]
(1-as) p(x*, T (x*)) < s[p(x*, %)
+bp(Xn_1, %) + Cp(Xn_g, X*)]
S
(1-as)
+¢p(Xn-1,X*)]
<[p(¥* %)) +bp" p(X0, %)
+¢p(Xn-1,X*)]
Taking lim n — oo, we get

lim p(x* T (x*)) =0

p(xX*,T (x*) < [P(x*, %) +bp(Xn 1. %y)

= X*=T(x*)

= x* is the fixed point of T.
Now, for the uniqueness of fixed point.
Let x and y be two fixed points of T

=>x=T(X),y=T(y)

P y) = pT(x),T(Y)
<ap(x,T(x))+bp(y,T(y))+cp(x,y)

= p(X,y) £cp(x,y). which is a contradiction. The proof

is complete.

Now we will discuss the extension of the following
theorem given by Hardy and Rogers [13] to the b-metric
space as our second result in theorem 3.4.
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Theorem 3.3. Let (M,p) be a metric space and

T:M —> M a mapping satisfies the following condition
forall x,yeM .

(i)
p(Tx,Ty) <a.p(x,Tx)+b.o(y,Ty)
+C.p(X,Ty)+e.p(y,TX)+ f.o(Xx,y),
where a, b, c, e, f are nonnegative and we set e =a + b
+c+d+e+f Then
(@) If M is complete metric space and « < 1 then T has a

unique fixed point.
(b) If (i) is modified to the condition. x =y

then this implies

p(TX,Ty) <a.p(x,Tx) +b.o(y,Ty)
+C.o(XTy)+e.p(y, TX)+ f.o(X,y),
and in this case we assume M is compact. T is continuous
and =1, then T has a unique fixed point.
Here we have studied the extension of theorem 3.3 in
the b-metric space.
Theorem 3.4. Let (M, p) be a complete b-metric space

and a mapping T:M — M satisfying the following
condition forall x,ye M |

p(Tx,Ty) <ap(x,TX) +bp(y,Ty)
+ep(x,Ty) +ep(y, TX)+ f p(x,y)

where a, b, ¢, e, f are nonnegative and we set a=a + b +

(3.2

c + e + f, such that ae(O,zi).forszl then T has a
s

unique fixed point.
Before going to prove this theorem we require
following lemma 3.1 [13].

Lemma 3.1. Let the condition 3.2 hold on (M,p) for a
self map T on it. Then if ae (O,i) there exist p<i
2s 23
such that
(X, T?X) < Bp(X,TX). (3.3)
Proof. Lety = Tx in (3.2) and simplify to get

p(Tx,T2x) < ‘T; p(x,Tx)+ﬁp(x,T2X) (3.4)

Now using triangular inequality
p(X,TZX)SS[p(X,TX)+p(TX,T2X)] so from 3.4 we
obtain

lp(sz,x)—p(Tx,x) < a+f p(X,TX)+Lp(X,T2X)
S 1-b 1-b
on simplifying
p(T2xx) < L3 T=0)S 19 (3.5)
1-b-cs

Now substituting inequality (3.5) into (3.4), we get

a+f+cs

(3.6)
1-b-cs

p(TX,TZX) s( )p(X,TX)

using symmetry, we can exchange a with b and ¢ with e
in (3.6) to obtain

pax,T2x>g[MJp(x,Tx> (3.7
1-b-es
and then
. (a+f+cs b+ f+es
=min , (3.8)
p (l—b—c.s 1—b—e.sj

satisfies the conclusion of this lemma.
Proof of Theorem 3.4. Let x;eM and {x,} be a
sequence in M, such that
Xy =TXp1 =T "Xg

Now using lemma 3.1 we can show that

P41 %) < B p(Xo, %)
Now, we show that {x,} is a Cauchy sequence in M.
Letm, n>0, withm>n
P(Xn: Xm) < S[p(Xn Xn41) + P(Xn11, Xm)]
<$p(Xn s Xn41) + 520 (X1 Xns2)
+s3p(xn+2,xn+3)+...
<sp" (%0, %)+ 528" p(x0, )
+52 ™2 p(Xg, Xg) + .
when taking lim n — « we get

lim p(X,,X,) =0
n—oo

= {x,} is a Cauchy sequence in M. Since M is complete,
we consider that {x,} convergesto x*.

Now, we show that x* is fixed point of T.
we have

PX*T (X)) < s[p(X*, Xq) + p (%0, T (x*))]
<s[p(x*,xn) + A(T (Xn-1), T (x*))]
< S[o(x*, Xq) +ap((Xa—1, T (X, 1)) +0o((x*, T (x*))
(%1, T(0) +e0(¢% T (X 1)+ f (g1, X*)
= p(x*%,T (%)) < s[ap(Xn_1, Xn) +bp(x*, T (x*))
+Cp(Xn_1, T(X*) + (€ +1)p(X*, X3 ) + f p(Xq 1, X¥)]
Taking lim n — o we get
P, T(x%)) < s(b+c¢) p(x*, T (x¥))

which contradicts unless x* =T (x*)

Now, we show the uniqueness of fixed point.
Let x and y be two fixed points of T.

= x=T(x), y=T(y)

p(x,y) = p(T(x),T(y))
<ap(X,T(x))+bp(y, T(y))+co(x,T(y))
+ep(y, T(X))+ fp(x,y)

<(c+e+ f)p(x,y) which is a contradiction. The proof is
complete.
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