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A SHORT NOTE ON FUZZY ALMOST RESOLVABLE
AND FUZZY ALMOST IRRESOLVABLE SPACES

Ganesan Thangaraj and Duraisamy Vijayan

ABSTRACT. In this paper we study several characterizations of fuzzy almost
resolvable and fuzzy almost irresolvable spaces and the conditions under which
a fuzzy almost resolvable space becomes a fuzzy o-first category space and a
fuzzy first category space, are investigated. The interrelation between fuzzy
almost irresolvable and fuzzy o-second category space is also studied.

1. Introduction

In order to deal with uncertainties, the idea of fuzzy sets and fuzzy set opera-
tions was introduced by L. A. Zadeh [11] in his classical paper in the year 1965, de-
scribing fuzziness mathematically for the first time. This inspired mathematicians
to fuzzify mathematical structures. The concepts of fuzzy topology was defined by
C. L. Chang [3] in the year 1968. The paper of Chang paved the way for the subse-
quent tremendous growth of the numerous fuzzy topological concepts. Since then
much attention has been paid to generalize the basic concepts of general topology
in fuzzy setting and thus a modern theory of fuzzy topology has been developed.
Today fuzzy topology has been firmly established as one of the basic disciplines
of fuzzy mathematics. E. Hewitt [5] introduced the concepts of resolvability and
irresolvability in topological spaces. A. G. EI’Kin [4] introduced open hereditarily
irresolvable spaces in classical topology. The concept of almost resolvable spaces
was introduced by Richard Bolstein [6] as a generalization of resolvable spaces of
E. Hewitt. The concept of almost resolvable spaces in fuzzy setting was introduced
and studied by the authors in [10]. In this paper several characterizations of fuzzy
almost resolvable and fuzzy almost irresolvable spaces are studied and the relations
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between fuzzy almost resolvable, fuzzy almost irresolvable spaces and fuzzy o-first
category spaces and fuzzy Baire spaces are also investigated.

2. Preliminaries

DEFINITION 2.1. Let A and p be any two fuzzy sets in a fuzzy topological space
(X,T). Then we define
(i) AV : X —[0,1] as follows : (A\Vp)(x) = Max{\(z), p(x)} wherex € X,
(il) AAp: X —[0,1] as follows : (A p)(z) = Min{\(x), u(x)} where x € X,
(iii) p =X u(x) =1— A(z) where x € X.
More generally, for a family {\;/i € I} of fuzzy sets in (X, T), the union ¢ = V;X;
and intersection § = N\ are defined respectively as ¥(x) = sup;{\;(x),z € X}
and §(x) = infi{ i(z),z € X}.

DEFINITION 2.2. Let (X,T) be a fuzzy topological space. For a fuzzy set A of
X, the interior and the closure of A are defined respectively as int(\) = V{u/un <
A €T} and cd(N) = AN {u/A<pu,1—peT}.

LEMMA 2.1. [1] Let X be any fuzzy set in a fuzzy topological space (X, T). Then
1—dc(\) =int(l = X) and 1 —int(\) = cl(1 — N).

DEFINITION 2.3. [7] A fuzzy set A in a fuzzy topological space (X, T) is called
a fuzzy dense set if there exists no fuzzy closed set p in (X, T') such that A < p < 1.
That is., cl(A) = 1.

DEFINITION 2.4. [7] A fuzzy set X in a fuzzy topological space (X, T) is called a
fuzzy nowhere dense set if there exists no non-zero fuzzy open set p in (X, T) such
that p < cl(X). That is., intcl(A) = 0.

DEFINITION 2.5. [2] Let (X,T) be a fuzzy topological space and X\ be a fuzzy
set in X. Then X is called a fuzzy Gs-set if A= A2, (N\;), for each \; € T.

DEFINITION 2.6. [2] Let (X,T) be a fuzzy topological space and X\ be a fuzzy
set in X. Then A is called a fuzzy Fy-set if A = V2 (N;), for each 1 — X\, € T.

DEFINITION 2.7. [7] A fuzzy topological space (X, T) is called a fuzzy first
category space if V2, (N\;) = 1 where the fuzzy sets (X\;)’s are fuzzy nowhere dense
sets in (X, T). A topological space, which is not of fuzzy first category, is said to
be of fuzzy second category.

DEFINITION 2.8. [9] Let (X,T) be a fuzzy topological space. A fuzzy set X\ in
(X,T) is called a fuzzy o-nowhere dense set if \ is a fuzzy F,-set in (X, T) such
that int(A) = 0.

DEFINITION 2.9. [9] A fuzzy set A in a fuzzy topological space (X, T) is called
a fuzzy o-first category set if A = V2, (\;) where (\;)’s are fuzzy o-nowhere dense
sets in (X, T). Any other fuzzy set which is not of fuzzy o-first category set in (X, T)
is said to be of fuzzy o-second category.
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LEMMA 2.2. [2] For a family A = {\.} of fuzzy sets of a fuzzy topological
space X, Vel(Ay) < (V). In case A is a finite set, Vel(Ay) = cl(VAa). Also
Vint(Aa) < int(VAy), where a € A.

DEFINITION 2.10. [8] Let (X,T) be a fuzzy topological space. Then (X, T) is
called a fuzzy Baire space if int( V2, (N\;)) = 0, where (X\;)’s are fuzzy nowhere
dense sets in (X,T).

DEFINITION 2.11. [2] A fuzzy topological space (X, T) is called a fuzzy submax-
imal space if for each fuzzy set X in (X,T) such that cl(\) = 1, then A € T in
(X, 7).

3. Fuzzy almost resolvable and fuzzy almost irresolvable spaces

DEFINITION 3.1. [10] A fuzzy topological space (X, T) is called a fuzzy almost
resolvable space if V2, (X\;) = 1, where the fuzzy sets (N;)’s in (X,T) are such that
int(X\;) = 0. Otherwise (X, T) is called a fuzzy almost irresolvable space.

THEOREM 3.1. [8] If X is a fuzzy nowhere dense set in (X, T), then 1 — X is a
fuzzy dense set in (X, T).

PropoOSITION 3.1. If VN, (\;) = 1, where the fuzzy sets (\;)’s are fuzzy
nowhere dense sets in a fuzzy topological space (X, T), then (X,T) is a fuzzy almost
resolvable space.

Proof. Let VY| (\;) = 1, where the fuzzy sets ()\;)’s are fuzzy nowhere dense
sets in a fuzzy topological space (X,T). Then int( VL, (\;)) = int(1) = 1. This
implies that 1 — int[VA(\;)] = 0. Then we have cl( AL, (1 — X)) =0 — (A).
Since (\;)’s are fuzzy nowhere sets in (X, T), by theorem 3.1, (1 — \;)’s are fuzzy
dense sets in (X, T'). Let (u;)’s (i = 1 to 00) be fuzzy dense sets in (X, T') in which
the first N fuzzy sets be 1 — X;. Then A2, (1) < AN (1= X)) < (A, (1-X)).
Then we have from (A), A2, (p;) < 0. That is.,, A2, (p;) = 0. This implies
that 1 — A2, (u;) = 1. Then V2, (1 — ;) = 1. Now cl(p;) = 1 implies that
int(l — p;) = 0. Let 6; = 1 — u;. Then we have V2, (d;) = 1, where int(d;) = 0.
Therefore, (X, T) is a fuzzy almost resolvable space. [

PROPOSITION 3.2. If each fuzzy set \; is a fuzzy F,-set in a fuzzy almost
resolvable space (X, T), then N2, (1—X;) =0, where (1 —X;)’s are fuzzy dense sets
in (X,T).

Proof. Let (X,T) be a fuzzy almost resolvable space. Then, V{2, (\;) = 1,
where the fuzzy sets (\;)’s in (X, T) are such that int(\;) = 0. This implies that
1—[v&,(A\)]=0and 1 —int(N\;) =1. Then, A2, (1 —X;) =0and cl(1—-X;)=1.
Since the fuzzy sets (A;)’s in (X, T) are fuzzy F,-sets, (1 — \;)’s are fuzzy Gs-sets
in (X,T). Hence we have A2, (1 — \;) = 0, where (1 — \;)’s are fuzzy dense and
fuzzy Gs-sets in (X, 7). O

THEOREM 3.2. [8] Let (X,T) be a fuzzy topological space. Then the following
are equivalent :

(1) (X,T) is a fuzzy Baire space.
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(2) int(X) =0 for every fuzzy first category set X in (X, T).
(3) cl(p) =1 for every fuzzy residual set p in (X, T).

THEOREM 3.3. [10] If the fuzzy topological space (X, T) is a fuzzy Baire space,
then (X,T) is a fuzzy almost irresolvable space.

The following proposition establishes under what conditions a fuzzy Baire space
becomes a fuzzy almost resolvable space.

PROPOSITION 3.3. If A2 (Ni) = 0, where the fuzzy sets (N\;)’s are fuzzy
residual sets in a fuzzy Baire space (X,T), then (X,T) is a fuzzy almost resolvable
space.

Proof. Let (X,T) be a fuzzy Baire space in which A$2,()\;) = 0, where the
fuzzy sets (\;)’s are fuzzy residual sets in (X,T). Since (X,T) is a fuzzy Baire
space and (\;)’s are fuzzy residual sets in (X,T), by theorem 3.2, cl(\;) = 1.
Then, 1 — ¢l(\;) = 0 and hence int(1 — A;) = 0. Now, A2, ()\;) = 0, implies that
Ve, (1 —X) =1. Let 1 — A = p;. Hence V2, (u;) = 1, where int(p;) = 0.
Therefore (X, T) is a fuzzy almost resolvable space. O

PROPOSITION 3.4. If V2,(\;) = 1, where the fuzzy sets (\;)’s are non-zero
fuzzy open sets in a fuzzy topological space (X, T), then (X,T) is a fuzzy almost
irresolvable space.

Proof. Suppose that V52, (\;) = 1, where the fuzzy sets ();)’s are non-zero fuzzy
open sets in (X,T). Since (\;)’s are non-zero fuzzy open sets int()\;) = A; # 0.
Hence we have V2, (\;) = 1, where int(\;) # 0 for all ¢ = 1 to co. Therefore (X, T)
is a fuzzy almost irresolvable space. [

THEOREM 3.4. [8] If A is a fuzzy dense and fuzzy open set in a fuzzy topological
space (X, T), then 1 — X is a fuzzy nowhere dense set in (X, T).

PROPOSITION 3.5. If each fuzzy Gs-set is fuzzy open and fuzzy dense set in a
fuzzy topological space (X, T), then (X,T) is a fuzzy almost irresolvable space.

Proof. Let A be a fuzzy Gs-set in (X, T) such that A is a fuzzy dense and fuzzy
open in (X,T). Then A = A2, (\;), where the fuzzy sets (A;)’s in (X, T) are fuzzy
open in (X,T). Now 1 — X =1—[A%2,(A;)]. Then, cl(1—A) = cl(1—[A32,(N\)]) =
(V52 (1-X;)) and hence cl(1—X) = cl (V52 (1-A;)) = V52 cl(1—X;). Since (A;)’s
are fuzzy open sets in (X, T), (1 — \;)’s are fuzzy closed sets in (X,T') and hence
Cl(l - )\,L) =1- )\i- Then Cl(]. - )\) = \/'?il(]' - )\,) Now Cl(l - )\) = \/2021(1 - )\i),
implies that intcl(l1 — X) > int[V2,(1 — A;)] — (1). Since V2 int(l — A;) <
int[Vs2 (1 — X\;)], we have intcl(l — X) > V52 int(1 — X\;) — (2).

Since A is a fuzzy dense and fuzzy open set in (X, T), by theorem 3.4, the fuzzy
set 1 — A is a fuzzy nowhere dense set in (X, 7). Then, we have intcl(1 — X) = 0.
Hence, from (2), 0 > V2 [int(1 — A;)]. That is., V2 [int(1 — A;)] = 0. Then,
int(1—X;) =0, for each i = 1 to co. Hence intcl(1—\;) = 0, (since cl(1—X;) = 1—X\;
). This implies that (1 — \;)’s are fuzzy nowhere dense sets in (X,7). From (1) ,
we have 0 > int[V2, (1 — A;)]. That is., int[V52,(1 — A;)] = 0. Hence (X,T) is a
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fuzzy Baire space. Therefore, by theorem 3.3, (X, T) is a fuzzy almost irresolvable
space. [

PROPOSITION 3.6. If cl( A2y (N;)) = 1, where the fuzzy sets (X;)’s are fuzzy
dense and fuzzy Gs-sets in a fuzzy submazimal space (X, T), then (X,T) is a fuzzy
almost irresolvable space.

Proof. Suppose that cl( A2, (\;)) = 1, where the fuzzy sets (\;)’s are fuzzy
dense and fuzzy Gs-sets in a fuzzy submaximal space (X,T). Now cl( A2, (\;)) =
1 implies that int( V2, (1 — A;)) = 0. Since (\;)’s are fuzzy dense in a fuzzy
submaximal space, (\;)’s are fuzzy open sets in (X,T) and hence (1 — \;)’s are
fuzzy closed sets in (X, T). Then ¢l(1 — ;) =1 — X;. Since (\;)’s are fuzzy dense
in (X,T), cl(A\;) = 1. Then 1 — cl();) = 0 and hence int(1 — X;) = 0. Now
intcl(1 — A;) = int(1 — \;) implies that intcl(1 — A;) = 0. Then (1 — \;)’s are
fuzzy nowhere dense sets in (X, T). Hence we have, int( V2, (1 — A;)) = 0 where
(1 = A;)’s are fuzzy nowhere dense sets in (X,7T). Then (X,T) is a fuzzy Baire
space and then by theorem 3.3, (X,T) is a fuzzy almost irresolvable space. [

PROPOSITION 3.7. If each fuzzy set is a fuzzy Fy-set in a fuzzy almost resolvable
space (X,T), then (X,T) is a fuzzy o-first category space.

Proof. Let (X,T) be a fuzzy almost resolvable space such that each fuzzy
set in (X,T) is a fuzzy F,-set. Since, (X,T) is a fuzzy almost resolvable space,
V2, (A;) = 1, where the fuzzy sets (A\;)’s in (X, T) are such that int(\;) = 0. By
hypothesis, (A;)’s are fuzzy F,-sets in (X, T). Hence the fuzzy sets (\;)’s in (X, T)
are fuzzy F,-sets such that int()\;) = 0 (i = 1 to oco). This implies that (\;)’s
are fuzzy o-nowhere dense sets in (X, 7). Thus, we have, V{2, (\;) = 1, where the
(A\i)’s are fuzzy o-nowhere dense sets in (X, T'). Therefore (X, T) is a fuzzy o-first
category space. [

PROPOSITION 3.8. If clint(\) = 1, for each fuzzy dense set A in a fuzzy almost
resolvable space (X, T), then (X, T) is a fuzzy first category space.

Proof. Let (X,T) be a fuzzy almost resolvable space such that clint(\) = 1
, for each fuzzy dense set A\ in (X,T). Since (X,T) is fuzzy almost resolvable,
V2, (A;) = 1, where the fuzzy sets (A;)’s in (X, T) are such that int(\;) = 0. Now
1—int(\;) = 1, implies that c¢l(1 — \;) = 1. Then, by hypothesis, clint(1—\;) =1,
for the fuzzy dense set 1 — \; in (X,T). This implies that intcl((A;) = 0. Hence
((A;)’s are fuzzy nowhere dense sets in (X,T'). Therefore V52, ();) = 1, where the
fuzzy sets (\;)’s are fuzzy nowhere dense sets in (X,T), implies that (X,T) is a
fuzzy first category space. [

PROPOSITION 3.9. If clint(\) = 1 for each fuzzy dense set (X,T) is a fuzzy
almost resolvable space (X, T), then (X,T) is not a fuzzy Baire space.

Proof. Let (X,T) be a fuzzy almost resolvable space such that clint(\) = 1,
for each fuzzy dense set A in (X, T). Then by proposition 3.8, V2, (\;) = 1, where
the fuzzy sets (\;)’s are fuzzy nowhere dense sets in (X, T), implies that (X, T) is
a fuzzy first category space. This implies that int( V2, (A;)) = int(1) =1 # 0.
Hence (X, T) is not a fuzzy Baire space. 0O
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THEOREM 3.5. [9] If the fuzzy topological space (X, T) is a fuzzy almost irre-
solvable space, then (X,T) is a fuzzy o-second category space.

PROPOSITION 3.10. If the fuzzy topological space (X,T) is a fuzzy o-second
category space, then (X,T) is a fuzzy almost irresolvable space.

Proof. Let (X,T) be a fuzzy o-second category space. Then, V2, (\;) # 1,
where the fuzzy sets (\;)’s (i = 1 to 0o0) are fuzzy o-nowhere dense sets in (X, T).
Since ()\;)’s are fuzzy o-nowhere dense sets in (X,T) , (A\;)’s are fuzzy Fy,-sets in
(X,T) such that int(\;) = 0. Hence we have V2,(\;) # 1, where int()\;) = 0.
Therefore (X, T) is a fuzzy almost irresolvable space. [

REMARK 3.1. In view of theorem 3.5 and proposition 3.10, we have the follow-
ing: “A fuzzy topological space (X,T) is a fuzzy almost irresolvable space if and
only if (X, T) is a fuzzy o-second category space”.
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