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A COMMON FIXED POINT THEOREM IN A MENGER
SPACE USING WEAK COMPATIBILITY

Nagaraja Rao. I.LH', Rajesh. S?, and Venkata Rao. G?

ABSTRACT. A common fixed point theorem is established for four self maps
on a complete Menger space assuming that a pair of maps has commmon fixed
point and other pair is weakly compatible.

1. Introduction

Jungck ([1]) proved a common fixed point theorem for commuting maps gener-
alizing the Banach’s fixed point theorem. Consequently, he introduced the notion
of compatibility and established various fixed point theorems. Jungck and Rhodes
([2]) introduced the notion of weak compatibility which is a generalization of com-
patibility and considered the corresponding fixed point results. Mishra ([3]) estab-
lished a fixed point result in a Menger space using compatibility. We generalize
and extended this result using weak compatibility. The claim is also supported by
an example.

2. Preliminaries

We take the standard definitions and results given in Schweizer and Sklar ([4]).
We mainly use the following results in the subsequent section.

2.1. Result ([4]). Let {z,}(n =0,1,2,...) be a sequence in a Menger space
(X, F, %), where = is continuous and z*z > « for all z € [0,1]. If thereisa k € (0,1)
such that

Fp i () 2 Fop o, (1)
for all t > 0 and n € N, then {z,} is a Cauchy sequence in X.
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2.2. Result ([5]). Let (X, F, ) be a Menger space. If there is a k € (0,1)
such that

Foy(kt) 2 Fr y(t)
for all z,y € X and t > 0, then y = z.

3. Main Result
We state the Theorem of Mishra ([3]).

THEOREM 3.1. Let A, B, S and T be self maps of a complete Menger space
(X, F,t) with continuous t-norm and t(z,z) > x for all x € [0,1], satisfying:
(3.1.1) A(X) CT(X) and B(X) C S(X),
(3.1.2) forallz,y € X, u>0 and a € (0,2) and for some k € (0,1)
Faz,py(ku) 2 t(Fag,s2(u), t(Fpy,my(0), t(Faz,ry(au), Fpy,s:((2 — a)u)))),
(3.1.3) the pairs {A, S} and {B,T} are compatible,
(3.1.4) S and T are continuous.

Then A, B, S and T have a unique common fized point in X.
Now, we prove the following generalization.

THEOREM 3.2. Let A, B, S and T be self mappings on a complete Menger space
(X, F, %), where * is a continuous t-norm such that v * u > u, for all u € [0,1],
satisfying:
(3.2.1) A(X) CT(X) and B(X) C S(X);
(3.2.2) either
(i) A & S have a common fized point and {B,T} is weakly compatible
or
(i) B & T have a common fized point and {A, S} is weakly compatible;
(3.2.3) there is a k € (0,1) such that

F‘Z;:,By(kuJ > FIXLI,SI(/U/) * FgLy,Ty(u) * FgraL:,Ty(u) * FAz,Ty(OéU) * FB?J;S$((2 - a)u)
for all x,y € X, for all u > 0, for all « € (0,2) and for some positive
mteger m.
Then A, B, S and T have a unique common fixed point in X.
Proof: Let 2o € X. By virtue of (3.2.1) we construct sequences {z,, } and {y,}
in X such that
Azoy = Tony1 = Yon(say)
and Bxony1 = Stonto = Yont1(say), for n=0,1,2,...

Taking © = xoy,, y = Topy1 and o = 1—g with ¢ € (0,1) in (3.2.3), for n > 1,we
get that

F;Znay2n+1 (k;u) 2

F;;nvyzn—l (u) *F;;nJrl yY2n (u) *F'!;anhy2n (U) *Fy2my2n ((1 7‘1)“) *Fy2n+1vy2n—1 ((1+q)u)
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Using the properties of F', viz.
Fp.(u+v) = Fpy(u) « Fy .(v), for all z,y,z € X & u,v >0, Fy,(u) = F, .(u),
Fpo(u)=1forall z,y € X & wu > 0 and that of %, we get that

F$n7y2n+1 (ku) ZZLn 1 y2n( ) * F$717y271+1( ) * Fy2n792n+1 (qu)'

As t-norm is continuous and F is left continuous, ¢ — 1 — 0, we get that

F;;L7L7y2n+1 <ku) F:;;Ln 1,Y2n (u) * F$7L7y2'rL+l (U)

= Fyzn Y2n+1 (ku) = Fy2n—1ay2n( ) * Fy2n Yon+1 ('LL)

Similarly, by taking = Zan42,y = Tant+1 and a = 1+ ¢ with ¢ € (0,1) in (3.2.3),
we get that

Fy2n+1:y2n+2 (ku) 2 Fy2n:y2n+1 (u) * Fy2n+17y2n+2 (u)'

Thus, for any positive integer n, we have

Fymynﬂ (ku) yn 1 yn( ) yn,yn+1 (U
—1

COHbeCluentlY’ Yn Yn+1 (U’) 2 Fynflvyn (k u) * Fynyyn+1( U
By repeated application of the above inequality to F; ) etc. and using

Fy yoii (k™ u)7 for

Umun+1
the properties of *, we get that Fy, ., . (u) > Fy, _ 4. (k~
any positive integer 1.

)-
)-
(k™
tu) *

Further, F,, . ., (k7'u) — 1 as | — oo (since k'u — 00); so we get that
Fynyy'rL+1 (U/) 2 Fyn—hyn (k_lu)

= Fy, ynii (ku) = Fy, | o (u), for all positive integer n.
Now, by Result (2.1), follows that {y,} is a Cauchy sequence in X. Since X is
complete, there is a z € X such that {y,} — z. So, follow that {y2,} = {Az2,} =
{T$2n+1} — z and {y2n+1} = {B$2n+1} = {S’Ign} — Z.

Suppose (3.2.2)(4) holds; now there is a v € X such that Av = Sv =v.
Taking © = v,y = Zap4+1 and o =1 in (3.2.3) and using Av = Sv, we get that

F.Z/’Lv,y2”+1 (ku) 2 FEU,A’U( ) * Fy2"+1,y2n( ) * F.Z/’Lu,yzn (u) * FAU7y2n( ) * Fyzn,AU (U)
Now, as n — oo,we get that
By Result(2.2), we get that v = 2z so Az = Sz = 2.
Since A(X) C T'(X), there is a w € X such that z = Tw.
Taking = 2,y = w and a = 1 in (3.2.3), we get that
Fyg Bw(ku) F;;Zn Yon— 1( ) * Fénw,z(u) * F;;n_l,z(u) * Fyzn,Z(“) * FBw1y2n—1(u)'

Now, as n — oo,we get that
z, Bw(ku) Fzrtlz(u) * Fglw,z(u) * FZLz(u) * FZJ(“) * FBM,Z(U) 2 F;wa(u)'
By the Result(2.2), we get that Bw = z(= Tw).
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Since {B,T'} is weakly compatible, follows that BTw = T Bw; i.e, Bz = Tz.
Taking = x9,,y = 2z, « = 1 and Tz = Bz in (3.2.3), we get that

Fpp Bz (k) = Fb o (@) * FEL po(w) x FU | pa(u) % Fyyp g2 () % Fzy,, o (u).

Now, as n — oo,we get that
Flp.(ku) = FU(u) * Fg, p.(u) * Fl'p. (u) % Fz g (u) ¥ Fpz.2(u) 2 F]'p. (u).
So, we get that Bz =2 = Bz=Tz=2. Thus Az=Bz=Sz=Tz=z.

Similarly in the case (3.2.2)(i7) we first get that Bz = Tz = z and then
Az =5z=z.

Uniqueness:- Let Z be also a common fixed point for A, B, S and T. So,
Az =BZ'S: =T2 =2,
Taking x = z,y = z and o = 1 in (3.2.3), we get that
i g (ku) = AL s (u) « Fglo g (u)  Fg o (u) * Fy, o (u)  Fipr g ()

2Tz’
ie, F7° (ku) 2 FI7(u) « P o(u) < F7° (u) < F, o (u) * Fy (u) = F7°(u).

z’,z’ Z/7Z
By Result (2.2), follows that z = z. Hence z is the unique common fixed point for
A, B, Sand T. O

We support this by means of the following:

ExaMPLE 3.1. (X, F,x) is a Menger space, where X = [0,10) with the usual
metric and F': R — [0, 1] is defined by

u
Fx,y(“) =

u+ |z —y|

for all z,y € R, w > 0 and # is the min t-norm, i.e, a * b = min{a,b} for all
a,be0,1].

Let A, B, S and T be the self maps on X, defined by

0 ifx<9,
A($>_{ 1 ifz>9.

0 ifx<9,
S(m)—{ 2 ifz > 9.
Bx=0and Tz = x for all z € X.
Then, clearly A, B, S and T satisfy the hypothesis of Theorem(3.2) with k €
[3.1) C (0,1).
For, when x > 9,

Fia,y (k) = (kuki 1)m - (ﬁy

and

Fross) = (o) < (i)
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So, in (3.2.3), L.H.S > R.H.S when } < 2, that is k > 1.
Clearly 0 is the unique common fixed point of A, B, S and T

(Observe that S is not continuous on X. )
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