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EQUITABLE ASSOCIATE GRAPH OF A GRAPH

Kuppusamy Markandan Dharmalingam

Abstract. Let G = (V, E) be a simple graph. Let H be the graph constructed
from G as follows: V (H) = V (G), two points u and v are adjacent in H if
and only if u and v are adjacent and degree equitable in G. H is called the
adjacency inherent equitable graph of G or equitable associate of
G and is denoted by e(G). This Paper aims at the study of a new concept
called equitable associate graph of a graph. In this paper we show that there
is relation between e(G) and e−(G). Further results on the new parameter
e(G),e−(G) and complexity of equitable dominating set are discussed.

1. Introduction

New concepts of domination arise from practical considerations. In a network,
nodes with nearly equal capacity may interact with each other in a better way. In
the society, persons with nearly equal status, tend to be friendly. In an industry,
employees with nearly equal powers form association and move closely. Equitability
among citizens in terms of wealth, health, status etc is the goal of a democratic
nation. In order to study this practical concept, a graph model is to be created.
Prof. E. Sampathkumar is the first person to recognize the spirit and power of
this concept and introduced various types of equitability in graphs like degree equi-
tability, outward equitability, inward equitability, equitability in terms of number
of equal degree neighbours, or in terms of number of strong degree neighbours etc.
In general, if G = (V,E) is a simple graph and φ : V (G) → N is a function, we may
define equitability of vertices in terms of φ - values of the vertices. A subset D of
V is called an equitable dominating set if for every v ∈ V −D there exists a vertex
u ∈ D such that uv ∈ E(G) and |d(u)− d(v)| 6 1, where d(u) denotes the degree of
vertex u and d(v) denotes the degree of vertex v. The minimum cardinality of such
a dominating set is denoted by γe and is called the equitable domination number
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of G. Degree Equitable domination on Graphs were introduced in [10].

Definition 1.1. Let G = (V,E) be a simple graph. Let H be the graph
constructed from G as follows: V (H) = V (G), two points u and v are adjacent in
H if and only if u and v are adjacent and degree equitable in G. H is called the
adjacency inherent equitable graph of G or equitable associate of G and
is denoted by e(G).

Remark 1.1. (i) e = uv ∈ E(e(G)). Then u and v are adjacent and degree
equitable in G. Therefore e ∈ E(G). E(e(G)) ⊆ E(G).
(ii) An edge e = uv ∈ E(G) is said to be equitable if |d(v)− d(u)| 6 1.
Let Ee(G) be the set of all equitable edges of G. Then clearly,
Ee(G) = E(e(G)).

Remark 1.2. e(G) need not be equal to e(G).
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Fig. 1.1

Therefore e(G) 6= e(G).

Remark 1.3. Since E(e(G)) ⊆ E(G) we have E(e(G)) ⊇ E(G) ⊇ E(e(G))

Theorem 1.1. e(G) = e(G) if and only if every edge of G is equitable.

Proof. If every edge of G is equitable then G = e(G) and hence G = e(G).
Further, since every edge of G is equitable, every edge of G is equitable. Therefore
e(G) = G. Therefore e(G) = e(G).

Conversely, let e(G) = e(G). Suppose G has a non equitable edge say e = uv.
Then u and v are not adjacent in e(G). Therefore u and v are adjacent in e(G).
Since e = uv in G, u and v are not adjacent in G and hence u and v are not
adjacent in e(G). Therefore e(G) 6= e(G), a contradiction. Hence every edge of G
is equitable. ¤

Definition 1.2. Let u ∈ V . The equitable neighborhood of u denoted by
Ne(u) is defined as Ne(u) = {v ∈ V |v ∈ N(u), |d(u)− d(v)| 6 1} and u ∈ Ie ⇔
Ne(u) = φ.
The cardinality of Ne(u) is denoted by de

G(u).

Definition 1.3. The maximum and minimum equitable degree of a point in
G are denoted respectively by ∆e(G) and δe(G). That is ∆e(G) = max

u∈V (G)
|Ne(u)|,

δe(G) = min
u∈V (G)

|Ne(u)|

Definition 1.4. A subset S of V is called an equitable independent set, if for
any u ∈ S, v /∈ Ne(u) for all v ∈ S − {u}.
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Definition 1.5. Let G be a graph and let H be a graph such that e(H) = G.
Then H is called a pre-e-graph of G. Pre-e-graph of G is not unique. The set of
all pre-e-graph of G is denoted by e−(G).
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Fig. 1.2
e(H1) = e(H2) = G.
That is H1,H2 ∈ e−(G).

Remark 1.4. The cardinality of the set of all non isomorphic graphs H such
that e(H) = G is denoted by O(e−(G)). Given any positive integer k > 1, there
exists a graph G such that O(e−(G)) > k.

For: Let G :
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H1, H2, . . . , Hk are the non isomorphic graphs in e−(G).
Therefore O(e−(G)) > k.

Illustration 1.1. There exists a graph G in which every edge is equitable
and e−(G) has a non-equitable edge.
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Fig. 1.4

Here H ∈ e−(G), every edge of G is equitable and H has a non-equitable edge.

Illustration 1.2.
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e(H) = G. That is H ∈ e−(G). Here G has no isolates and H ∈ e−(G). H has a
non equitable edge.
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Illustration 1.3.
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e(H) = G . That is H ∈ e−(G).
Here G is connected and H ∈ e−(G). H is connected and H has a non-equitable
edge.

Theorem 1.2. Let G be a graph. Let H = e(G). Then every edge of H is
degree equitable if and only if the following holds: If u and v are degree equitable
and adjacent in G then de

G(u) and de
G(v) are equitable.

Proof. Let e(G) = H. Therefore Ee(G) = E(H). Assume that if u and v
are degree equitable and adjacent in G, then de

G(u) and de
G(v) are equitable. Let

e = uv ∈ E(H). Then u and v are degree equitable in G. As dH(u) = de
G(u)
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and dH(v) = de
G(v) and as de

G(u) and de
G(v) are equitable, we get that u and v are

degree equitable in H. That is e is degree equitable in H.
Suppose u and v are equitably adjacent points in G such that de

G(u) and de
G(v)

are not equitable. Then clearly e = uv ∈ E(H) is not degree equitable in H. Hence
the theorem. ¤

Theorem 1.3. If G and H are any two graphs, then e(G¤H) = e(G)¤e(H).

Proof. Let (u, v), (x, y) ∈ V (G¤H) such that |dG¤H(u, v)− dG¤H(x, y)| 6 1.
⇒ |dG(u) + dH(v)− dG(x)− dH(y)| 6 1
⇒ |[dG(u)− dG(x)]− [dH(v)− dH(y)| 6 1.
⇒ ||dG(u)− dG(x)| − |dH(v)− dH(y)|| 6 1. .......................................(1)

If (u, v) and (x, y) are adjacent in e(G¤H), then (u, v) and (x, y) are adjacent and
degree equitable in G¤H.

Since (u, v) and (x, y) are adjacent in G¤H, either u = x in V (G) and vy ∈
E(H) or ux ∈ E(G) and v = y in V (H). Using (1) we get that either u = x
in V (G)and v and y are adjacent and equitable in H or u and x are adjacent
and equitable in G and v = y in V (H). That is ,either u = x in V (e(G)) and
uy ∈ E(e(H)) or ux ∈ E(e(G)) and v = y in V (e(H)). That is (u, v) and (x, y) are
adjacent e(G)¤e(H).

Conversely, let (u, v) and (x, y) be adjacent in e(G)¤e(H). Then u = x in
V (e(G)) and vy ∈ E(e(H)) or ux ∈ E(e(G)) and v = y in V (e(H)). That is ,
u = x in V (G) and v and y are adjacent and equitable in H or u and x are adjacent
and equitable in G or v = y in V (H). This implies that (u, v), (x, y) are adjacent in
G¤H and |dG¤H(u, v)− dG¤H(x, y)| = |[dG(u)− dG(x)]− [dH(y)− dH(v)]| 6 1,
since u and x are equitable in G and v and y are equitable in H. Hence (u, v), (x, y)
are adjacent and degree equitable in G¤H. That is, (u, v), (x, y) are adjacent in
e(G¤H). Hence the theorem. ¤

2. Complexity

EQUITABLE DOMINATING SET
INSTANCE
A graph G = (V, E) and a positive integer k.
Question
Does G have a dominating set of cardinality 6 k ?.

Theorem 2.1. EQUITABLE DOMINATING SET is NP- Complete.

Proof. Let G = (V,E) be an arbitrary graph. Let e(G) be the equitable
associate of G. G has an equitable dominating set of size 6 k if and only if e(G)
has a dominating set of size 6 k. Since DOMINATING SET is NP- Complete,
EQUITABLE DOMINATING SET is NP- Complete. ¤

Theorem 2.2. EQUITABLE DOMINATING SET is NP- Complete even in
the class of bipartite graphs.
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Proof. Let G = (V,E) be an arbitrary graph. Let V = {u1, u2, . . . , un}, V ′ =
{u′1, u′2, . . . , u′n}, X = {x1, x2, . . . , xn}. Let H be the graph with vertex set V (H) =
V ∪ V ′ ∪ X. E(H) = {u′iuj , u

′
ixj : uj ∈ N [ui]}16i6n. H is a bipartite graph in

which dH(ui) = dH(ui′) = dH(xi) = dG(ui) + 1, 1 6 i 6 n. Let D be a dominating
set of G of cardinality 6 n.

Let D = {u1, u2, . . . , ur}, r 6 n. Let D′ = {u′1, u′2, ..., u′r, x1, x2, ..., xn}. Then
D′ is an equitable dominating set of H of cardinality r + n. Let S be an equitable
dominating set of cardinality r + n where r 6 n. Replace u′i, xj in S by ui, uj

respectively. Let the resulting set be S1. Clearly |S1| 6 n. Let uk ∈ V (G) − S1.
If uk ∈ S then uk ∈ S1, a contradiction. Therefore uk ∈ V (H) − S. Since S is an
equitable dominating set, there exists uj or u′j ∈ S such that uk is dominated by
uj or u′j . By construction of S1, uj ∈ S1 and uk is adjacent to uj . Therefore S1 is
a dominating set of G and |S1| 6 n. Therefore EQUITABLE DOMINATING SET
remains NP- Complete even in the class of bipartite graphs. ¤
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