Science Vision www.sciencevision.org Science Vision www.sciencevision.org Science Vision www.sciencevision.org Science Vision www.sciencevision.org

Research

Science Vision 15(2)

]
2015

April-June
ISSN (print) 0975-6175
ISSN (online) 2229-6026
I

Note

On the M-projective curvature tensor of Sasakian manifolds

Jay Prakash Singh

Department of Mathematics and Computer Science, Mizoram University, Aizawl 796004, India

Received 26 March 2015 | Revised 11 May 2015 | Accepted 15 May 2015

ABSTRACT

This paper is an analysis of the properties of the AM—projective curvature tensor in Sasakian, Ein-

stein Sasakian and n—Einstein Sasakian manifolds.
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INTRODUCTION

In 1971, Pokhariyal and Mishra' defined a
tensor field W* on a Riemannian manifold as

W*(X,Y)Z = R(X,Y)Z — ﬁ [S(Y,2)X
- S(X,2)Y
+9(Y,2)QX — g(X,2)QY],
(1.1)
where

W*(X,Y,Z,U)=W*(Z,U,X,Y),
such a tensor field W* is known as M-projective
curvature tensor.

The properties of the M-projective curvature
tensor in Sasakian and Kahler manifolds were
studied by Ojha.” *He showed that it bridges the
gap between the conformal curvature tensor,
conharmonic curvature tensor and concircular
curvature tensor.The author proved that an M-
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The properties of the M-projective curvature
tensor in Sasakian and Kahler manifolds were
studied by Ojha.” *He showed that it bridges the
gap between the conformal curvature tensor,
conharmonic curvature tensor and concircular
curvature tensor.The author® proved that an M-
projectively flat Para-Sasakian manifold is an
Einstein manifold. He has alsoshown that if in
an Einstein P-Sasakian manifold R(&,X)W* =
Oholds, then itis locally isometric with a unit
sphere H"(1) . Also, an n-dimensional #-
EinsteinP-Sasakian manifold satisfies
W*(&,X)R = 0 if and only if either the manifold
islocally isometric to the hyperbolic space
H™(—1)or the scalar curvature tensor  of the
manifold is #n(n-1). Recently M-projective
curvature tensor is studied by many Geometers
such as Chaubey and Ojha,’ Singh, °Bagewadi e
al.’etc.

This paper deals with some properties of M-
projective  curvature tensor in Sasakian
manifolds M,,.
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PRELIMINARIES

Let M,, be an n = (2m+ 1) -dimensional
almost contact metric manifold equipped with
an almost contact metric structure (¢,n,¢,9)
consisting of a (1, 1) tensor field ¢, a vector field
&, a 1-form n and a Riemannian metric g. Then

PP ==X+nX)¢E n@ =1, @&=
0, n(eX)=0, 2.1
g(@X, oY) = gX,Y) —n(Xn(Y),

(2.2)

for all vector fields X, Y.
Form (2.1) and (2.2), it can be easily seen
that
9X, 9Y) = —g(eX,Y),
9(X,§) = n(X). (2.3)
An almost contact metric manifold M,, is
said to be
(a) a contact metric manifold if
9(X, 9Y) =dn(X,Y), (2.4)
(b) a K-contact manifold if the vector field &
is killing equivalently

Dx¢ = —¢X, (2.5)
where D is Riemannian connection and
(c) a Sasakian manifold if
(Dxp)Y = g(X, V)¢ —n(Y)X. (2.6)

A K -contact manifold is a contact metric
manifold while the converse is true if the Lie
derivative of ¢ in the characteristic direction &
vanishes. A 3-dimensional manifold is a
Sasakian manifold.

It is well known that a contact metric
manifold is Sasakian if and only if
R(X,Y)E = n(1)X — n(X)Y.2.7)

In a Sasakian manifold equipped with the
structures(¢, 1, €, g), the following relations also
hold®”*

(DxmY = g(X, ¢Y), (2.8)
RE XY = g(X, Y)E —n(V)X, 2.9)
nRX,Y)Z) =n(X)g(¥,Z) —n(¥)g(X, 2),2.10)

SX,8) = (n— Dn(X), (2.11)
S(pX,9Y) =SX,Y) + (n— Dn(X)n(Y) ,

(2.12)
R(X, )Y =n(¥)X — g(X,Y)§, (2.13)

for all vector fields X,Y,Z where R is
Riemannian curvature tensor and S is Ricci
tensor.
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A Sasakian manifold M,, is said to be n-
Einstein if its Ricci tensor S is of the form
SX,Y)=agX,Y)+bnX)n) (2.14)
for arbitrary vector fields X and Y, where a and
b are smooth functions on (M,,, g) . Ifb=0
then 7 - Einstein manifold becomes FEinstein
manifold.

In view of (2.1) and (2.14), we have
QX = aX +bn(X)E,
whereQ is the Ricci operator defined by
S(X,Y) = g(QX, V).

Again, contracting (2.15) with respect to X
and using (2.1), we have

r=na-+>b (2.16)

Now, substituting X = éand Y = &in (2.14)
and then using (2.1) and (2.11), we obtain

(2.15)

a+b=n-1. (2.17)
Equations (2.16) and (2.17) give
a=———1 and b=—(L—n.
n-1 n—1
(2.18)

Sasakian manifolds satisfying W* = 0

In view of W* = 0, (1.1) becomes
1

RXVZ = ) [S(Y,2)X — S(X,2)Y
+9(Y,Z)QX — g(X,2)QY]. (3.1)
Replacing Z by ¢ in (3.1) and then using (2.1)
and (2.11),we obtain
(n— DX —nX)Y) =n()QX —n()QY.

Again putting Y = £ in the above relation
and using (2.1) and (2.11), we obtain
QX=(n-DXeo SXY)=m-
Dg(X,Y)(3.2)
and
r=n(n-—1).

In consequence of (3.2), (3.1) becomes
RX,Y)Z =g(Y,2)X —g(X,2)Y, (3.3)
which shows that m-projectively flat Sasakian
manifold is of constant curvature. The value of
this constant is +1. Hence we can state
Theorem3.1:An  n- dimensional Sasakian
manifold M,, is m-projectively flat if and only if
it has constant curvature +1.
Theorem 3.2: An n-dimensional Sasakian
manifoldM,, is m-projectively flat if and only if it
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is locally isometric to a unit sphere S$™(1).

manifold

An  Einstein  Sasakian satisfying

REX).W =0

Theorem 4.1: An Einstein Sasakian manifoldM,,
satisfies R(¢,X).W* =0 if and only if it is
locally isometric a unit sphere S™(1).

Proof: Let the Sasakian manifold be Einstein i.e.
SX,Y) =kg(X,Y), then

W*(X,Y)Z = RX,V)Z ~ —5[9(Y, )X —

9(X,2)Y] 4.1)
In view of (2.1), (2.10) and (4.1), we have
nw* (X, 1)2) = (1--5){g(¥,2mx) -
9(X, ()}, 4.2)
Replacing Z by ¢ and using (2.1) in above
equation, we have
n(W*(X,Y)€) = 0. (4.3)
Now,
R(X,Y).W*(Z, U)V
=RX,Y)W*(Z, U)V
-W*(RX,Y)Z,U)V
—W*(Z,R(X,Y)U)V —W*(Z, U)R(X,Y)V
Or
RX,VYW*(Z,U)V —W*(R(X,Y)Z,U)V
—W*(Z,R(X,Y)U)V — W*(Z, U)R(X,Y)V = 0.
Taking inner product of the above equation
with &, we obtain
gRX,YIW*(Z,U)V,$)
— gW* R(X,Y)Z, UV, &)
_g(W*(Z' R(X, Y)U)V' $) —
gW*(Z,H)R(X,Y)V,&) = 0. 4.4)
Replacing X = ¢ in the equation (4.4), we
get
JRENW(Z,U)V,©)
—gW*(RE VIZ, UV, &)
gW*(Z, U)R(E, YV, &) = 0. 4.5)
Using (2.9), (2.10) and (2.11) in the above
equation, we get

k
W Z,u,v,0) - (1= —) 0@, V)

—n(Wg(Z,V)}
-n(Z){n(¥V)gW,V) —nU)g(Y,V)}
(W) @g(Y,V) —n(¥)g(Z,V)}

k

—n(W{n@gW,Y) —nU)g(Z,Y)}

+9(Y,2){gU,V) —n(W)n(V)}

(J;g(Y. D{nWnz) —gW,2)}] = 0.

r,
W*(Z,U,V,Y) = (1 —L) [g(Y,2)g(U, V)
U, v, — ) )
g, gV, z)].
which implies that
W*(Z,U,V) = (1 - %) {g(U,V)Z — g(Z,V)U}.
(4.6)

In view of (4.1) and (4.6), we have

R(Z,U,V)={gWUV)Z - g(Z,V)U}.
This completes the proof.
Contracting (4.7) with respect to Z, we

obtain

@.7)

SWU,V)=m-1gU,V) (4.8)
and

QU=mn-1)U 4.9)
which gives

r=n(n—1).

In consequences of (1.1), (4.7), (4.8) and
(4.9), we have
W*(X,Y)Z = 0.

Hence, we can say
Theorem 4.2: An Einstein Sasakian manifold
M, satisfies R(§,X).W* = 0 if and only if it is m-
projectively flat.
In view of the theorems (4.1) and (4.2), we can
state that
Corollary 4.3: An Einstein Sasakian manifold
M,, satisfies R(¢,X).W* = 0 if and only if it is
either M,, is m-projectively flat or it is locally
isometric to a unit sphere S™(1).

1n - Einstein Sasakian manifolds satisfying
W& X)R=0

Replacing X by ¢ in (1.1) and then using
(2.1), (2.9), (2.14), (2.15) and (2.18), we obtain
W, Y)Z = k{g(Y,2)§ —n(2)Y}, (5.1)

Where k = {1 - Z(nl—l) (ﬁ +n-— 2)}
We know that
W& X).R)(Y,Z2)U

=W R, Z2)U
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—R(W*(§,X)Y,Z2)U — R(Y, (W*(§, X)Z)U
— R, Z)(W*(&,X)U.

Using (W*(§,X).R=0 in the
relation, we get
(&, X)R(Y,Z)U — R(W*(§,X)Y,Z)U
—R(Y,(W*(&,X)Z2)U —R(Y,Z)(W*(&¢,X)U = 0.
In view of (5.1), last result becomes

+n(2)g(Y, X
~R(g(X,Y)§ —=n(Y)X, Z)U+R(Y, (X, Z)§ —
nZ)x)u
~R(Y,2)(g(X, U)E —n(U)X)] = 0. (5.2)

Taking inner product of the equation (5.2)
with ¢ and using the equations (2.9) and (2.10),
we obtain
R(Y,2)U=g(Z,U)Y —g(Y,U)Z. (5.3)

Contracting (5.3) with respect to Y, we get
Or
QZ=m-1)Z. (5.9

Again contracting (5.4), we have
r=n(n—1).

Conversely, if M, is locally isometric to a
unit sphere S"(1) or M,, has a scalar curvature
r =n(n—1) then from (5.1), it follows that M,
is m-projectively flat.

Thus, we can state
Theorem: 5.1: An n-dimensional 7 -Einstein
Sasakian manifold M,, satisfies W*(&,X)R = 0 if
and only if either M, is is locally isometric to a
unit sphere §" (1) or M,, is m-projectively flat.

above
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