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ABSTRACT

Recently the local fractional operators have started to be considered a useful tool to deal with 
fractal functions defined on Cantor sets. In this paper, we consider the Fokker-Planck equa-
tion on a Cantor set derived from the fractional complex transform method. Additionally, the 
solution obtained is considered by using the local fractional variational iteration method.  

RESUMEN

Recientemente se ha empezado a considerar a los operadores locales fraccionados como una 
herramienta útil para lidiar con funciones fractales definidas en conjuntos de Cantor. En este 
artículo, consideramos la ecuación Fokker-Planck en un conjunto de Cantor derivado de un 
método fraccionado de transformación complejo. Así mismo, la solución obtenida se considera 
al usar el método iterativo fraccionado variacional local.
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INTRODUCTION

The fractional complex transform (He, Elagan & Li, 2012; Li, Zhu & He, 
2012), derived from the modified Riemann-Liouville derivative, is an efficient 
tool to convert fractional differential equations to conventional differential 
equations. Recently, the fractional complex transform with local fractional 
derivatives (Hu, Baleanu & Yang, 2013; Yang, 2012a) was applied to switch 
conventional differential equations to differential equations on Cantor sets 
derived from local fractional calculus, based on fractal geometry (Aharony 
& Feder, 1990; Barnsley, 1998; Mandelbrot, 1983). 

The traditional second-order Fokker-Planck equation (see references Ris-
ken, 1989; Sadighi, Ganji & Sabzehmeidani, 2007, and the references the-
rein) has a large deviation from the dynamics of the Brownian motion that 
makes it inadequate for research purposes. The fractional Fokker-Planck 
equation with fractional coordinates and time derivatives suggested by 
Zaslavsky (1994) from fractional order calculus theory (Kilbas, Srivasta-
va & Trujillo, 2006; Miller & Ross, 1993; Podlubny, 1999) has a smaller 
deviation from the dynamics of the Brownian, and was used to describe 
the anomalous behavior of the transport process through the fractal me-
dium with the mean-square displacement (Chow & Liu, 2004; El-Wakil 
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& Zahran, 2000; Henry, Langlands & Straka, 2010; 
Lenzi, Malacarne, Mendes & Pedron, 2003; Metzler, 
Barkai & Klafter, 1999; Metzler & Nonnenmacher, 
2002; Sokolov, 2001; Tarasov, 2005). A solution to the 
fractional Fokker-Planck equation was investigated in 
the following ways: usingthe finite difference method 
(Chen, Liu, Zhuang & Anh, 2009), the Adomian de-
composition method (Odibat & Momani, 2007; Tatari, 
Dehghan & Razzaghi, 2007), the variational iteration 
method (Odibat & Momani, 2007; Biazar, Gholamin & 
Hosseini, 2010), the homotopy perturbation method 
(Yıldırım, 2010) and others (Baleanu, Diethelm, Sca-
las & Trujillo, 2012).  

Local fractional operators have local fractal beha-
viors (Yang, 2011a, 2011b, 2012b), such as the Ko-
lwankar-Gangal local fractional derivative (Kolwankar 
& Gangal, 1998; Yang, 2011a, 2011b, 2012b), the 
Parvate-Gangal fractal derivative (Parvate & Gangal, 
2005, 2009; Yang, 2011a, 2011b, 2012b), the Chen’s 
fractal derivative (Chen, 2006; Chen, Sun, Zhang & 
Koroak, 2010; Yang, 2011a, 2011b, 2012b), the gene-
ralized fractal derivative (Chen et al, 2010), the Adda-
Cresson local fractional derivative (Adda & Cresson, 
2001; Yang, 2011a, 2011b, 2012b), the He’s frac-
tal derivative (He, 2011, 2012; He et al., 2012; Li et 
al., 2012; Yang, 2011a, 2011b, 2012b), the modified 
Riemann-Liouville derivative (Jumarie, 2007; Yang, 
2011a, 2011b, 2012b), and the local fractional de-
rivative structured in (Hu, Agarwal & Yang, 2012; 
Liao, Yang & Yan, 2013; Yang, 2011a, 2011b, 2012a, 
2012b, 2012c; Yang & Baleanu, 2012; Yang, Baleanu 
& Zhong, 2013; Yang & Zhang, 2012).

It was applied to model problems for fractal mathe-
matics and engineering on Cantor sets (Adda & Cres-
son, 2001; Chen, 2006; Chen et al., 2010; He, 2011, 
2012; He et al., 2012; Hu et al., 2012; Hu et al., 2013; 
Jumarie, 2007;  Kolwankar & Gangal, 1998; Li et al., 
2012; Liao et al., 2013; Parvate & Gangal, 2005, 2009; 
Yang, 2011a, 2011b, 2012a, 2012b, 2012c; Yang & Ba-
leanu, 2012; Yang et al., 2013; Yang & Zhang, 2012). 

Recently, the local fractional variational iteration 
method was proposed via local fractional calculus (Yang, 
2012c; Yang & Baleanu, 2012; Yang & Zhang, 2012).

Our main purpose of the manuscript is to apply 
the fractional complex transform method to obtain the 
Fokker-Planck equations on a Cantor set and to inves-
tigate a solution to the linear Fokker-Planck equation 
on a Cantor set by using the local fractional variational 
iteration method. In this manuscript, Section 2 is de-
voted to the linear and nonlinear Fokker-Planck equa-
tions on a Cantor set using the local fractional complex 
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transform method. The local fractional variational ite-
ration method for the linear Fokker-Planck equation on 
a Cantor set is shown in Section 3. Finally, conclusions 
are given in Section 4.

Fokker-Planck equations on cantor sets

The Fokker–Planck equation is applied to describe the 
Brownian motion of particles. The conventional Fokker–
Planck equation can be written as (Risken, 1989; Sa-
dighi et al., 2007)
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subject to the initial condition 

( ) ( )=u x f x,0 .                                                                                         (3)

We generalized equation (2) to N  variables x x, , ...  
(Sadighi et al., 2007)

             

       ,                          (4)

with the initial condition given by 

... ...                               (5)  

A form of nonlinear Fokker–Planck equation was 
described as (Sadighi, et al., 2007)
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and a more general form of the nonlinear Fokker–
Planck equation was given as (Sadighi et al., 2007)
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where the initial condition is
... ...                   (8)

By fractional complex transform method (Hu et al., 
2013; Yang, 2012a),
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Equation (2) is converted as
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subject to the fractal initial condition

( ) ( )=u x f x,0 ,                                                                              (11)
where the local fractional differential operator is writ-
ten as
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In a similar manner, a generalization of equation 
(4) takes the form
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with the fractal initial condition given by 

... ...                 (14)   

and a generalization of the nonlinear Fokker–Planck 
equation on a Cantor set is addressed as
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where the nonlinear local fractional Fokker–Planck 
operator is presented as
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A generalization of nonlinear Fokker–Planck equa-
tion on a Cantor set to N variables x x, , ...  has 
the form

N                                                             (17)

with the nonlinear local fractional Fokker–Planck operators

... ...
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which is satisfied with the local fractional conti-
nuous condition, 
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We derive the special forms of equations (10, 17) 
as follows:
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where both ( )R u x, and ( )R u x, are Polynomials of u 
and x in the special case of equations (10, 17). Equation 
(20) is the so-called linear Fokker–Planck equation on 
a Cantor set while equation (21) is a nonlinear one in 
one-dimensional Cantorian time spaces. We present the 
fracttal condition as

u x f x,0 ,( ) ( )=                                                         (22)

which leads to

f x f x .0 ε( ) ( )− ≤ α.                                                 (23)                                                

In view of equation (23), we obtain (Hu et al., 2012)
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which yields

H F H f F H F ,ρ τ( )( ) ( ) ( )≤ ≤α α α α α                            (25)

where •  is defined as the Hausdorff measure.

From equation (25) it follows that a is a fractal di-
mension of the set F and family of the function defined 
on set F or ( )f F . It is found that Fokker–Planck equa-
tions on a Cantor set differ from the results (Henry et 
al., 2010; Metzler et al., 1999; Metzler & Nonnenma-
cher, 2002).

The local fractional variational iteration method for 
the linear Fokker-Planck equation on a Cantor set

The local fractional variational iteration method via lo-
cal fractional calculus was proposed in (Yang, 2012c; 
Yang & Baleanu, 2012; Yang & Zhang, 2012). We read 
a correction local fractional functional as follows: 
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tN=b, where the local fractional differential equation is
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with a linear local fractional differential operator αL , 
a nonlinear local fractional operator αN  and an inho-
mogeneous term of non-differential function g(s) and 
where δ α

un  is considered as a restricted local fractio-
nal variation and ξα  is a fractal Lagrange multiplier. 
i.e.δ =  
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u 0 28 .n  (Yang, 2012b). Consequently, the solu-
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where δ α
un  is considered as a restricted local fractio-

nal variation.

The stationary conditions of equation (30) read as
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Hence, the fractal Lagrange multiplier is simply iden-
tified as
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Submitting equation (33) to equation (30), there is an 
iteration formula 
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Starting with a fractal initial condition,   
one reaches at the iteration formula:
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Continuing to compute them in this manner, for 
>n 1 we can give 
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Following equation (28), an exact solution to equation 
(20) can be hence obtain in the form of
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CONCLUSIONS

In this paper, using the fractional complex transform 
method via a local fractional chain rule, we point out 
the linear and nonlinear Fokker-Planck equations 
on a Cantor set. The obtained equations are structu-
red in a fractal time space, whose element of fractal 
arc length squared can be seen (Yang, 2012b; Yang 
et al., 2013). The exact solution of the linear Fokker-
Planck equation on a Cantor set is obtained by the 
local fractional variational iteration method, which is 
an efficient tool for scientists and engineers to obtain 
solutions to the differential equations using local frac-
tional derivatives. 

REFERENCES

Adda, F. B. & Cresson, J. (2001). About non-differentiable functions. Journal of 
Mathematical Analysis and Applications, 263(2), 721-737.

Aharony, A. & Feder J. (1990). Fractals in Physics. Amsterdam: North-Holland.

Baleanu, D., Diethelm, K., Scalas, E. & Trujillo, J. J. (2012). Fractional Calculus Mo-
dels and Numerical Methods (Series on Complexity, Nonlinearity and Chaos, 
USA: World Scientific Publishig Co. 

Barnsley, M. (1998). Fractals everywhere. New York: Academic Press. 

Biazar, J., Gholamin, P. & Hosseini, K. (2010). Variational iteration method for solving 
Fokker–Planckequation. Journal of the Franklin Institute, 347(7), 1137–1147.

Chen, W. (2006). Time–space fabric underlying anomalous diffusion. Chaos, Soli-
tons & Fractals, 28(4), 923-929. 

Chen, S., Liu, F., Zhuang, P. & Anh, V. (2009). Finite difference approximations for 
the fractional Fokker-Planck equation. Applied Mathematical Modelling, 33(1), 
256–273.

Chen, W., Sun, H. G., Zhang, X. D. & Koroak, D. (2010). Anomalous diffusion mo-
deling by fractal and fractional derivatives. Computers and Mathematics with 
Applications, 59(5), 1754-1758. 

Chow, C. W. & Liu, K. L. (2004). Fokker-Planck equation and subdiffusive fractional 
Fokker-Planck equation of bistable systems with sinks. Physica A, 341(1-4), 
87-106.

El-Wakil, S. A. & Zahran, M. A. (2000). Fractional Fokker–Planck equation. Chaos, 
Solitons & Fractals, 11(5), 791-798. 

He, J. H. (2011). A new fractal derivation. Thermal Science, 15(suppl.1), S145-S147.

He, J. H. (2012). Asymptotic methods for solitary solutions and compactons. Abs-
tract and Applied Analysis, 2012, ID 916793.

He, J. H., Elagan, S. K. & Li, Z. B. (2012). Geometrical explanation of the fractional 
complex transform and derivative chain rule for fractional calculus. Physics 
Letters A, 376(4), 257-259.  

Henry, B. I., Langlands, T. A. M. & Straka, P. (2010). Fractional Fokker-Planck equa-
tions for subdiffusion with space-and time-dependent forces. Physical Review 
Letters, 105(17), 170602-170604. 

Hu, M. S., Agarwal, R. P. & Yang, X. J. (2012). Local fractional Fourier series with 
application to wave equation in fractal vibrating string.  Abstract and Applied 
Analysis, 2012, ID 567401.

Hu, M. S., Baleanu, D. & Yang, X. J. (2013). One-phase problems for disconti-
nuous heat transfer in fractal media. Mathematical Problems in Engineering, 
2013, 358473.

Jumarie, G. (2007). The Minkowski’s space–time is consistent with differential 
geometry of fractional order. Physics Letters A, 363(1), 5-11.

Kilbas, A. A., Srivastava, H. M. & Trujillo, J. J. (2006). Theory and Applications of 
Fractional Differential Equations. Amsterdam: Elsevier. 

Kolwankar, K. M. & Gangal, A. D. (1998). Local fractional Fokker-Planck equation. 
Physical Review Letters, 80(2), 214-217. 

Lenzi, E. K., Malacarne, L. C., Mendes, R. S., & Pedron, I. T. (2003). Anomalous 
diffusion, nonlinear fractional Fokker-Planck equation and solutions. Physica 
A, 319, 245-252.

Li, Z. B., Zhu, W. H. & He, J. H. (2012). Exact solutions of time-fractional heat 
conduction equation by the fractional complex transform. Thermal Science, 
16(2), 335-338. 

Liao, M. K., Yang X. J. & Yan, Q. (2013). A new viewpoint to Fourier analysis in 
fractal space. In G. A. Anastassiou & O. Duman (Ed.),  Advances in Applied 
Mathematics and Approximation Theory (Chap. 26) (pp.399-411). New York, 
USA: Springer.  

Mandelbrot, B. (1983). The Fractal Geometry of Nature. New York: W. H. Freeman 
and Co. 

Metzler, R., Barkai, E. & Klafter, J. (1999). Anomalous diffusion and relaxation 
close to thermal equilibrium: A fractional Fokker-Planck equation approach. 
Physical Review Letters, 82(18), 3563-3567.

Metzler, R. & Nonnenmacher, T. F. (2002). Space-and time-fractional diffusion and 
wave equations, fractional Fokker–Planck equations, and physical motiva-
tion. Chemical physics, 284(1-2), 67-90. 

Miller, K. S. & Ross, B. (1993). An introduction to the fractional calculus and frac-
tional differential equations. New York: John Wiley & Sons.

Odibat, Z. & Momani, S. (2007). Numerical solution of Fokker–Planck equation with 
space-and time-fractional derivatives. Physics Letters A, 369(5-6), 349-358.

Parvate, A. & Gangal, A. D. (2005). Fractal differential equations and fractal-time 
dynamical systems. Pramana Journal of Physics, 64(3), 389-409.

Parvate, A. & Gangal. A. D. (2009). Calculus on fractal subsets of real line - I: 
formulation. Fractals, 17(1), 53-81.

Podlubny, I. (1999). Fractional Differential Equations. New York: Academic Press.

Risken, H. (1989). The Fokker-Planck Equation: Methods of Solution and Applica-
tions. Berlin, Germany: Springer.

Sadighi, A., Ganji, D. D. & Sabzehmeidani, Y. (2007). A study on Fokker-Planck 
equation by variational iteration and homotopy-perturbation methods. Inter-
national Journal of Nonlinear Science, 4(2), 92-102. 

Sokolov, I. M. (2001). Thermodynamics and fractional Fokker-Planck equations, 
Physical Review E, 63(5), 056111. 

Tatari, M., Dehghan, M. & Razzaghi, M. (2007). Application of the Adomian decom-
position method for the Fokker–Planck equation. Mathematical and Computer 
Modelling, 45(5-6), 639-650. 

Local fractional variational iteration method for Fokker-Planck equation on a Cantor set | Xiao-Jun Yang,  
Dumitru Baleanu | pp. 3 - 8



U n i v e r s i d a d  d e  G u a n a j u a t o

8 Vol. 23 (NE-2) Cálculo fraccionario Noviembre 2013     

Tarasov, V. E. (2005). Fractional Fokker–Planck equation for fractal media. Chaos, 
15(2), 023102-023108. 

Yang, X. J. (2011)a. Local Fractional Functional Analysis and Its Applications. 
Hong Kong, China: Asian Academic publisher Limited.   

Yang, X. J. (2011)b. Local fractional integral transforms. Progress in Nonlinear 
Science, 4, 1-225.

Yang, X. J. (2012)a. The zero-mass renormalization group differential equations 
and limit cycles in non-smooth initial value problems. Prespacetime Journal, 
3(9), 913-923. 

Yang, X. J. (2012)b. Advanced Local Fractional Calculus and Its Applications. New 
York, USA: World Science Publisher.  

Yang, X. J. (2012)c. Local fractional Kernel transform in fractal space and its appli-
cations. Advances in Computational Mathematics and its Applications, 1(2), 
86-93. 

Yang, X. J. & Baleanu, D. (2012). Fractal heat conduction problem solved by local 
fractional variation iteration method. Thermal Science, 17(2),625-628 doi: 
10.2298/TSCI121124216Y 

Yang, X. J., Baleanu, D. & Zhong, W. P. (2013). Approximation solutions for diffu-
sion equation on Cantor time-space. Proceeding of the Romanian Academy, 
Series A, in press.  

Yang, X. J. & Zhang, F. R. (2012). Local fractional variational iteration method and 
its algorithms. Advances in Computational Mathematics and its Applications, 
1(3), 139-145. 

Yıldırım, A. (2010). Analytical approach to Fokker–Planck equation with space-and 
time-fractional derivatives by means of the homotopy perturbation method. 
Journal of King Saud University-Science, 22(4), 257-264. 

Zaslavsky, G. M. (1994). Fractional kinetic equation for Hamiltonian chaos. Physi-
ca D, 76(1-3), 110122. 

Local fractional variational iteration method for Fokker-Planck equation on a Cantor set | Xiao-Jun Yang,  
Dumitru Baleanu | pp. 3 - 8


