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Abstract- The aim of this paper is to present a fuzzy multi-objective multi-index transportation problem
and develop multi-objective multi-index fuzzy programming model. This model cannot only satisfy more
of the actual requirements of the integral system but is also more flexible than conventional
transportation problems. Furthermore, it can offer more information to the decision maker (DM) for
reference, and then it can raise the quality for decision-making. This paper, we use a special type of
linear and non-linear membership functions to solve the multi-objective multi-index transportation

problem. It gives an optimal compromise solution.
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Introduction

Fuzzy set theory was proposed by L. A. Zadeh
and has been found extensive in various fields.
Bellman and Zadeh [2] were the first to
consider the application of the fuzzy set theory
in solving optimization problems in a fuzzy
environment, these investigators constraints
that both the objective function and the
constraints that exist in the model could be
represented by corresponding fuzzy set and
should be treated in the same manner. The
earliest application of it to transportation
problems include Prade [11], O’he’igeartaigh
[10], Chanas et al. [4]. But these researcher
emphases on investigating theory and
algorithm. Furthermore,  these  above
investigations are illustrated with simple
instance slacking in actual cases of submition.
On the other hand, these models are only of
single objective and are classical two index
transportation problems. In actual
transportation problem, the multi-objective
functions are generally considered, which
includes average delivery time of the
commodities, minimum cost, etc. Zimmermann
[15] applied the fuzzy set theory to the linear
multicriteria decision making problem. It used
the linear fuzzy membership function and
presented the application of fuzzy linear vector
maximum problem. He showed that solutions
obtained by fuzzy linear programming always
provide efficient solutions and also an optimal
compromised solution. Aneja and Nair [1]
Showed that the problem model. Multi-index
transportation problem are the extension of
conventional transportation problems, and are
appropriate for solving transportation problems
with multiple supply points, multiple demand
points as well as problems using diverse
modes of transportation demand or delivering
different kinds of merchandises. Thus, the
forwarded problem would be more complicated
than conventional transportation problems.
Junginger [9] who proposed a set of logic
problems, to solve multi-index transportation
problems, has also conducted a detailed
investigation regarding the characteristics of
multi-index transportation problem model.

Rautman et al. [12] used multi-index
transportation problem model to solve the
shipping scheduling suggested that the
employment of such transportation efficiency
but also optimize the inegral system.

Mathematical Model
Multi-objective Multi-index Transportation
Problem

Let aijl be multi-dimensional array
1<i<m, 1<j<n, 1=<1<k andlet
A:(aij)’ B:(bjl)’ C:(cﬂ) be multi-matrices

then multi-index transportation problem is
defined as follows

Minimize Z = 2.3 % aijIXijl (1)

i
Subject to
D Y (i.j)
S X p=e v (i)
J (2)
A v (D)
X 2 0 ¥ (gD
It is immediate that
Xa=xby; %aijz%cil; %bﬂ:%Cil ®)

are three necessary conditions however they
are noted to be non sufficient.

Multi-objective double
problem as follows

transportation
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It may be easily seen that for existence of
solution following set of conditions are
necessary.

J%lcuzuhﬂ\z‘ vi an
m

S iy ¥ a2
m  n

ity a3)
mon

55 “
Sy < Minay #b;+MinGa 5 +b,) V(i) (15)

It may be easily seen that DTP is composed of
two transportation tables and one C matrix as
given below.
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Fuzzy Algorithm to solve multi-objective
multi-index transportation problem

Step 1:

Solve  the  multi-objective  multi-index
transportation problem as a single objective
transportation problem P times by taking one of
the objectives at a time

Step 2:

From the results of step 1, determine the
corresponding values for every objective at
each solution derived. According to each
solution and value for every objective, we can
find pay-off matrix as follows

2, X) 2y . Zp(X)

n _ _
X
Z Ziy - Zyp
x@ | 7, Zyy  Zgy
. Zp Zpoy Zpp
X( ) L i
Where, X(l),X(z) ,...,X(p) are the isolated

optimal  solutions of the P different
transportation problems for P different objective
functions

zu:zj(xl) (=12,..p & j=12,..p) be the

i-th row and j-th column element of the pay-off
matrix.

Step 3:

From step 2, we find for each objective the
worst (Up) and the best (L)

values corresponding to the set of solutions,
where,

Up =max (le ,Zzp ,...,pr) and

Lp=Zpp p=1.2,...P

An initial fuzzy model of the problem (4)-(10)

can be stated as

Find Xij i=1,2,..m j=12,..n,

so as to satisfy Zp <Lp p=12,...,P

subjectto  (4)-(10)

Step 4: Case (i)

Define membership function for the p-th
objective

function as follows:

1 if Z,(X) <L,
Up-Zp(X)
p(X)=y————  ifLy<Z, <Up (20)
U,-L
p~-p
0 if Z,> Uy,

Step 5:
Find an equivalent crisp model by using a
linear membership function for the initial fuzzy
model
M aximize A

U, -Z X
NPT ASS R

Up-Lp

subject to (5)-(10)
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Step 6: Solve the crisp model by an

appropriate mathematical programming

algorithm.

Maximize A

Subjectto (22)
p -

Cinij+x(Up—Lp)s Up p=1,2,...,P

subject to (5)-(10)
Now, by using hyperbolic membership function
for the P-th objective function

1 ipr SLp
. 1e{(UP;LP)Lpa)}ap{{(UP;LP)Lpa)}ap 1

wZ(x)= +— ipr <Zp <U

0 ipr ZUp
(23)

3 6
Where, ap = =
UpLp Uplp

Crisp model for the fuzzy model can be
formulated as:

Maximize A subject to
Uptlp), 1 Uptlp)
. e{ 5 ZP(X)}ap_e{ 7 ZpMoy o (24)
T, (UptLy) U,+L.) 5
S G Wiep - PZLP Zp)ap
subjectto (5)—(10) & A=0
Solve the crisp model as
Maximize Xmn+1
subject to (25)
ap Zp®) +X g SopUp +L,) /2, p=12—P
subject to - (S(10) adX . 20
-1
Where, an+1=tanh (2A-1)
Now, by wusing exponential membership

function for the p th objective function and is
defined as

L it Z, <L
SY,(X)
B, Je PTS (26)
n Zp(x)— — 1pr<Zp<Up
1-e
0, if Zy > Uy,
Zp —LP
Where, ¥, (X)= p=12,...P
UpLp

S is a non zero parameter, prescribed by the
decision maker

Numerical Examples
Example 1
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Example 1 is simplified as
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<
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<
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Example 2 is simplified as

Minimize 7y = 5X{ ) +6X{ 5 +7x{ 3 +4x5) 4% x4 ax{) + (31)

(1)

4X33 +4X511> +2X5112> +3X5113> + 10X§21> +9X%> +9X%> +7X(221> +

1
9X(222> +2X(232> +8X(321> +7X(322> +9X(323> +8X5121> +4X5122> +5X§123>

Subject to

(1) (1) (1)
X1 +X 1 +X3° =

X(211)+X(212)+X(213)=14
(1) (1) (1)

X3 +X39 +X35' =
(1) (1) (1)

Xy +X gy +Xy3 =7

(2) (2) (2)
X117 +X 1 +X3° =

X xR =

X xR

X x B

x O ex ) aex (P ax (=14
x D ax D aex (D ax (=12
x D ax Y ex (Y ex (Y =10
x 2 ix P ex 3 ax (P =s
x 2 ex P ex B ex (3 =5
Xf%)+X(223)+Xg23) +XE‘23)=11
x D ix s
xDix3) =7

(1) (2)
X3 +Xy3 =3

(1) (2)
Xop +Xop =8

x5y x5y =4
NS
e
e
Y
xgyex Y =2
xfy ex ) -

(1) (2)
X3 tXy3 =3

(32)

For objective Zl, we find the optimal solution
as

sl
s x 1 ) =
X(l) = X%) =3; X%) =3 ngz) =2 ;X(223) =5,
XX w11 3 -
X3 -2
Z,=300
For objective Zz, we find the optimal solution
as
=15l
o) i1,
X(2)= XE‘I) = 3;X5‘13) =3;X§21)=1 ;Xg) =2;
R AR
o - s
7,=283
Now for X(l) we can find out Z2,

ZZ(X(I))=291
Now for X(z) we can find out Zl

Z1 (X(z)) =330
Pay-off matrix is

2
xDT300 201
x@ {330 283}
From this matrix
U;=330, U,=291, L;=300, L,=283

R X 23, H, st 4<Dwizy <
Define membership function for the objective
functions Z1 (X) and 22 (X) respectively
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1, if 2,00 <300
S 300 < Z, (X) < 330
SR < <

w X)=9 330300 1
0. it Z,002330

1, if 7Z,(X)<283

291-Z,(X)

291283
0, it Z,(X) 2291

, If 283<7Z <291
HzO(): ' 20()

Find an equivalent crisp model

Maximize A , 7»+Z1 (X) <330 and

5}L+Z2 X) <291

Solve the crisp model by using an appropriate
mathematical algorithm.

axDax (D esx D oax () W 7x )

X§l3) +9Xill) +1 OXilz) + 12X113) +8X§21) +6X%) +3X%) +5X<221) +

2) D 0@ 55D D) D) gD o (D)
4X22 +X23 +9X3l +2X32 +6X33 +4X41 +9X42 +3X43 +301 <330

1)

(
+6X22 +2X

M) D) (D)o (D) (1) 5 (D) (D) o (1)
5X11 +6X12 +7X13 +4X21 +5X22 +2X23 +1X31 +3X32 +
M) D)oo (D oy (D @) 0v@) v 72
4X33 +4X41 +2X42 +3X43 +10X11 +9X12 +9X13 +7X21 +
2) 5@ 0@ 10D o2 o (D), (D) (2)
9X 55 +2X 53 +8X 31 +TX 35 +9X 35 48X [ +4X 45 +5X 43 +81 < 291

Subject to (30)
The optimal compromise solution of the
problem is represented as

x{Vos: x () -22608 x5 =1.7301:x 1) =s;

x$=37301:x5) =2.2608: XY =6: x{)=1:
O_Ix = 6.x(3) =47301x(3) =1 2008:x ) =6.7301:

Z,=3093902  and  Z,=2834329

If we use hyperbolic membership function with
6 6 6 6 6 6
= = == = = =
Ul—L1 330-300 30 U2—L2 291283 8

%
Ui+l 630 Uy+L, 574

L _2T 315, 227" 987
2 2 2 2

Lohgaonkar MH, Bajaj VH, Jadhav VA and Patwari MB

Then we get the membership

funcions ) Z) and 5 (Z))

for the objectives Z1 & 22 respectively, are
defined as follows:

L, if Z;(X) <300

H 1 6 1 i
17, (0= = tanh {3152, 00} —+ = i 300 < Z,(X) <330
1 2 5072 1
0, if Z,(X) 2330
1, i Z, (X) < 283

WHz, 0= L {2872 (X)}E if 283 < Z, (X) < 291
2 > 253 2
0, iZ,(X) 2291
We get an equivalent crisp model

Maximize an+l

Subject to
%
0 Z; Xy < 5 (U +L))

6 D 2D (D oD (D) (D (D) (1)
— (@Xy ) 43K, 45X, 7 48X, +6X5 +2X5 1 +7X5 HX
30( 11 TR AR5 F08g) +0Rp +2Ro3 +/A3 +A3p +

D) 5 (D (1) D) o@D (D) (D)
X33 +‘)X4l +l()X42 +12X43 +8X“ +6X12 +3X13 +5X21 +

6
315

2) 2
4X55)+X SE %

23 +9Xg21) +2ngz) %Xgé) +4X£‘21) +9X£‘22) +3X£é) H+X

(1) o5(D (D) oD 365 55 (D (1) (1)
24X | HI8X 5 430X 37 +48X 5 1 +36X 5 +12X 3 +42X5 424X 35 +
(D) 545D (D) 70D 4o @) 36x@) 1952 2
60X +54X 4 | +O0X 5 +72X 17 +48X 17 +36X ) 5 +18X 37 430X 5 '+
)@ 2) @) 260D 5452 452 2
2455 +6X5 3 +54X3 1 +12X 35 +36X 33 +24X | +54X 1 +18X 47 +30X

And

ne S1890

o
Uy Zy (X+X < 72 (Uy+L,)

6 o) (D) oo (D) (D) oo (D) o (D) (1) (1)
— (5X| 7 46X, 47X 7 +4X 5 45X ) +2X5 7 +1X5, 43X

8( 11 FOR[ g H/IR 3 AR +0R oy +2Roz HIR3 HIRp +
4x§13> +4xf‘11> +2xf‘12> +3xf‘13> +1 oxfzf +9xg> +9x§§> +7x(221> +

9X(222) +2X(223) +8ngl) +7X522) +9X523) +8X5‘21) MXE‘ZZ) +5X5‘23) H+X

R
30yinly 05400 o anlp anyeg <o
Subject to (30)

The problem was solved by using the linear

interactive and discrete optimization (LINDO)
software, the optimal compromise solution is

<6291
mn+l =g
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an+1:19608

(D) _s. (D _ x W gy .
X1 =5 Xy =3.1304; X5 =8;X 55 =2.8695;
M _ x WD 6. (D (D _
X353 =3.1304; X35 =6; Xy =1:X 5 =6
() _ xP_ x@_ .
X |5 =3.8695:X,3 =2.1304:X 5 =1.1304;

@_ P 4D @ xD _o. @ 2
X573 =5.8695; X5 =4 X35 =13 Xy =1iX 35 =2 X5 =3

" 32 41 43~
<_
ZT=300A8683 and Z; =282.3024
1, if Zl <300
. A0y
oz (0= S if300 < Z; <330
-€
0, if Zl =330
1, if 22 <283
—1‘{’2(X) 1
E e -e .
B Zz(x): T, 1f283<22 <291
0, ifZ, 2291

2

Then an equivalent crisp model for fuzzy model
can be formulated as

Maximize A subject to

'S\Vp(x) -S

€ -€
AS————, p=12--P and

1-e

subject to (7)-(9)
Z,-L, _ 21—300 _ 21'300
UL, 330-300 30
Zy-L, _ 22—283 _ 22—283
U,-L, 291-283 8

¥, (X) = (4x§ 11) -sxﬁlz) -sxﬁls) -8x(211) -GX(ZIZ) -zx(zl; -7x§ll)4x(312) -

‘Pl X)= and

¥, (X)=

D oD 10x D _1oxD g2 (@) 152 5 (2)
X33 9X,1 -10X 5 -12X 438X 76X 5 3K 5 -5X5 | -

axQ x)0x(? 2x Q) -6x 3 +4xF-0x 2 3xF +300)130

D) 5 (D) 7 (1) (1) o (D) oy (1) (1) 55 (1)

‘{‘Z(X) :(—SX11 —6X12 —7X13 4X21 —5X22 —2X23 —1X31 —3X32 -
D) 45 (D) oy (D) (1) (2) 932 9@ 75 (2)

4X33 —4X41 —2X42 —3X43 —IOX“ —9X12 —9X13 —7X21 -

) 55 2) ¢/ @) 75 @) 53 2) 05 (2) 4 (D) (2
9X 5, -2X —8X31—7X32—9X33 —8X41—4X -5X 5 +283)/8

2272423 4275443
e\Vl(X) -1
Then the problem is A 37_1, and
1-e
X) .
. e\Vz( )—e 1
Tt

And subjectto (30)
Then the problem can be simplified as
Maximize A

Subject to
-SYH(X) : :
P e Sized

& A=20

e p=1.2,...P

32)-34) V ij

— Maximize A

o log(k‘lyzé 1 ¢ log(mwzoﬂ:e 109(063219\2(&8

4 Y
I S B TR

The problem is solved by the general
interactive optimization (LINGO) software
A=0.7084

x(D 1) (1)

xD_ xD_ XD gDy
11 =5 X(y =2.3703; X5 =1.6296;X5 | =8;X5 5 =4;

M . D e (D5 (D _ ~D _
X53 =2 X35 =6 X1 =1:X5 =5.6296:X ;5 = 0.3703

) 2) 2 (2)
41

@ x@_ xPD . xD . x® .
Xy =4.6296:X,73 =1.3703:X 5] =4; Xy =15 X =1;

M _ 1x@ _ ~x@ _
Xt 1= 1 Xy =2.3703:X 5 = 2.6296

* *
Z,=306.1085 and Z2=

1 270.6274

Conclusion

In this paper multi-objective multi-index
transportation problem is defined and problem
is solved by using fuzzy programming
technique (Linear, Hyperbolic and Exponential
membership  function). The  multi-index
transportation problem can represent different
modes of origins and destination or it may
represent a set of intermediate warehouse. If
we use the hyperbolic membership function,
then the crisp model becomes linear. The
optimal compromise solution of hyperbolic
membership function changes significantly if
we compare with the solution obtained by the
linear membership function but the optimal
compromise solution of exponential
membership  function does not change
significantly if we compare with the solution
obtained by the linear membership function.
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