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Abstract: 

In this article the rank of a partition of an integer is a certain integer associated with the 

partition. The term has first introduced by freeman Dyson in a paper published in Eureka in 

1944. In 1944, F.S. Dyson discussed his conjectures related to the partitions empirically some 

Ramanujan’s famous partition congruences. In 1921, S. Ramanujan proved his famous 

partition congruences: The number of partitions of numbers 5n+4, 7n+5 and 11n +6 are 

divisible by 5, 7 and 11 respectively in another way. In 1944, Dyson defined the relations 

related to the rank of partitions. These are later proved by Atkin and Swinnerton-Dyer in 

1954. 

The proofs are analytic relying heavily on the properties of modular functions. This paper 

shows how to generate the generating functions for 

)...,5,1(),,5,0(),,(),,2(),,1(),,1( nNnNnmNnNnNnN  In this paper, we show how to prove the 

Dyson’s conjectures with rank of partitions. 

 

Keywords: 

Modulo, Dyson’s conjectures, Rank of partition, Ramanujan’s lost Note book, theta series. 

 

1. INTRODUCTION  

 

In this paper we give some related definitions of P(n), rank of partition, 
 

),...,,(),,5,0(),,(),,2(),,1(),,1( ntmNnNnmNnNnNnN    z,  x ,  zx ,  mnx ,  mk xx 5; . We 

discuss  the generating functions for  N(m, n), N(m, t, n) and associative terms  for various  

integers of m and n  and discuss the Dyson’s  conjectures  related to the rank of partitions. We 

show the Dyson’s conjectures by the equating the coefficients of various powers of x of two 

generating functions. In this paper, we prove some Dyson’s conjectures given by 
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nkN  
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)511(
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nkN  

   ntmtNntmN ,,,,  ,    15,5,215,5,1  nNnN ,    15,5,215,5,1  nNnN , 

   47,7,147,7,0  nNnN ,    17,7,317,7,2  nNnN . 

 
2. SOME RELATED DEFINITIONS 

 
 P(n)  [Agarwal,etel (1979)] : The number of partitions of n like  4, 3+1, 2+2, 
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                                                  2+1+1,1+1+1+1. P (4) =5.                                          

Rank of partition: The largest part of a partition   minus the number of parts of the 

                                    partition  (a partition of n). 

),1( nN : The number of partitions of n with rank 1.  

),1( nN  : The number of partitions of n with rank -1. 

),2( nN : The number of partitions of n with rank 2. 

 nmN , :  The symbol is denoted by the number of partitions of n with rank m. 

 nN ,5,0  : The number of partitions of n with rank congruent to 0 modulo5. 

 ntmN ,, :  The symbol is denoted by the number of partitions of n with rank congruent to m      

                      modulo t. 

 nN ,5,4  : The number of partitions of n with rank congruent to 4 modulo5. 

 nN ,5,2  : The number of partitions of n with rank congruent to 2 modulo5. 

 nN ,7,0  : The number of partitions of n with rank congruent to 0 modulo7. 

 nN ,7,1  : The number of partitions of n with rank congruent to 1 modulo7. 

Z: The set of complex numbers. 

 
Product notations [Andrews, etel (1989)]: 

       ... 1 1 1 32 xxxx
. 

       ... 1 1 1 32 zxzxzxzx
. 

       121 1 ... 1 1 1   mnnnn

m

n xxxxx
. 

        511055 1 ... 1 1 1;   mkkkk

m

k xxxxxx . 

 
Rank of a Partition and Dyson’s Conjectures [Garvan (1986)] 

The rank of a partition is defined as the largest part of a partition   minus the number of 

parts of the  partition   .Thus the partition 5 + 4+ 1 + 1  of 11 has rank 5–4= 1 and the conjugate 

partition 4+ 2 + 2 + 2 + 1 has rank 4–5 = -1. i.e. the rank of a partition and that of the conjugate 

partition differ only in sign. The rank of a partition of 11 belongs to any one of the residues (mod 

11) and we have exactly 11 residues. 

Remark 1: .40;
5

)45(
)45,5,( 


 k

nP
nkN  

Proof: We get the list of all partitions of 9 is; 

9,  8 + 1,  7 + 2, 7 + 1 + 1, 6 + 3, 6 + 2 + 1, 6 + 1 + 1 + 1, 5 + 4, 5 + 3 + 1,  

5 + 2 + 1 + 1, 5 + 2 + 2, 5 + 1 + 1 + 1 + 1, 

...        ...     ...     ...     ...     ...    ...    ...    ...       

2 + 1 + 1 + 1 + 1 + 1 + 1 + 1,1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1. 

Hence, there are 30 partitions i.e., P(9) = 30. 
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Now there corresponding ranks are;  

8, 6, 5, 4, 4, 3, 2, 3, 2, 1, 2, 0, 1, 0 

... ... ... ...   

 –1, –2, –3, –4, –5, –6, –8 . 

 N(0, 5, 9) = 6, N(1, 5, 9) = 6, N(2, 5, 9) = 6, N(3, 5, 9) = 6, N(4, 5, 9) = 6, 

and  
P(9)

5
 = 

30

5
 = 6. 

 N(0, 5, 9) = N(1, 5, 9) = N(2, 5, 9) = N(3, 5, 9) = N(4, 5, 9) = 6 = 
P(9)

5
. 

So, we can say that; N(k, 5, 9) = 
P(9)

5
 ; 0 ≤ k ≤ 4. 

Generally we can conclude that; .40;
5

)45(
)45,5,( 


 k

nP
nkN           

     Hence the Remark . 

Remark 2: .60;
7

)57(
)57,7,( 


 k

nP
nkN  

Proof: We get the list of all partitions of 12 is; 

12, 11 + 1, 10 + 2, 10 + 1 + 1, 9 + 3, 9 + 2 + 1, 9 + 1 + 1 + 1,  

8 + 4, 8 + 3 + 1, 8 + 2 + 1 + 1, 8 + 2 + 2, 7 + 5, 7 + 4 + 1, 7 + 3 + 1 + 1, 

... ... ... ... ... ... ... ... ...    

2 + 2 + 3 + 1 + 1 + 1 + 1 + 1, 2 + 2 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1, 

2 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1,1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1. 

 There are 77 partitions, i.e., P(12) = 77. 

Now there corresponding ranks are; 

11, 9, 8, 7, 7, 6, 5, 6, 5 

4, 5, 3, 5, 4, 3, 2, 1, 4 

... ... ... ... ... ... ... ... ...  

–4, –5, –6, –7, –8, –9, –11. 

 N(0, 7, 12) = 11, N(1, 7, 12) = 11, N(2, 7, 12) = 11, ... , N(6, 7, 12) = 11. 

and  
P(12)

7
 = 

77

7
 = 11. 

 N(0, 7, 12) = N(1, 7, 12) = ... = N (6, 7, 12) = 11 = 
P(12)

7
.  

So we can say that;  N(k, 7, 12) = 
P(12)

7
 ; 0 ≤ k ≤ 6. 

Generally, we can say that, .60;
7

)57(
)57,7,( 


 k

nP
nkN  Hence the Remark . 
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Remark 3: .100;
11

)511(
)611,11,( 


 k

nP
nkN  

Proof: We get the list of all partitions of 17 is; 

17,16+1,15+2,15+1+1,14+3,14+2+1,14+1+1+1,13+4,13+3+1,13+2+2,13+2+1+1,13+1+1+1+1,1

2+5,12+4+1, …. ,1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1. 

Hence, there are 297 partitions i.e., P(17) = 297. 

Now there corresponding ranks are;  

16,14,13,12,12,11,10,11,10,….,-13,-14,-16. 

.
11

)17(
27)17,11,10()17,11,9(

...)17,11,4()17,11,3()17,11,2()17,11,1()17,11,0(

P
NN

NNNNN





 

So, we can say that; .100;
11

)17(
)17,11,(  k

P
kN  

Generally we can conclude that; .100;
11

)611(
)611,11,( 


 k

nP
nkN           

      Hence the Remark. 

 

We discuss some generating functions below [Andrews (1979)]: 

The generating function for  nN ,1  is given below; 

We get,  nN ,1  is the number of partitions of n with rank 1, like:  

n:  type of partitions        nN ,1
 

1:  none      0 

2:  2     1 

3:  none      0 

4:   3+1     1 

5:  3+2     1 

6:  4+1+1,3+3    2   

…  …  … 

We make the expression; 

          ...4,13,12,11,10,1 432  xNxNxNxNN , where   00,1 N  

...200 6542  xxxx  

...)( 9732  xxxx ...)5321( 432  xxxx  

 
 

 
j

j

n

n

nn
n

n

x
xx














1

1
11

1
1

13
21

    [Garvan (1988)] 

 
 

  


















0
1

1

13
21

.),1(
1

1
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n

n

j
j

n

n

nn
n

n
xnN

x
xx   (1)   
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Again, the generating function for  nN ,1  is given below; 

We get,  nN ,1  is the number of partitions of n with rank -1, like:  

n:  type of partitions        nN ,1
 

1:  none      0 

2:  1+1     1 

3:  none      0 

4:   2+1+1     1 

5:  2+2+1     1 

6:  3+1+1+1,2+2+2   2   

…  …  … 

We make the expression; 

          ...4,13,12,11,10,1 432  xNxNxNxNN , where   00,1 N  

...200 6542  xxxx  

...)( 9732  xxxx ...)5321( 432  xxxx  
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n

nn
n

n

x
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1
11
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  [Garvan (2013)] 
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n

n

j
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n

n
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n
xnN

x
xx       (2) 

From (1) and (2) we get, ),,1(),1( nNnN  [by equating the coefficient of 
nx ]. 

The generating function for  nN ,2  is given below; 

We get,  nN ,2  is the number of partitions of n with rank 2, like:  

n:  type of partitions        nN ,2
 

1:  none      0 

2:  none     0 

3:  3      1 

4:   none     0 

5:  4+1     1      

…  …  … 

We make the expression; 

          ...4,23,22,21,20,2 432  xNxNxNxNN , where   00,2 N  

...0 653  xxx  

...)( 943  xxx ...)5321( 432  xxxx  
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From (1),(2) and (3) we can conclude that, 
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The generating function for  nN ,5,0  is given below: 

We get,  nN ,5,0  is the number of partitions of n with rank congruent to 0 modulo5, like:  

n:  type of partitions   nN ,5,0
 

1:  1      1 

2:  none     0 

3:  2+1      1 

4:   2+2     1 

…  …  … 

We make the expression; 

        ...3,5,02,5,01,5,00,5,0 32  xNxNxNN , where   00,5,0 N  

...0 43  xxx  
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0

,5,0 .  

Remark 4:    ntmtNntmN ,,,,   

Proof: The generating function for  nN ,5,1  is given below: 

We get,  nN ,5,1  is the number of partitions of n with rank congruent to 1 modulo5, like:  

n:  type of partitions      nN ,5,1
 

1:  none      0 

2:  2     1 

3:  none      0 

4:   3+1     1 

…  …  … 

We make the expression; 

        ...3,5,12,5,11,5,10,5,1 32  xNxNxNN , where   00,5,1 N  

...000 42  xx  
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,5,1 .     (4)    
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Again the generating function for  nN ,5,4  is given below: 

We get,  nN ,5,4  is the number of partitions of n with rank congruent to 1 modulo5, like:  

n:  type of partitions      nN ,5,1
 

1:  none      0 

2:  2     1 

3:  none      0 

4:   3+1     1 

…  …  … 

We make the expression; 

        ...3,5,42,5,41,5,40,5,4 32  xNxNxNN , where   00,5,4 N  

...000 42  xx  
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0

,5,4 .   (5)    

From (4) and (5) we get; 

   nNnN ,5,4,5,1   

   nNnN ,5,15,5,1  . 

It follows that,    nmNnmN ,5,5,5,  ;  4,0m . 

Generally, we can conclude that,    ntmtNntmN ,,,,  . Hence the Remark . 

Remark 5:    15,5,215,5,1  nNnN  

Proof: The generating function for  nN ,5,2  is given below: 

We get,  nN ,5,2  is the number of partitions of n with rank congruent to 2 modulo5, like:  

n:  types of partitions         nN ,5,2
 

1:  none      0 

2:  none     0 

3:  3      1 

4:   1+1+1+1    1 

…  …  … 

We make the expression; 

        ...3,5,22,5,21,5,20,5,2 32  xNxNxNN , where   00,5,2 N  

...00 32  xx  
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,5,2      

...1186522 1110987643  xxxxxxxx  

    ...11,5,286526,5,2 1110987643  xNxxxxxNxx    (6)    

Again from (4) we get; 
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,5,1 .     

...119...22.0 111065432  xxxxxxx  

    ...11,5,19...6,5,12 11106542  xNxxNxxx    (7)    

From (6) and (7) we get; 

   6,5,26,5,1 NN  ,    11,5,211,5,1 NN  ,    16,5,216,5,1 NN  , … 

Generally, we can conclude that;    15,5,215,5,1  nNnN . Hence the Remark . 

Remark 6:    15,5,215,5,1  nNnN  

Proof: The generating function for  nN ,5,2  is given below: 

We get,  nN ,5,2  is the number of partitions of n with rank congruent to 2 modulo5, like:  

n:  types of partitions         nN ,5,2
 

1:  none      0 

2:  none     0 

3:  3      1 

4:   1+1+1+1    1 

…  …  … 

We make the expression; 

        ...3,5,22,5,21,5,20,5,2 32  xNxNxNN , where   00,5,2 N  

...00 32  xx  
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2  
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1
11

1

1532

0

13
2   n

n

xnN





0

,5,2      

...1186522 1110987643  xxxxxxxx  

    ...11,5,286526,5,2 1110987643  xNxxxxxNxx  (8)    

Again from (4) we get; 
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0

,5,1 .     

...119...22.0 111065432  xxxxxxx  

    ...11,5,19...6,5,12 11106542  xNxxNxxx   (9)    

From (8) and (9) we get; 

   6,5,26,5,1 NN  ,    11,5,211,5,1 NN  ,    16,5,216,5,1 NN  , … 

Generally, we can conclude that;    15,5,215,5,1  nNnN . Hence the Remark . 

Remark 7:    47,7,147,7,0  nNnN  

Proof: The generating function for  nN ,7,0  is given below: 

We get,  nN ,7,0  is the number of partitions of n with rank congruent to 0 modulo7, like:  

n:  types of partitions         nN ,7,0
 

1:  1      1 

2:  none     0 

3:  2+1      1 

4:   2+2                 1 

…  …  … 

We make the expression; 

            ...11,7,0...4,7,03,7,02,7,01,7,00,7,0 11432  xNxNxNxNxNN ,       

               where   00,7,0 N  

...8...3 1176543  xxxxxxx  
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0

,7,0 .  (10)     

Again, the generating function for  nN ,7,1  is given below: 

We get,  nN ,7,1  is the number of partitions of n with rank congruent to 1 modulo7, like:  

n:  types of partitions         nN ,7,1
 

1:  none      0 

2:  2     1 

3:  none      0 

4:   3+1                 1 

…  …  … 

We make the expression; 

            ...11,7,1...4,7,13,7,12,7,11,7,10,7,1 11432  xNxNxNxNxNN ,       
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               where   00,7,1 N  

...8...0 11542  xxxx  
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0

,7,1 .    (11) 

From (10 ) and (11) we get; 

   ,4,7,14,7,0 NN     11,7,111,7,0 NN 
,... 

Generally, we can conclude that;    47,7,147,7,0  nNnN . Hence the Remark. 

Remark 8:    17,7,317,7,2  nNnN  

Proof: The generating function for  nN ,7,2  is given below: 

We get,  nN ,7,2  is the number of partitions of n with rank congruent to 2 modulo7, like:  

n:  types of partitions         nN ,7,2
 

1:  none      0 

2:  none     0 

3:  3      1 

4:   none                 0 

5:  4+1     1  

…  …  … 

We make the expression; 

            ...8,7,24,7,23,7,22,7,21,7,20,7,2 8432  xNxNxNxNxNN ,       

               where   00,7,2 N  

...32 117653  xxxxx  

 
 

   ...]5321[11 4321752

0

13
2 









 xxxxxxxx nnn

n
n

n
n

n
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n
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n
n

n
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1
11

1
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0

13
2   n

n

xnN





0

,7,2 .     (12)    

Again, the generating function for  nN ,7,3  is given below: 

We get,  nN ,7,3  is the number of partitions of n with rank congruent to 3 modulo7, like:  

n:  types of partitions         nN ,7,3
 

1:  none      0 

2:  none     0 

3:  none      0 
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4:   4                 1 

…  …  … 

We make the expression; 

            ...8,7,3...4,7,33,7,32,7,31,7,30,7,3 8432  xNxNxNxNxNN ,       

               where   00,7,3 N  

...32 8764  xxxx  
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    (13) 

From (12) and (13) we get; 

   ,1,7,31,7,2 NN     8,7,38,7,2 NN 
,... 

Generally, we can conclude that;    17,7,317,7,2  nNnN . Hence the Remark. 

 

3. CONCLUSION  

 

In this study we have established the Dyson’s conjectures related to the Ramanujan’s famous partition 

congruences and have shown the generating functions for  

)...,5,1(),,5,0(),,(),,2(),,1(),,1( nNnNnmNnNnNnN  In this paper, we have proved the Dyson’s 

conjectures with rank of partitions. Some of the Conjectures are 

,40;
5

)45(
)45,5,( 


 k

nP
nkN ,60;

7

)57(
)57,7,( 


 k

nP
nkN  

,100;
11

)511(
)611,11,( 


 k

nP
nkN    ntmtNntmN ,,,,  … 
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